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Preface to the second edition

The friendly welcome which the first edition of this book of exercises appears to
have received enticed us to give it a second outing, correcting mistakes, adding
comments and references, and presenting twenty more exercises, thus bringing the
total number of exercises for this second edition to 120. We would also like to
point out a few unsolved questions, which are indicated in the text with a circle o.
(See in particular Exercise 6.29, which discusses some additive and multiplicative
martingale decompositions of Brownian motion, a topic which has fascinated us,
but which we have not been able to clear up! So, dear reader, there are still a few
challenges in this book, despite the proposed solutions...)

This second edition follows, and whenever possible, reinforces the “guiding principle”
of the first edition, that is: to present exercises that are constructed by “stripping
to its simplest skeleton” a complex random phenomenon, so that the stripped ver-
sion may be accessible to a student who has engaged seriously in a first course in
probability. To give an example, proving Lévy’s second arcsine law for Brownian

motion (B;,t < 1), ie: P (A = [y dsTyp,~0 € dx) = %, (0 <z < 1) seems

to necessitate, whichever method is employed, some quite sophisticated tools. But,
here, we choose to present the first step, namely several representations of A such
as:

wy N gy T e 1

N2+ N2 O TH+T 1402
where (N, N') is a pair of independent reduced Gaussian variables, (T,7") is a pair
of independent identically distributed, stable (1/2), positive variables and C' is a

standard Cauchy variable.

The “opposite” of this stripping exercise is, of course, the “dressing” exercise, mean-
ing that it is also quite natural, and fruitful, in probability theory, to look for an
infinite-dimensional probabilistic framework in which a particular finite-dimensional
(in fact, often one-dimensional) probabilistic fact may be embedded. Perhaps, a
most important example of “dressing” comes with the central limit theorem:

X1++Xn (law)
n

XV



xvi Preface to the second edition

where the X/s are i.i.d., centered, with variance 1, and N is a reduced Gaussian
random variable; this theorem admits the (infinite-dimensional) functional version,
known as Donsker’s theorem:

Xy + -+ Xy
Vvn

where [z] is the integer part of x, and (B, t > 0) is one-dimensional Brownian
motion.

7t20>(1(ﬂ2(8t7t20)7

In the same vein, an infinitely divisible r.v. L may be seen as the value at time 1 of
a Lévy process (L;, t > 0). The infinite-dimensional “dressing” attitude was adver-
tised in particular by Professor It6, as we pointed out in the last page of the first (and
now second) edition of our book. Further developments of these “stripping—dressing”
performances are presented in the paper: Small and Big Probability Worlds, [100].
We wish the reader some nice travel through these worlds.

Finally, we would like to advocate the systematic adoption of a probabilistic view-
point. When reading some maths (e.g. about special functions), and/or witnessing
some phenomena, do ask yourself: what does this mean probabilistically? This is
often a rewarding attitude...

Angers and Paris, 24th of July 2011

The circle o symbol is appended to a question, or a whole exercise for which we may know only
how to start walking in the (right?) direction, but we have not reached the goal. These circled

questions are found in Exercises 2.7 and 6.29. We encourage the reader to do better than us!



Preface to the first edition

Originally, the main body of these exercises was developed for, and presented to,
the students in the Magistere des Universités Parisiennes between 1984 and 1990;
the audience consisted mainly of students from the Ecoles Normales, and the spirit
of the Magistere was to blend “undergraduate probability” (; random variables,
their distributions, and so on ...) with a first approach to “graduate probability”

(; random processes). Later, we also used these exercises, and added some more,
either in the Préparation a I’Agrégation de Mathématiques, or in more standard
Master courses in probability.

In order to fit the exercises (related to the lectures) in with the two levels alluded
to above, we systematically tried to strip a number of results (which had recently
been published in research journals) of their random processes apparatus, and to
exhibit, in the form of exercises, their random variables skeleton.

Of course, this kind of reduction may be done in almost every branch of mathemat-
ics, but it seems to be a quite natural activity in probability theory, where a random
phenomenon may be either studied on its own (in a “small” probability world), or as
a part of a more complete phenomenon (taking place in a “big” probability world);
to give an example, the classical central limit theorem, in which only one Gaussian
variable (or distribution) occurs in the limit, appears, in a number of studies, as
a one-dimensional “projection” of a central limit theorem involving processes, in
which the limits may be several Brownian motions, the former Gaussian variable
appearing now as the value at time 1, say, of one of these Brownian motions.

This being said, the aim of these exercises was, and still is, to help a student with
a good background in measure theory, say, but starting to learn probability theory,
to master the main concepts in basic (?) probability theory, in order that, when
reaching the next level in probability, i.e. graduate studies (so called, in France:
Diplome d’Etudes Approfondies), he/she would be able to recognize, and put aside,
difficulties which, in fact, belong to the “undergraduate world”, in order to concen-
trate better on the “graduate world” (of course, this is nonsense, but some analysis
of the level of a given difficulty is always helpful...).

Among the main basic concepts alluded to above, we should no doubt list the
notions of independence, and conditioning (Chapter 2) and the various modes of

Xvil
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convergence of random variables (Chapter 5). It seemed logical to start with a short
Chapter 1 where measure theory is deeply mixed with the probabilistic aspects.
Chapter 3 is entirely devoted to some exercises on Gaussian variables: of course, no
one teaching or studying probability will be astonished, but we have always been
struck, over the years, by the number of mistakes which Gaussian type computations
seem to lead many students to.

A number of exercises about various distributional computations, with some em-
phasis on beta and gamma distributions, as well as stable laws, are gathered in
Chapter 4, and finally, perhaps as an eye opener, a few exercises involving random
processes are found in Chapter 6, where, as an exception, we felt freer to refer to
more advanced concepts. However, the different chapters are not autonomous, as it
is not so easy — and it would be quite artificial — to separate strictly the different
notions, e.g. convergence, particular laws, conditioning, and so on... . Nonetheless,
each chapter focusses mainly around the topic indicated in its title.

As often as possible, some comments and references are given after an exercise;
both aim at guiding the reader’s attention towards the “bigger picture” mentioned
above; furthermore, each chapter begins with a “minimal” presentation, which may
help the reader to understand the global “philosophy” of this chapter, and/or some
of the main tools necessary to solve the exercises there. But, for a more complete
collection of important theorems and results, we refer the reader to the list of text-
books in probability — perhaps slightly slanted towards books available in France! —
which is found at the end of the volume. Appended to this list, we have indicated
on one page some (usually, three) among these references where the notion N is
treated; we tried to vary these sources of references.

A good proportion of the exercises may seem, at first reading, “hard”, but we hope
the solutions — not to be read too quickly before attempting seriously to solve the
exercises! — will help; we tried to give almost every e—6 needed! We have indicated
with one star * exercises which are of standard difficulty, and with two stars ** the
more challenging ones. We have given references, as much as we could, to related
exercises in the literature. Internal references from one exercise to another should be
eased by our marking in bold face of the corresponding numbers of these exercises
in the Comments and references, Hint, and so on.. ..

Our thanks go to Dan Romik, Koichiro Takaoka, and at a later stage, Alexander
Cherny, Jan Obloj, Adam Osekowski, for their many comments and suggestions for
improvements. We are also grateful to K. Ishiyama who provided us with the pic-
ture featured on the cover of our book which represents the graph of densities of the
time average of geometric Brownian motion, see Exercise 6.20 for the corresponding
discussion.

As a final word, let us stress that we do not view this set of exercises as being
“the” good companion to a course in probability theory (the reader may also use
the books of exercises referred to in our bibliography), but rather we have tried to
present some perhaps not so classical aspects. .. .

Paris and Berkeley, August 2003



Some frequently used notations

a.e.
a.s.

I.v.

iid.
Question = of
Exercise a.b

*Exercise
**Exercise

P|A < Q|A

dP

dQ| ,

P®Q
X(P)

w
Up —V

An n-sample X,
of therv. X

N or GG

almost everywhere.
almost surely.
random variable.

independent and identically distributed (r.v.s).

Our exercises are divided in questions, to which we may refer
in different places to compare some results.

Exercise of standard difficulty.
Challenging exercise.

P is absolutely continuous with respect to ¢, when both
probabilities are considered on the o-field A.
When the choice of A is obvious, we write only P < Q.

denotes the Radon—Nikodym density of P with
respect to @, on the o-field A, assuming P, < @),
again, A is suppressed if there is no risk of confusion.

denotes the tensor product of the two probabilities P and Q.
denotes the image of the probability P by the r.v. X.

indicates that the sequence of positive measures on IR (or IR")
converges weakly towards v.

denotes an n-dimensional r.v. (X,..., X, ), whose components

are i.i.d., distributed as X.
Bernoulli (two valued) r.v.

Standard centered Gaussian variable, with variance 1:

P(N €dr)=c"% % (z € R).
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XX

T

Z
Z, (a>0)
Za,b (CL, b > O)

Some frequently used notations

Standard stable(1/2) IR, —valued variable:

P(T € dt) = A exp (—4), (t > 0).

Standard exponential variable: P(Z € dt) = e "dt, (t > 0).
Standard gamma(a) variable: P(Z, € dt) =t""'e™! %, (t>0).
Standard beta(a, b) variable:

P(Zyy € dt) =t (1 =)' 5ibs. (t € (0,1)).

It may happen that, for convenience, we use some different
notation for these classical variables.




Chapter 1

Measure theory and probability

Aim and contents

This chapter contains a number of exercises, aimed at familiarizing the reader with
some important measure theoretic concepts, such as: Monotone Class Theorem
(Williams [98], I1.3, I1.4, 11.13), uniform integrability (which is often needed when
working with a family of probabilities, see Dellacherie and Meyer [23]), L” conver-
gence (Jacod and Protter [40], Chapter 23), conditioning (this will be developed in
a more probabilistic manner in the following chapters), absolute continuity (Fristedt
and Gray [33], p. 118).

We would like to emphasize the importance for every probabilist to stand on a
“reasonably” solid measure theoretic (back)ground for which we recommend, e.g.,
Revuz [74].

Exercise 1.12 plays a unifying role, and highlights the fact that the operation of
taking a conditional expectation is a contraction (in L%, but also in every L”) in a
strong sense.

*1.1 Some traps concerning the union of o-fields

1. Show that the union of two o-fields is never a o-field unless one is included
into the other.

2. Give an example of a filtration (F,),>¢ which is strictly increasing, i.e. F, #
Fon+1, for all n and such that U,>F, is not a o-field.



2 Exercises in Probability

Comments:

(a) It is clear from the proof that the assertion of question 1 is also valid if we
consider only Boole algebras instead of o-fields.

(b) Question 2 raises the following more general problem: are there examples
of strictly increasing filtrations (F,),>0, such that the union U,>¢F, is a
o-field? The answer to this question is NO. A proof of this fact can be found
in: A. Broughton and B. W. Huff: A comment on unions of sigma-fields. The
American Mathematical Monthly, 84, no. 7 (Aug.—Sep., 1977), pp. 553-554.
We are very grateful to Rodolphe Garbit and Rongli Liu, who have indicated
to us some references about this question.

1.2 Sets which do not belong in a strong sense, to a o-field

Let (Q,F, P) be a complete probability space. We consider two (F, P) complete
sub-o-fields of F, A and B, and a set A € A.
The aim of this exercise is to study the property:

0<P(AIB) <1, P as. (1.2.1)

1. Show that (1.2.1) holds if and only (iff) there exists a probability ¢, which is
equivalent to P on F, and such that

(a) 0<Q(A) <1, and (b) B and A areindependent.

Hint. If (1.2.1) holds, we may consider, for 0 < a < 1, the probability:

1Ac

Qo = {‘“P<A|B> - “>P<AC|B>} e

2. Assume that (1.2.1) holds. Define B4 = BV o(A). Let 0 < a < 1, and Q be
a probability which satisfies (a) and (b) together with:

_ dQ) . 4
(¢) Q(A)=a, and (d) d—P‘f is B“-measurable.

Show then the existence of a B-measurable r.v. Z, which is > 0, P a.s., and
such that:
1A 1Ac
Ep(Z)=1 dQ=2Za—— l—a)———,-P.
P( ) , am Q {aP<A’B)+( a)P(AC‘B)}
Show that there exists a unique probability ( which satisfies (a) and (b),
together with (c), (d) and (e), where:
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3. We assume, in this and the two next questions, that A = B4, but it is not

assumed a priori that A satisfies (1.2.1).
Show then that A’ € A satisfies (1.2.1) iff the two following conditions are

satisfied:
(f) there exists B € B such that: A= (BN A)U (BN A°), up to a negligible
set, and
(g) A satisfies (1.2.1).
Consequently, if A does not satisfy (1.2.1), then there exists no set A" € A
which satisfies (1.2.1).

4. We assume, in this question and in the next one, that A = B4, and that A
satisfies (1.2.1).
Show that, if B is not P-trivial, then there exists a o-field A’ such that
BCA'CA, and that no set in A’ satisfies (1.2.1).

5. (i) We further assume that, under P, A is independent of B, and that:

P(A) = 1.
Show that A" € A satisfies (1.2.1) iff A" is P-independent of B, and
P(A) = 3.

(ii) We now assume that, under P, A is independent of B, and that:
P(A) = a, with: o # {o, L 1}.

Show that A" (belonging to A, and assumed to be non-trivial) is independent
of Biff A/ =Aor A = A

(iii) Finally, we only assume that A satisfies (1.2.1).
Show that, if A’(€ A) satisfies (1.2.1), then the equality A = B4 holds.

Comments and references. The hypothesis (1.2.1) made at the beginning of the
exercise means that A does not belong, in a strong sense, to B. Such a property
plays an important role in:

J. AzEMA AND M. YOR: Sur les zéros des martingales continues. Séminaire de
Probabilités XX VI, 248-306, Lecture Notes in Mathematics, 1526, Springer, 1992.

1.3 Some criteria for uniform integrability

Consider, on a probability space (2, A, P), a set H of r.v.s with values in IR, which
is bounded in L', i.e.

sup E(X) < oo .
XeH

Recall that H is said to be uniformly integrable if the following property holds:

sup XdP — 0. (1.3.1)

XeH J(X>a) a—0o0
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To each variable X € H associate the positive, bounded measure vy defined by:

ve(A) = [ XdP (A€ A).
/

Show that the property (1.3.1) is equivalent to each of the three following properties:

(i)

(i)

(iii)

the measures (vy, X € H) are equi-absolutely continuous with respect to P,
i.e. they satisfy the criterion:

Ve >0,30 >0, VA€ A, P(A) <§=supryx(A) <e, (1.3.2)
XeH

for any sequence (A,,) of sets in A, which decrease to (), then:
lim (sup VX(An)> =0, (1.3.3)
e \XeH

for any sequence (B, ) of disjoint sets of A,
lim (sup VX(B,L)> = 0. (1.3.4)
n—oo \xen

Comments and references:

(a)

The equivalence between properties (1.3.1) and (1.3.2) is quite classical; their
equivalence with (1.3.3) and a fortiori (1.3.4) may be less known. These equiv-
alences play an important role in the study of weak compactness in:

C. DELLACHERIE, P.A. MEYER AND M. YOR: Sur certaines propriétés des
espaces H! et BMO, Séminaire de Probabilités XII, 98-113, Lecture Notes in
Mathematics, 649, Springer, 1978.

De la Vallée-Poussin’s lemma is another very useful criterion for uniform inte-
grability (see Meyer [60]; one may also consult: C. Dellacherie and P.A. Meyer
[23]).

The lemma asserts that (X;, ¢ € I) is uniformly integrable if and only if
there exists a strictly increasing function ® : IR, — IR, such that ? — 00,
as x — oo and sup;c; E[®(X;)] < co. (Prove that the condition is sufficient!)
This lemma is often used (in one direction) with ®(x) = 22, ie. a family
(X, i € I) which is bounded in L? is uniformly integrable. See Exercise 5.9
for an application.

*1.4 When does weak convergence imply the convergence of
expectations?

Consider, on a probability space (2,4, P), a sequence (X,,) of r.v.s with values
in IR, , which are uniformly integrable, and such that:

X, (P) % v .

n—0o0
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Show that v is carried by R, , and that [v(dz)xr < co.

Show that F(X,) converges, as n — oo, towards [ v(dz)z.

Comments:

(a)

Recall that, if (v, ;n € IN) is a sequence of probability measures on IR? (for
simplicity), and v is also a probability on IR?, then:

v, n_%;o v if and only if : (v , f) — (v, f)

n—oo

for every bounded, continuous function f.

When v, 7%2 v, the question often arises whether (v, , f) — (v, f) also for
some f’s which may be either unbounded, or discontinuous. Examples of such
situations are dealt with in Exercises 5.4 and 5.9.

Recall Scheffe’s lemma: if (X,) and X are IR -valued r.v.s, with X, ), X,

n—oo

and E[X,] — E[X], then X,, — X in L'(P), hence the X s are uniformly
integrable, thus providing a partial converse to the statement in this exercise.

* 1.5 Conditional expectation and the Monotone Class
Theorem

Consider, on a probability space (2, F, P), a sub-o-field G. Assume that there exist
two r.v.s, X and Y, with X F-measurable and Y G-measurable such that, for every
Borel bounded function g : R — IR, , one has:

Elg(X) 1G] =g(Y) .

Prove that: X =Y a.s. Hint: Look at the title !

Comments. For a deeper result, see Exercise 1.12.

1.6 LP-convergence of conditional expectations

Let (2, F, P) be a probability space and X € LP(2, F, P), X > 0, for some p > 1.

1.

Let H be the set of all sub-o-fields of F. Prove that the family of r.v.s
{(E[X|G]F) : G € H} is uniformly integrable. (We refer to Exercise 1.2 for
the definition of uniform integrability.)

Show that if a sequence of r.v.s (Y,,) , with values in IR, , is such that (Y,?)
is uniformly integrable and (Y},) converges in probability to Y, then (Y},) con-
verges to Y in LP.
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3. Let (B,) be a monotone sequence of sub-o-fields of F. We denote by B the
limit of (B,,), that is B = V,, B, if (B,,) increases or B = N, B,, if (B,,) decreases.
Prove that ,

E(X|B,) X5 E(X|B).
Hint. First, prove the result in the case p = 2.
Comments and references. These three questions are very classical. We present the
end result (of question 3.) as an exercise, although it is an important and classical
part of the Martingale Convergence Theorem (see the reference hereafter). We wish
to emphasize that here, nonetheless, as for many other questions the L” convergence

results are much easier to obtain than the corresponding almost sure one, which is
proved in J. Neveu [62] and D. Williams [98].

* 1.7 Measure preserving transformations

Let (2, F, P) be a probability space, and let T' : (2, F) — (€2, F) be a transformation
which preserves P, i.e. T(P) = P.

1. Prove that, if X : (Q,F) — (R,B(IR)) is almost T-invariant, i.e. X(w) =
X(T(w)), P a.s., then, for any bounded function ® : (2 x R, F ® B(IR)) —
(R, B(IR)), one has:

E[d(w, X (w))] = E[®(T(w), X (w))]. (1.7.1)

2. Conversely, prove that, if (1.7.1) is satisfied, then, for every bounded function
g: (R,B(IR)) — (R, B(IR)), one has:

Elg(X) | T HYF)] = g(X(T(w))), P aus. (1.7.2)

3. Prove that (1.7.1) is satisfied if and only if X is almost T-invariant.
Hint: Use Exercise 1.5.

* 1.8 Ergodic transformations

Let (2, F, P) be a probability space, and let T" : (2, F) — (€2, F) be a transformation
which preserves P, i.e. T(P) = P.

We denote by J the invariant o-field of T, i.e.
J={AcF 14(Tw) =14(w)}.
T is said to be ergodic if J is P-trivial.
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1. Prove that T is ergodic if the following property holds:

(a) for every f, g belonging to a vector space H which is dense in L*(F, P),

E[f(goT")] —2 E(f)E(9),

n—oo

where 7" is the composition product of T" by itself, (n — 1) times: 7" =
ToTo---oT.

2. Prove that, if there exists an increasing sequence (Fy)rew of sub-o-fields of F
such that:

(b) ViFir =F,
(c) for every k, T (F.) C Fu,
(d) for every k, N(T") " (F;) is P-trivial,

then the property (a) is satisfied.
Consequently, the properties (b)—(c)—(d) imply that T is ergodic.

* 1.9 Invariant o-fields

Consider, on a probability space (2, F, P), a measurable transformation 7" which
preserves P, ie. T(P)= P.

Let g be an integrable random variable, i.e. g € L(Q, F, P).

Prove that the two following properties are equivalent:

(i) for every f € L>®(Q,F,P), E[fg] = E[(f oT)gl,

(ii) g is almost T-invariant, i.e. g =goT, P as.

Hint:  One may use the following form of the ergodic theorem:

1 ,A 1
S folt —— E[f|J].
i=1 n—oo

where 7 is the invariant o-field of 7.

Comments and references on Fxercises 1.7, 1.8, 1.9:

(a) These are featured at the very beginning of every book on Ergodic Theory.
See, for example, K. Petersen [67] and P. Billingsley [8].
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(b) Of course, many examples of ergodic transformations are provided in books
on Ergodic Theory. Let us simply mention that if (B;) denotes Brownian
motion, then the scaling operation, B +— (%BO) is ergodic for ¢ # 1. Can
you prove this result? Actually, the same result holds for the whole class of
stable processes, as proved in Exercise 5.17.

(c¢) Exercise 1.12 yields a proof of (i) = (ii) which does not use the Ergodic
Theorem.

*#1.10 Extremal solutions of (general) moments problems

Consider, on a measurable space (2, F), a family ® = (¢;);es of real-valued random
variables, and let ¢ = (¢;);e; be a family of real numbers.
Define Mg . to be the family of probabilities P on (2, F) such that:

(a) ® C LY(Q,F,P) ; (b) foreveryi e I, Ep(p;) =c¢;.

A probability measure P in Mg . is called extremal if whenever P = aP,+(1—a) P,
with 0 <a <1and P, P, € Mg, then P =P, = P,.

1. Prove that, if P € Mg, then P is extremal in Mg, if and only if the vector
space generated by 1 and @ is dense in L'(Q2, F, P).

2. (i) Prove that, if P is extremal in Mg ., and @) € Mg, such that Q < P,
and j—g is bounded, then @) = P.

(ii) Prove that, if P is not extremal in Mg ., and @ € Mg, such that
Q:P,With0<5§%SC’<oo,forsomeg,C’>0,thenQisnot
extremal in Mg .

3. Let T' be a measurable transformation of (2, F), and define My to be the
family of probabilities P on (2, F) which are preserved by T, i.e. T(P) = P.
Prove that, if P € My, then P is extremal in M~ if, and only if, T is ergodic
under P.

Comments and references:

(a) The result of question 1 appears to have been obtained independently by:

M.A. NAIMARK: Extremal spectral functions of a symmetric operator. Bull.
Acad. Sci. URSS. Sér. Math., 11, 327-344 (1947).

(see e.g. N.I. AKHIEZER: The Classical Moment Problem and Some Related
Questions in Analysis. Publishing Co., New York, p. 47, 1965), and

R. DoucGLAs: On extremal measures and subspace density I1. Michigan Math.
J., 11, 243-246 (1964). Proc. Amer. Math. Soc., 17, 1363-1365 (1966).
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It is often used in the study of indeterminate moment problems, see e.g.

CH. BERG: Recent results about moment problems. Probability Measures
on Groups and Related Structures, XI (Oberwolfach, 1994), 1-13, World Sci.
Publishing, River Edge, NJ, 1995.

CH. BERG: Indeterminate moment problems and the theory of entire func-
tions. Proceedings of the International Conference on Orthogonality, Moment
Problems and Continued Fractions (Delft, 1994). J. Comput. Appl. Math.,
65, no. 1-3, 27-55 (1995).

(b) Some variants are presented in:

E.B. DYNKIN: Sufficient statistics and extreme points. Ann. Probab., 6, no.
5, 705730 (1978).

For some applications to martingale representations as stochastic integrals,
see:

M. YOR: Sous-espaces denses dans L' et H' et représentations des martin-
gales, Séminaire de Probabilités XII, 264-309, Lecture Notes in Mathematics,
649, Springer, 1978.

(¢) The next exercise gives the most classical example of a non-moments deter-
minate probability on IR. It is those particular moments problems which
motivated the general statement of Naimark-Douglas.

*1.11 The log normal distribution is moments indeterminate

Let N,» be a centered Gaussian variable with variance o%. Associate to N, the log
normal variable:
ng = exXp (NU2) .

1. Compute the density of X,2; its expression gives an explanation for the term
“log normal”.

2. Prove that for every n € Z, and p € Z,

o2

E[ " sin (%Nﬂ)} = 0. (1.11.1)
o

3. Show that there exist infinitely many probability laws p on IR, such that:

(i) for every n € Z,
2 2

/u(dx) 2" = exp <"2U ) .

(ii) p has a bounded density with respect to the law of exp (IV,2).
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Comments and references:

(a) This exercise and its proof go back to T. Stieltjes’ fundamental memoir:

T.J. STIELTJES: Recherches sur les fractions continues. Reprint of Ann. Fac.
Sci.  Toulouse 9, (1895), A5-A47. Reprinted in Ann. Fac. Sci. Toulouse
Math., 6, no. 4, A5-A47 (1995).

There are many other examples of elements of M2, including some with

countable support; see, e.g., Stoyanov ([86], p. 104).

(b) In his memoir, Stieltjes also provides other similar elementary proofs for dif-
ferent moment problems. For instance, for any a > 0, if Z, denotes a gamma
variable, then for ¢ > 2, the law of (Z,)¢ is not moments determinate. See,
e.g., J.M. Stoyanov [86], § 11.4.

(¢) There are some sufficient criteria which bear upon the sequence of moments
m, = E[X"] of an r.v. X and ensure that the law of X is determined uniquely
from the (m,) sequence. (In particular, the classical sufficient Carleman cri-
terion asserts that if Zn(mgn)_l/ 20 — o0, then the law of X is moments de-
terminate.) But, these are unsatisfactory in a number of cases, and the search
continues. See, for example, the following.

J. STOYANOV: Krein condition in probabilistic moment problems. Bernoulli,
6, no. 5, 939-949 (2000).

A. Gut: On the moment problem. Bernoulli, 8, no. 3, 407-421 (2002).

*1.12 Conditional expectations and equality in law

Let X € L'(Q,F,P), and G be a sub-o-field of F. The objective of this exercise

is to prove that if X and Y "’ E[X |G] have the same distribution, then X is G
measurable (hence X =Y).

1. Prove the result if X belongs to L?.
2. Prove that for every a,b € IR,
E[(X ANa)V (=b)|G] = (Y Na)V (=D), (1.12.1)
and conclude.
3. Prove the result of Exercise 1.5 using the previous question.

4. In Exercise 1.9, prove, without using the Ergodic Theorem that (i) implies

(i).
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5. Let X and Y belong to L', prove that if E[X |Y] =Y and E[Y | X] = X,
then X =Y, a.s.

Comments and references:

(a) This exercise, in the generality of question 1, was proposed by A. Cherny. As is
clear from questions 2, 3, 4 and 5, it has many potential applications. See also
Exercise 2.6 where it is used to prove de Finetti’s Representation Theorem of
exchangeable sequences of r.v.s.

(b) Question 5 is proposed as Exercise (33.2) on p. 62 in D. Williams’ book [99].
*1.13 Simplifiable random variables

An r.v. Y which takes its values in IR, is said to be simplifiable if the following
property holds:
if XY (law) YZ, with X and Z taking their values in IR, and X, resp. Z, are

independent of Y, then: X ) 7.

1. Prove that, if Y takes its values in IR \ {0}, and if the characteristic function
of (logY’) has only isolated zeros, then Y is simplifiable.

2. Give an example of an r.v. Y which is not simplifiable.

aw

3. Suppose Y is simplifiable, and satisfies: Y () AB, where on the right hand
side A and B are independent, and neither of them is a.s. constant.

Prove that A cannot be factorized as: A "=’ YO, with Y and C independent.
Comments and references:

(a) To prove that two r.v.s are identical in law, it is sometimes very convenient
to first multiply both these variables by a third independent r.v. and then to
simplify this variable as in the present exercise. Many applications of this idea
are shown in Chapter 4, see for instance Exercise 4.18.

To simplify an equality in law as above, the positivity of the variables is
crucial as the following example shows: let ¢; and €5 be two independent
symmetric Bernoulli variables, then ;¢ (am) g1 does not imply that o = 1!

For some variants of these questions, see Durrett [26], p. 107, as well as
Feller [28], section XV, 2.a.

(b) An r.v. H is said to be infinitely divisible if for every n € IN, there exist
H™ ... H™ which are i.i.d. and H "2 H" + ...+ H™ . The well-known

11
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Lévy—Khintchin formula asserts that Elexp(iAH)] = exp (), for a function
¥ (of a very special form). In particular, the characteristic function of H has
no zeros; we may use this result, in the setup of question 1, for Y such that
H =logV is infinitely divisible.

(c) Exercise 7, p. 295 in A.N. Shiryaev [82] exhibits three independent r.v.s such

that U + V "= W + V, but U and W do not have the same law. Hence,
exp(V') is not simplifiable.

*1.14 Mellin transform and simplification

The Mellin transform of (the distribution of) an IR, valued r.v. Z is the function:
s +— FE[Z*], as defined on IR, (it may take the value 4+00).

Let X,Y, Z be three independent r.v.s taking values in IR, and such that:

(i) Xy '= zv,
(i) for 0 < s < ¢, with some € > 0, E[(XY)*] < oo,

(i) P(Y > 0) > 0.

Show that: X & 7.

Comments and references:

(a) The advantage of this last Exercise (and its result) over the previous one is
that one needs not worry about the characteristic function of (logY’). The
(small) cost is that we assume X,Y,Z have (small enough) moments. In
our applications (e.g. in Chapter 4), we shall be able to use both criteria of
Exercises 1.13 and 1.14.

(b) It may be worth emphasizing here (informally) that the Mellin transform is
injective (on the set of probabilities on IR, ), whereas its restriction to IN is

not. (Please give precise statements and keep them in mind!) See Chapter VI
of Widder [96].

*1.15 There exists no fractional covering of the real line

1. Prove that for any ¢ € (0,1), there is no Borel set A such that, for every
interval [,
m(ANI)=cm(I), (1.15.1)

where m denotes Lebesgue measure on R.
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2. Given a Borel set A, describe the pairs (c,d) in [0,1]* such that, for every

interval I:
Im(ANI)—cm(I)| < |m(ANI)—dm(I)|.

Comments. (a) This (negative) result also holds on any measurable space endowed
with any o-finite measure.

(b) We are grateful to Paul Bourgade who asked us this question in March 2010.

(c) Although we excluded the values 0 and 1 from consideration for ¢ in question 1,
it makes sense to consider them as possible values for ¢ and d in question 2.
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Solutions for Chapter 1

Solution to Exercise 1.1

1. Let F and G be two o-fields defined on the same space, such that neither of them
is included into the other. Then

{ there exist A € F and B € G, (1.1.a)

with A ¢ G and B ¢ F.

Set Ay, = ANB, Ay = ANDB Ay = A°NBand Ay = A°NB°. If FUGis a
o-field then each of these four events belongs to either F or G. If one of these o-
fields, say F, contains three events, then by complementarity, it contains the fourth
one thus B € F and it contradicts (1.1.a). On the other hand, it is not difficult
to see that if both o-fields contain exactly two events among A;, As, A3 and Ay,
then it is possible to show that either B € F or A € G. Again, this contradicts
(1.1.a).

2. Let (X, )n>0 be a sequence of i.i.d, random variables which are uniformly dis-
tributed over the interval [—2, 1]. Define S, = Xo+...+X, and F,, = o{S;. : k < n}.
We derive from the law of large numbers that lim, .. S, = —oo, a.s., so that
0 < sup, S, < 00, a.s. Then the set {sup,~,S, > 1/2} is not trivial and it belongs
to o (U,>0F,). But this set belongs to none of the o-fields F,,.

Solution to Exercise 1.2

1. Suppose that (1.2.1) holds, then we shall prove that for every a € (0, 1), the prob-
ability @, satisfies (a) and (b). First, note that @, is equivalent to P. Indeed, let

ali — lgcnn — 1
N € F be such that Q,(N) = 0, then Ep (Pl(AA‘}g» =0and Ep (p(AAq%)) = 0. Since
0 < P(A|B) <1and 0 < P(A°|B) < 1, P a.s., the preceding identities imply that
P(ANN) =0 and P(A°NN) = 0. Hence P(N) = 0. The converse is obvious. On

the other hand, Q,(A) = aEp (%) =« € (0,1). To prove the independence,
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note that Ep (1}&“'%)) = P(B), whenever B € B. Therefore Q,(AN B) = aP(B)
and we easily verify that Q,(A)Q.(B) = aP(B).

Suppose now that (a) and (b) hold and set Ny = {w € Q : P(A|B) = 0},
and N; = {w € Q: P(A|B) = 1}. We have P(A N Ny|B) = 15,P(A|B) = 0,
thus P(AN Ny) = 0 and Q,(AN Ny) = 0. But Ny € B, thus Q,(A N Ny) =
0 = Qu(A)Qa(Ny) and Qn(Ny) = 0. This is equivalent to P(Ny) = 0. To

prove that P(N;) = 0, it suffices to consider P(A° N N;|B) and to proceed as
above.

2. Let ), be the probability defined in 1, and set Z, = %‘ . First, we show
Qo | 1

that Eg, (Za| B) = Z,, Q. a.s. It suffices to prove that for every F-measurable r.v.
X >0,

Eq(X) = Eq. (Eq,(Za| B)X).
By (d), Z, is BA-measurable, thus all we have to prove is:

It follows from the definition of (), that:

Fo. (Bo. (2l B)Li) = B (B, (2. B g )

Furthermore, since Z, is B4-measurable,

Eq,(Eq,(Za|B)14) = aFEp(Eq,(Z.|B))
= OéEp(Za).

On the other hand, we have:
Q(A) = Eq.(Zu1a)

:“&«%P&%Q
— aEp(Z.).

Put Z = E(Z,| B), then from the above, we verify that Ep(Z) = 1. Since () and
Q). are equivalent, Z, > 0, @), a.s. Therefore, Z > 0, (), a.s., which is equivalent
to Z > 0, P a.s. We have proven that Z satisfies the required conditions.

Now, let @ and @, be two probabilities which satisfy (a) and (b) together with
(c), (d) and (e). By (c) and (e), it is obvious that @, = (|,,. This implies that

%‘f = %‘f, P a.s. and we conclude that ) = Q on the o-field F.

15
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3. Suppose that (1.2.1) holds. Each element of B4 is of the form (B;NA)U(ByNA),
where B; and B, belong to B. Indeed, the set {(B; N A)U (ByN A°) : By, By € B}
is a o-field which contains B4 (we leave the proof to the reader). Put A’ = (B; N
A) U (By N A°), then by (1.2.1), we have

O<1B]P(AC|B)+1BZP(AC’B)<1, P a.s.,

and thus B; = Bf, up to a negligible set. The converse is obvious.

4. With A" = {A € A: (1.2.1) is not satisfied for A}, it is not difficult to prove
that A’ is a o-field. Moreover, it is clear that B C A’ C A. Now, let B € B be non
trivial, then BN A e A" and BN A ¢ B, thus BCA'.

5. (i) If A’ satisfies (1.2.1) then, by 3, there exists B € B such that A’ = (BN A) U
(BN A°), thus P(A|B) = 15P(A) + 15. P(A°) = 1/2. The converse is obvious.

(ii)) A" € A, therefore there exist By and Bj such that A’ = (B; N A) U (By N A°)
and A’ is independent of B iff P(A’'| B) = 15, P(A) + 15, P(A°) is constant. Since A’
is non-trivial and P(A) ¢ {0,1/2,1}, this holds if and only if B; = () and By = Q
or By =Q and B, = (.

(iii) Since A’ € A, it is clear that B C A. Moreover, by 3, there exists B € B such
that A’ = (BN A)U (B°N A°). Then, we can prove that A = (BN A")U (B°N A")
and A € BY, thus .AQBA/.

Solution to Exercise 1.3

(1.3.1)==(1.3.2): Pick € > 0, then on the one hand, according to (1.3.1), there
exists b > 0 such that:

sup vx (X > b) <¢/2.

XeH

On the other hand, for every A € A such that P(A) < ¢e/(2b),

sup vx ((X <b)NA) <bP(A) <¢/2.

XeH

Finally, (1.3.2) follows from the inequality:

sup vx (A) < sup vx((X <b)NA)+ sup vx (X >b) <e.
XeH XeH XeH

(1.3.2)=(1.3.4): If (B,) is a sequence of disjoint sets in A then 3,5, P(B,) <1,
and thus lim,, ., P(B,) = 0. Therefore, for ¢ and § as in (1.3.2), there exists N > 1
such that P(B,) < ¢ for every n > N, hence supy .y [ X dP <e.
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(1.3.4)=(1.3.3): Suppose that (1.3.3) is not verified. Let (A,) be a sequence
of sets in A which decreases to () and such that lim,, . (supyecy vx(A4,)) = € > 0.
For every X € H, lim, . vx(A,) = 0, thus there exists X! € H and n; > 1 such
that vxi (A1\ Ay, ) > €/2, put By = A1\ A,,. Furthermore, there exists ny > n; and
X? € H such that vy2(A4,,\A,,) > €/2, put By = A,,\A,,. We can construct, in
this manner, a sequence (B,,) of disjoint sets of A such that, supycy vx(B,) > €/2
and (1.3.4) is not verified.

(1.3.3)=-(1.3.1): Suppose that (1.3.1) does not hold, then there exists € > 0 such
that for every n € IN, we can find X" € H which verifies vx. (X" > 2") > e. Put
A, = Uy, (XP > 27), then (A,) is a decreasing sequence of sets of A such that
Supyepg Vx (An) > €. Moreover, lim,_.., P(A,) = 0, indeed, for every n > 1,

[ee] o0 1
P 14 _
P(An)SZ;LP(X 22)§C’p§%2p—>0, as n — o0o.

This proves that (A,) decreases to a negligible set A. Finally, put A/ = A, \ A, then
(A)) is a sequence of A which contradicts (1.3.3).

Solution to Exercise 1.4

1. Since each of the laws v, ‘=’ X, (P) is carried by IR, then for every bounded,
continuous function f which vanishes on IR,, and for every n € IN, we have:
E(f(X,)) = 0. By the weak convergence of v, to v, we get [ f(z)v(dx) = 0
and this proves that v is carried by IR, .

To prove that [zv(dz) < oo, note that

/xu(dm) = lim [ (z A a)v(dx) = lim <lim /(x A a)l/n(dx)> < Sup E[X,] < o0,

aloo aToo \nM—00

since the X,s are uniformly integrable.

2. For any a > 0, write

]E[Xn]—/xz/(dx)\ < ]E[Xn]—E[Xn/\a]]+]E[Xn/\a]—/(w/\a)u(d:v)]

+ |/(x/\a)l/(d3:) — /xu(dx)|

Since the r.v.s X,, are uniformly integrable, for any € > 0, we can find a such that
for every n, |E[X,]| — E[X, ANd]| < ¢/3 and | [(z A a)v(dzx) — [zv(dx)| < £/3.
Moreover, from the convergence in law, there exists N such that for every n > N,
|E[X, ANa] — [(z ANa)v(dx)] < /3.

17
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Solution to Exercise 1.5

First solution. From the Monotone Class Theorem, the identity:
Elg(X)[G] = g(Y)

extends to:
EG(X,Y)|G] =G(Y,Y),

for every (bounded) Borel function G : IRxIR — IR, . Hence taking G(z,y) = T2
yields the result.

Second solution. Let a > 0. From the hypothesis, we deduce:
E(XTx<a} — Y Igyi<a})?1G) =0, as.

SO, E((X]I{|X|§a} - Y]I{‘y‘ga})Z) = 0, hence X]I{|X|§a} = Y]I{|y|§a}, a.s, for any
a > 0.

Solution to Exercise 1.6

1. Thanks to the criterion for uniform integrability (1.3.2) in Exercise 1.3, it suffices
to show that the sets: {{E[X | G]P > a} : G € IH} have small probabilities as a — oo
uniformly in [H. But this follows from

1
P(E[X |G]P > a) < P(E[X"|G] > a) < —E[X7].

a
Note that instead of dealing with only one variable, X € L?, X > 0, we might also
consider a family {X;,7 € I} of r.v.s such that {X?,i € I'} is uniformly integrable.

Then, again, the set {E[X,|G]?,i € I,G € IH} is uniformly integrable.

2. Let € > 0, then

E[Y, —YP] < E[Ya—YPLgy, ypea) + EYa = YPLgy, cypoa]

<
< e+ 2p_1(E[Y;f)]I{‘yn ,y|p>g}] + E[Yp]lﬂyn 7Y|P>5}]) )

where the last equality comes from |z + y|P < 2°7!(|z|P + |y|?). When n goes to
00, the terms E[Y Iy, —ypse] and E[YPLy, —yp-cy]) converge to 0, since (Y?) is
uniformly integrable and P(|Y,, — Y|? > ¢) converges to 0 as n goes to co.

3. In this question, it suffices to deal with the case p = 2. Indeed, suppose the result
is true for p = 2 and consider the general case where p > 1.
First suppose that p € [2,00) and let X € LP(Q, F, P). This implies that X €

L*(Q,F,P) and E(X |B,) € L*(Q,F,P) for every n € IN. Since E(X |B,) R
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E(X|B), as n — oo, the sequence of r.v.s (E(X | B,)) converges in probability to
E(X|B) and from question 1, the sequence (E[X |B,]?) is uniformly integrable.
Therefore, from question 2, (E(X | B,,)) converges in L? to E(X | B).

If p € [1,2) then there exists a sequence (X)) € L? such that X, —> X, as
k — oo. Assume that for each £ € IN, E(X;|B,) =z, E(X)|B) as n — oo
then from Hélder’s inequality, E(X; |B,) ~ E(Xi|B) as n — co. Let ¢ > 0,
and k such that || X — Xj|z» < e. There exists ng such that for all n > ny,
|E(X) | B,) — E(X) | B)||z» < e, and we have

IE(X[B,) — E(X|B)[[rr < |E(X|B,) — E(Xi | By
+ [EX[Bn) = E(Xk [ B)| v
_l’_

IE(X) [ B) = E(X [ B)||r < 3¢

Now we prove the result in the case p = 2. At first, assume that (B,) is an
increasing sequence of o-fields. There exist Y € L*(Q, B, P) and Z € L*(Q, B, P)*
such that X =Y + Z. For every n € IN, Z € L*(Q,B,, P)*, hence E(X |B,) =
E(Y|B,). Put Y, = E(Y |B,), then for m < n, E[(Y, —Y,,)?] = E[Y,?] — E[Y}?], so
E[Y?] increases and is bounded, so this sequence of reals converges. From Cauchy’s
criterion, the sequence (Y;) converge in L? towards an r.v. Y. Now we show that
Y =Y: for any k < n and T, € By, E[Y,I,] = E[Y1,]. But the left hand
side converges as n — oo towards E[Y 1y, ] = E[Y 1, ]. Finally, we verify from the
Monotone Class Theorem that {T' € B : E[Y 1] = E[Y ]} is equal to the sigma-
field B, hence Y =Y.

Assume now that (B,,) decreases. For any integers n and m such that m > n, the
rv.s X — E[X|B,] and E[X |B,,] — E[X | B,] are orthogonal in L*(Q, F, P), and
from the decomposition: X — F[X |B,,] = X — E[X |B,] + E[X |B,| — E[X | B.],
we have

IX = E[X|Bulllz: = |X = EIX[Bu]lz: + | E[X | B.] = E[X | B,]z: -

This equality implies that the sequence (||X — E[X | B,]||z2) increases with m and
is bounded by 2.||.X |12, hence it converges. Furthermore, the same equality implies
that ||E[X | B,,] — E[X | B,]||z: tends to 0 as n and m go to oco: we proved that
(E[X | B,]) is a Cauchy sequence in L*(€, F, P), hence it converges. Call Y the
limit in L? of (F[X | B,]). Note that Y is B-measurable. For any B € B and n € IN,
we have E[X1p] = E[E[X | B,|1p]. Letting n go to oo on the right hand side, we
obtain E[X1z] = E[Y 1g], hence Y = E[X | B].

Solution to Exercise 1.7

1. Since T preserves P, we have:

E[®(w, X(w))] = E[®(T(w), X(T(w)))].

19



20 Exercises in Probability

When X is almost T-invariant, the right hand side is E[®(T'(w), X (w))].

2. Let g be such a function. Every T—!(F)-measurable function is of the form ¢o T
where ¢ is an F-measurable function. Therefore, it suffices to prove that for any
IR, -valued F-measurable function ¢,

E[o(T(w))g(X(w)] = E[(T (w))g(X (T (w)))] -

Since T preserves P, it is equivalent to prove that

Elp(T(w))g(X(w))] = Elp(w)g(X(w))].

But this identity has already been proved in question 1, with ®(7T'(w), X(w))=
(T (w))g(X (w)).

3. If (1.7.1) is satisfied, then by question 2, (1.7.2) holds and by Exercise 1.5,
X=XoT as.

Solution to Exercise 1.8

1. Property (a) implies that for every f and g in L?,

E[flgoT")] —2 E(f)E(9)- (1.8.a)

n—oo

Indeed, let (f;) and (gx) be two sequences of H which converge respectively towards
f and ¢ in L? and write

|Elf(goT)] = EfIE]| < [Elf(g0T")] — E[fi(gr o T")]]
+ [Efi(ge o T")] = Efe] Elgr]| + | ELfx] Elge] — ELf]E]9]|-

Since T preserves P, then for any n,

[E[f(g0T™)] = Elfe(gr o T")| = |E[(f = fi)(gs o T")] + E[f(g 0 T" — g 0 T")]|
< E[(f — f)2? El(gr 0 T")?)F + E[f*]*E[(go T" — gy 0 T")*)?
= E[(f — fi)2 Elg2)? + ELf*El(g — a)*]* .

so that for any ¢ and n, there exists K, such that for all £ > K, both terms
|E[f(goT™)]— E[fr(groT™)]| and |E[fr]Elgx] — E[f]E]g]| are less than e. The result
is then a consequence of the fact that for any k&, the term |E[fy.(gr0oT")|—E|fr| E[g]|
converges towards 0 as n — oo.

Now let g € L*(Z), then go T" = g and (1.8.a) yields E[fg] = E[f]E[g], for any
f € L*(F). This implies g = F[g], hence Z is trivial.

L
2
1
2
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2. Let H = Up>oL*(Q, Fy, P), then from Exercise 1.6, H is dense in L*(Q, F, P).
Now we prove that H satisfies property (a).
Let g € H, then there exists k¥ € IN such that g € L*(Q, F, P). Moreover,
from (c), ((T™)7'(F))n>0 is a decreasing sequence of o-fields. Let f € H, then
)

from (d) and Exercise 1.6, E[f | (T")"Y(F)] "= E[f], in L2(Q,F,P). Put f, =
E[f|(T")"Y(F)] and g, = g o T", then we have,

|ELfugn] = Ef1Elgn]l < | fn — ELfllz2]gnll 22

and since Elg,] = E[g] and ||g o T"||z> = ||g]|z2, one has the required convergence.

Solution to Exercise 1.9

1. By (ii) and the invariance of P under 7', we have:
Elfgl = E[foT-goT|=E[foT:g],
and thus (ii) implies (i).

Suppose that (i) holds then by applying this property to f, foT, foT? --- foT™",
successively, we get: E[fg] = E[f oT" - g] for every n € IN*, hence,

1 n D
Blfgl = B | (Spfo17) o],
Since f € L, we can apply Lebesgue’s theorem of dominated convergence together
with the Ergodic Theorem to get

lim E [1 (Sp_ifoT?) -g} = E[E[f| J)g]-

n—00 n

Consequently, one has E[fg] = E[E[f|J]g], for every f € L°°. This identity is
equivalent to

Elfgl = E[E[f[TIElg] T
= E[fE[g|T]],

for every f € L, which implies that ¢ = FE[g|J], a.s. This last statement is
equivalent to g = go T, a.s.

Solution to Exercise 1.10

1. Call L the vector space generated by 1 and ®. First, assume that L is dense
in L'(Q,F,P) and that P = aP, + (1 — a)P,, for a € (0,1) and P, P, € Mg,
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We easily derive from the previous relation that L is dense in L'(Q, F, B), i = 1,2.
Moreover, it is clear by (b) that P, and P agree on L, hence it follows that P, = P.

Conversely, assume that L is not dense in L'(Q, F, P). Then from the Hahn—
Banach theorem, there exists g € L>*(Q2, F,P) with P(g # 0) > 0, such that
[gfdP = 0, for every f € L. We may assume that |||l < 1/2, then put
P =(1-g)Pand P, = (1 + g)P. Clearly, P, and P, belong to Mg, and we
have P = 5(P; 4+ P,) but these probabilities are not equal to P since P(g # 0) > 0.

2. (i) From question 1, the vector space o generated by 1 and & is dense in
LY, F, P). Since % is bounded, ® is also dense in L'(Q, F, Q).
(i) Under the hypothesis, L' (2, F, Q) and L*(Q2, F, P) are identical.

3. This study is a particular moments problem with
Y {f—foT;f€bQF)},
and the constants c; = 0.

So, P € My is extremal if and only if ® U {1} spans a dense space in L'(P), or
equivalently the only functions g in L*°(£2, F, P) such that:

for all f € b(QUF), E[fg]=FE[(foT)g| (1.10.a)

are the constants. But, in Exercise 1.9, we proved that (1.10.a) is equivalent to
the fact that ¢ is almost T-invariant; thus P € My is extremal if and only if 7 is
P-trivial, that is T is ergodic under P.

Solution to Exercise 1.11

1. The density of X, is readily obtained as:

1 1 log y)?
Varory C (‘( 202 )0 V70

2. We obtain the equality (1.11.1) by applying the formula

Elexp(2N,2)] = exp (ZZ; )

(which is valid for every z € C) with 2 =n +ip, p = 25 and n,p € Z.

3. Let for instance p be the law of exp(/V,2) under the probability measure

(1 + Zcp sin (pZNgz>> dP,
o
p
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where (c,) is any sequence of reals such that >°, |c,| < 1, then question 1, asserts
that (i) is satisfied. Moreover, (ii) is trivially satisfied.

Solution to Exercise 1.12

1. From the hypothesis, we deduce that
E[(X -Y)}] = E[X* - E[Y?]=0.

2. We first note that F[X Aa|G] <Y Aa, but since X Aa and Y Aa have the same
law, this inequality is in fact an equality. Likewise, we obtain (1.12.1). The same
argument as for question 1 now yields:

(XANa)V(=b)=(Y ANa)V(=b) as.,
and finally, letting a and b tend to +oo, we obtain X =Y, a.s.
3. We easily reduce the proof to the case where X and Y are bounded. Then the hy-
pothesis implies simultaneously that X and Y have the same law, and E[X |G] =Y,
so that we can apply the above result.
4. Under the hypothesis (i) of Exercise 1.9, we deduce
Elg|T™ (F)]=goT.

Hence the above result yields g = go T, a.s.

5. It is easily deduced from the hypothesis that the identity (1.12.1) is satisfied,
hence X =Y, a.s.

Solution to Exercise 1.13

1. The main difficulty in this question lies in the fact that we cannot define “log X”
and “log 27, since X and Z may actually be zero on non-negligible sets. We rewrite
the hypothesis XY ' zy trivially as

L) XY = iz 2Y
and since P(Y = 0) = 0, we can write, for any A # 0:

E [Ty 0y exp (iA(log X +1log V)| = E {720y exp (iX(log Z + log Y))] .

23
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From the independence hypothesis, we obtain
E [Ty o) exp (i log X)| Efexp (iAlog V)]
=F []I{Z>0} exp (A log Z)} Elexp (iAlogY))],

from which we easily deduce X "=’ Z.

2. Applying the Fourier inverse transform, we can check that the characteristic
function of the density f(z) = 112952 is given by

1=t for |t <1
S0“)—{0 for [t >1

%(1fcosx)x(g+cos2x) is w(t) _

and that the characteristic function of the density g(z) =
o(t) + (et — 2) + p(t +2)), for all t € IR.

Let X and Y be r.v.s with values in IR, \ {0} such that log X has density g
and logY has density f. Let Z be an independent copy of Y, then equation

W(t)p(t) = (1), for all t € IR ensures that XY "=’ ZY. Nonetheless, X and
Z have different laws, so Y is not a simplifiable variable.

3. Assume A "=’ YO, then, we have: Y "=’ YCB, but since Y is simplifiable,
we deduce: 1 "=’ CB, hence CB = 1, a.s. This is impossible since C' and B are
assumed to be independent, and B is not constant.

Solution to Exercise 1.14

We deduce from the hypothesis that:
E[X*] = E[Z°],

for 0 < s < e. Thus, the laws of X and Z have the same Mellin transforms on [0, £],
hence these laws are equal (see the comments at the end of the statement of this
exercise).

A relevant reference: H. Georgii [35] makes use of a number of the arguments em-
ployed throughout our exercises, especially in the present Chapter 1. Thus, as
further reading, it may be interesting to look at the discussions in [35] related to
extremal Gibbs measures.
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Solution to Exercise 1.15
1. By monotone class theorem, identity (1.15.1) would imply that, for any f €
L(m),
[ midn)f(@) = ¢ [ m(dn)f(a).
which implies: 14 = ¢, m(dx)-a.e. This is absurd.
2. Assume that
Im(ANI)—cm(I)| < |m(ANIT)—dm(I)].

Then it follows that (m(ANI)—em(I))? < (m(ANT)—dm(I))? and after a few
simplifications, we get

(& —d*)m(I) <2m(ANT)(c—d). (1.15.a)

Assume that ¢ > d, then we derive from (1.15.a) that (¢ +d)m(I) < 2m(ANI), for
every interval I. We deduce from this inequality and the monotone class theorem
that for any nonnegative function f € L'(m),

/ m(da) f(2)[214(2) — (c+d)] > 0.
This implies that 214 (z) > ¢+ d, for m-almost every z.
If m(A°) > 0, then this inequality implies ¢ +d = 0 and hence ¢ = d = 0.

If m(A°) = 0, then from (1.15.a), one has ¢* — d* < 2(c —d), hence ¢+ d < 2, which
is true.

Now assume ¢ < d, then from (1.15.a), we derive that
2m(INA) < (c+d)m(I),
for every interval I. This implies that for m-almost every x, 214 (x) < ¢+ d.
If m(A) > 0, then necessarily, we have ¢ = d = 1.
If m(A) =0, then ¢ and d can be any constants such that 0 < ¢ < d < 1.

We summarize the above discussion in the following table.

| e>d | ¢<d
m(A°) >0 | c=d=0 |
m(A°)=0 | anycd |
m(A) >0 | | c=d=1
m(A)=0 | | any ¢, d

25






Chapter 2

Independence and conditioning

“Philosophy” of this chapter

(a) A probabilistic model {(2, F, P); (X;)iecsr} consists of setting together in a math-
ematical way different sources of randomness, i.e. the r.v.s (X;);c; usually have some
complicated joint distribution

It is always a simplification, and thus a progress, to replace this “linked” family
by an “equivalent” family (Y;);es of independent random variables, where by equiv-
alence we mean the equality of their o-fields: o(X;,i € I) = o(Y;,j € J) up to
negligible sets.

(b) Assume that the set of indices I splits into I; + I5, and that we know the
outcomes {X;(w); ¢ € I;}. This modifies deeply our perception of the randomness of
the system, which is now reduced to understanding the conditional law of (X;)cp,,
given (X;);er,. This is the main theme of D. Williams’ book [64].

(c) Again, it is of great interest, even after this conditioning with respect to (X;)ier,,
to be able to replace the family (X;);e;, by an “equivalent” family (Y;);c,,, which
consists of independent variables, conditionally on (X;);ey, -

Note that the terms “independence” and “conditioning” come from our everyday
language and are very suitable as translations of the corresponding probabilistic
concepts. However, some of our exercises aim at pointing out some traps which may

originate from this common language meaning.

(d) The Markov property (in a general framework) asserts the conditional indepen-
dence of the “past” and “future” o-fields given the “present” o-field. It provides
an unending source of questions closely related to the topic of this chapter. The
elementary articles

27
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F.B. KNIGHT: A remark on Markovian germ fields. Z. Wahrscheinlichkeitstheorie
und Verw. Gebiete, 15, 291-296 (1970)

K.L. CHUNG: Some universal field equations. Séminaire de Probabilités VI,
90-97, Lecture Notes in Mathematics, 258, Springer, Berlin, 1972.

give the flavor of such studies.

* 2.1 Independence does not imply measurability with
respect to an independent complement

1. Assume that, on a probability space (£, F,P), there exist a symmetric
Bernoulli variable e (that is, ¢ satisfies: P(e = +1) = P(e = —1) = 3),
and an r.v. X , which are independent.

(1dW)

Show that ¢ X and ¢ are independent iff X is symmetric (that is: X —X).

2. Construct, on an adequate probability space (£, F,P), two independent
o-fields A and B, and an r.v. Y such that:
(i) Y is AV B-measurable; (ii) Y is independent of B;
(iii) Y is not measurable with respect to A.

3. Construct, on an adequate probability space (€2, F,P), two independent
o-fields A and B, and a non-constant r.v. Z such that:
(j)  Z is independent of A; (jj) Z is independent of B;
(Gii) Z is AV B-measurable.

4. Let G be a Gaussian subspace of L?*(£2, F, P) which admits the direct sum

decomposition: G = G;®G,. (Have a brief look at Chapter 3, if necessary . .. .)
Define A = 0(Gy), and B = 0(Gs).

(a) Show that there is no variable Y € G, Y # 0 such that the hypotheses
(1)—(ii)—(iii) are satisfied.
(
(

b) Show that there is no variable Z € G, Z # 0, such that the hypotheses
J)—(j)—(jj) are satisfied.

Comments and references. This exercise is an invitation to study the notion and
properties (starting from the existence) of an independent complement to a given
sub-o-field G in a probability space (2, F, P). We refer the reader to the famous
article

V.A. ROHLIN: On the fundamental ideas of measure theory. Mat. Sbornik N.S.,
25, no. 67, 107150 (1949).
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(Be aware that this article is written in a language which is closer to Ergodic Theory
than to Probability Theory.)

* 2.2 Complement to Exercise 2.1: further statements of
independence versus measurability

Consider, on a probability space (2, F, P), three sub-o-fields A, B,C, which are
(F, P) complete.

Assume that:
(i) ACBVC, and (ii) A and C are independent.

1. Show that if the hypotheses
(i) ACBVC,and (ii) AV B is independent of C
are satisfied, then A is included in B.

2. Show that, if (i)’ is not satisfied, it is not always true that A4 is included in 5.
3. Show that if, besides (i) and (ii), the property (iii): B C A is satisfied, then:
A =B.

** 2.3 Independence and mutual absolute continuity

Let (£, F, P) be a probability space and G be a sub-o-field of F.

1. Let I' € F. Prove that the following properties are equivalent:

(i) I' is independent of G under P,
(ii) for every probability @ on (2, F), equivalent to P, with (Z—?D) G measur-
able, Q(I") = P(I).
2. Let @ be a probability on (€2, F) which is equivalent to P and consider the
following properties:

(j) % is G measurable
(jj) for every set I' € F independent of G under P, Q(I") = P(T).

Prove that (j) implies (jj).

3. Prove that in general, (jj) does not imply (j).

Hint: Let G = {0,9Q, {a},{a}‘}, assuming that {a} € F, and P({a}) > 0.
Show that if X, F-measurable, is independent from G, then X is constant.
Prove that if G C F, with G # F, then there exists () which satisfies (jj), but

not (j).
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Comments and references:

(a) This exercise emphasizes the difficulty of characterizing the set of events which
are independent of a given o-field. Another way to ask question 2, is:
“Does the set of events which are independent of G characterize G?”

Corollary 4 of the following paper is closely related to our problem:

M. EMERY AND W. SCHACHERMAYER: On Vershik’s standardness criterion
and Tsirelson’s notion of cosiness. Séminaire de Probabilités XXXV, 265-305,
Lecture Notes in Mathematics, 1755, Springer, Berlin, 2001.

(b) Tt is tempting to think that if G has no atoms, then (jj) implies (j). But, this is
not true: M. Emery kindly gave us some examples of o-fields G without atoms,
with G strictly included in F, and such that any event in F independent from
G 1is trivial.

* 2.4 Size-biased sampling and conditional laws

Let Xi,...,X,, be n independent, equidistributed r.v.s which are a.s. strictly
positive.

Define S, = X; + Xy + --- + X,,, and assume n > 3.

Let, moreover, J be an r.v. taking values in {1,2,...,n} such that:

We define the (n — 1)-dimensional r.v. X7, ;) = (X7,...,X;;_;) as follows:
« )X , it i< J .
XZ'_{XZ-+1 i P> (f<n=1).

Show that, given S;_; = X{ +---+ X, ther.v.s X7, ;) and X, are independent,

and that, moreover, the conditional law of X{n-1), given Sr_, = s, is identical to
the conditional law of X(,_1) = (X1,..., X,_1), given S,,_; = s.

Comments and references. This result is the first step in proving the inhomogeneous
Markov property for (S,,L — X X;,m=1,2,... ,n), where (X1,...,X,,) is a size-
biased permutation of (Xi,...,X,,), see, e.g., p. 22 in:

M. PERMAN, J. PITMAN AND M. YOR: Size-biased sampling of Poisson point

processes and excursions. Probab. Theory and Related Fields, 92, no. 1, 21-39
(1992)

for the definition of such a random permutation. See also:
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L. GorDON: Estimation for large successive samples with unknown inclusion prob-
abilities. Adv. in Appl. Math., 14, no. 1, 89-122 (1993)

and papers cited there for more on size-biased sampling of independent and identi-
cally distributed sequences, as well as Lemma 10 and Proposition 11 in:

J. PiTmMAN: Partition structures derived from Brownian motion and stable subor-
dinators. Bernoulli, 3, no. 1, 79-96 (1997)

for some related results. We thank J. Pitman for his suggestions about this
exercise.

2.5 Think twice before exchanging the order of taking the
supremum and intersection of o-fields!

Let (Q, F, P) be a probability space, C a sub-o-field of F, and (D,,),en a decreasing
sequence of sub-o-fields of F.

C and D,, for every n, are assumed to be (F, P) complete.

1. Prove that if, for every n, C and D; are conditionally independent given D,,,
then:

NCvVvD,)=CV (ﬂ Dn> holds. (2.5.1)

n

2. If there exists a sub-o-field &, of D, such that C and D; are conditionally
independent given &,, then C and D; are conditionally independent
given D,,.

Consequently, if C and D; are independent, then (2.5.1) holds.

3. The sequence (D, ),en and the o-field C are said to be asymptotically in-
dependent if, for every bounded JF-measurable r.v. X and every bounded
C-measurable r.v. C, one has:

E[E(X | D,)C] — E(X)E(C). (2.5.2)

n—oo

Prove that the condition (2.5.2) holds iff N, D, and C are independent.

4. Let Yy, Y:,... be independent symmetric Bernoulli r.v.s For n € IN, define
X, =YY ...Y, and set C = o(Y1,Y5,...), D, = o(X}, : k > n). Prove that
(2.5.1) fails in this particular case.

Hint: Prove that N,(CV D,)=CVo(Yy); but CV (N,D,) =C, since N, D, is
trivial.

31
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Comments and references:

(a) The need to determine germ o-fields G def N D,, occurs very naturally in many
problems in Probability Theory, often leading to 0-1 laws, i.e. G is trivial.

(b) A number of authors, (including the present authors, separately!), gave wrong
proofs of (2.5.1) under various hypotheses. This seems to be one of the worst
traps involving o-fields.

(¢) A necessary and sufficient criterion for (2.5.1) to hold is presented in:

H. vON WEIZSACKER: Exchanging the order of taking suprema and countable
intersection of o-algebras. Ann. L.H.P., 19, 91-100 (1983).

However, this criterion is very difficult to apply in any given set-up.

(d) The conditional independence hypothesis made in question 1 above is pre-
sented in:
T. LINDVALL AND L.C.G. ROGERS: Coupling of multidimensional diffusions
by reflection. Ann. Prob., 14, 860-872 (1986).

(e) The following papers discuss, in the framework of a stochastic equation, in-
stances where (2.5.1) may hold or fail.

M. YOR: De nouveaux résultats sur ’équation de Tsirelson. C. R. Acad. Sci.
Paris Sér. I Math., 309, no. 7, 511-514 (1989).

M. Yor: Tsirelson’s equation in discrete time. Probab. Theory and Related
Fields, 91, no. 2, 135-152 (1992).

(f) A simpler question than the one studied in the present exercise is whether the
following o-fields are equal:

(./41 V AQ) N Ag and (Al N Ag) V (AQ N A3) (253)
(Al N ./42) V ./43 and (./41 V A3) N (AQ V ./43) . (254)

With the help of the Bernoulli variables 1, €5, €3 = €169 and the o-fields
A; = o(g), i = 1,2,3, already considered in Exercise 2.2, one sees that the
o-fields in (2.5.3) and (2.5.4) may not be equal.

* 2.6 Exchangeability and conditional independence:
de Finetti’s theorem

A sequence of random variables (X,,),>1 is said to be exchangeable if for any per-
mutation o of the set {1,2,...}

law
(X1, X, ) "2 (X)X, )
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Let (X,)n>1 be such a sequence and G be its tail o-field, ie. G = N,G,, with
G, =0{Xn, Xps1,...}, forn > 1.

1. Show that for any bounded Borel function &,

(law

E@(X1)|6] "2 E[@(X))[ 6.

2. Show that the above identity actually holds almost surely.

3. Show that the r.v.s X, X,,... are conditionally independent given the tail
o-field G.

Comments and references:

(a) The result proved in this exercise is the famous de Finetti’s Theorem, see e.g.

B. DE FINETTI: La prévision: ses lois logiques, ses sources subjectives. Ann.
Inst. H. Poincaré, 7, 1-66 (1937).

It essentially says that any sequence of exchangeable random variables is a
“mixture” of i.i.d. random variables.

D.J. ALpous: Exchangeability and related topics. Ecole d’été de proba-
bilités de Saint-Flour, XIII-1983, 1-198, Lecture Notes in Mathematics, 1117,
Springer, Berlin, 1985.

O. KALLENBERG: Foundations of Modern Probability. Second edition.
Springer-Verlag, New York, 2002. (See Theorem 11.10, p. 212).

See also P.A. Meyer’s discussion in [40] of the Hewitt—Savage Theorem.
(b) Question 2 is closely related to Exercise 1.5, and/or to Exercise 1.12.

(c¢) De Finetti’s Theorem extends to the continuous time setting in the following
form: Any cadlag exchangeable process is a mizture of Lévy processes. See
Proposition 10.5 of Aldous’ course cited above. See also Exercise 6.24 for
some applications.

* 2.7 On exchangeable o-fields

A sequence (G, ..., G,) of sub-o-fields of a probability space (2, F, P) is said to be
exchangeable if for all 4,7 =1,2,...,n and all X € L'(P),

E(E(X1G)[9)) = E(E(X]G;)]G), as. (2.7.1)

1. Find a sequence of sub-o-fields for which (2.7.1) is not satisfied.
Hint. You may use the Gaussian vector of Exercise 3.3.
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2. (a) Let X be a random variable such that for two o-fields G; and Gs,
E(X[G) = E(X|G).

Prove that this common r.v. is also equal to E(X |G N Gs).

(b) Show that the previous assertion admits no converse, i.e. give an example
of an r.v. X such that F(X |G;) is G N Go-measurable but, nonetheless,
E(X|G) and E(X |Gs) differ.

3. Show that (G, ...,G,) is exchangeable if and only if Gy, . . . , G, are independent
conditionally on Gy N...NG,.

4. Show that if X;,..., X,, are exchangeable random variables in the sense of
Exercise 2.6, then o(X}),...,0(X,) is exchangeable.
o Is the converse true?

5. Show that if there exist a filtration (F;) and T3, ..., T, n (F)-stopping times

such that G; = Fr,, then Gy, ..., G, is exchangeable with respect to any prob-
ability measure on (2, F).

o Is the converse true?

Comments and references: It follows from questions 1 and 5 that for any two sub-
o-fields G and H of a probability space (£2, F, P), it is not always possible to find a
filtration (F;) and two stopping times of this filtration S and 7" such that Fg = G
and Fr = H.

M. YOR: Sur certains commutateurs d’une filtration. Séminaire de Probabilités
XV, 526-528, Lecture Notes in Mathematics, 850, Springer, Berlin, 1981.

Many results on exchangeability are gathered in:

D.J. ALpous: Exchangeability and related topics. Ecole d’été de probabilités de
Saint-Flour, XIII—1983, 1-198, Lecture Notes in Mathematics, 1117, Springer,
Berlin, 1985.

* 2.8 Too much independence implies constancy

Let (2, F, P) be a probability space on which two real valued r.v.s X and Y are
defined.
The aim of questions 1, 2, 3 and 4 is to show that the property:

0 (X —-Y) and X are independent
(X—Y) and Y are independent

can only be satisfied if X —Y is a.s. constant.
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1. Prove the result when X and Y have a second moment.

In the following, we make no integrability assumption on either X or Y.

2. Let ¢ (resp. H), be the characteristic function of X (resp. X —Y).
Show that, if (I) is satisfied, then the identity:

p(a) (1-|H(2)]’) =0, foreveryz € R, (2.8.1)
holds.
3. Show that if (2.8.1) is satisfied, then:

|H(z)| =1, for |z| <e, and e > 0, sufficiently small. (2.8.2)
4. Show that if (2.8.2) is satisfied, then X — Y is a.s. constant.

In the same vein, we now discuss how much constraint may be put on the con-
ditional laws of either one of the components of a two dimensional r.v., given the
other.

5. Is it possible to construct a pair of r.v.s (X,Y’) which satisfy the following
property, for all z,y € IR:

() conditionally on X =z, Y is distributed as N (z, 1)
conditionally on Y =y, X is distributed as N (y,1)

(Here, and in the sequel N (a,b), denotes a Gaussian variable with mean a,
and variance b.)
6. Prove the existence of a pair (X,Y’) of r.v.s such that

(K) X is distributed as N (a, 0?)
conditionally on X = x, Y is distributed as N (x, 1).

Compute explicitly the joint law of (X,Y).
Compute the law of X, conditionally on Y = y.

Comments and references. See Exercise 3.12 for a unification of questions 5 and 6.
*2.9 A double paradoxical inequality

Give an example of a pair of random variables X, Y taking values in (0, c0) such
that:

i) E[X|Y]<oo, E[Y|X]<oo, as.,

(i) E[X|Y]>Y, ElY|X]> X, as.
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Hint. Assume that P(% € {%,2}) =1, and P(X € {1,2,4,...}) = 1. More
precisely, denote p, = P(X = 2" Y = 2"1) ¢, = P(X = 2"V = 2"*!) and
find necessary and sufficient conditions on (p,), (¢g,) for (i) and (ii) to be satisfied.
Finally, find for which values of a, the preceding discussion applies when: p, = ¢, =
(const.) a".

Comments and references. That (i) and (ii) may be realized for a pair of non-
integrable variables is hinted at in D. Williams ([97], p.401), but this exercise has
been suggested to us by B. Tsirel’son.

For another variant, see Exercise (33.2) on p. 62 in D. Williams [99]. See also ques-
tion 5 of Exercise 1.12 for a related result.

*2.10 Euler’s formula for primes and probability

Let AV denote the set of positive integers n, n # 0, and P the set of prime numbers
(1 does not belong to P). We write: alb if a divides b.

< 1
To a real number s > 1, we associate ((s) = > T and we define the probability P

k=1
on N by the formula:
1

(s)n*

Ps({n}> =

1. Define, for any p € P, the random variables p, by the formula:

pp(n) =Ly -

Show that the r.v.s (p,,p € P) are independent under P;, and prove Euler’s

identity:
1 1
w05

: I
Hint. TS)—PS({l}).

2. We write the decomposition of n € N as a product of powers of prime numbers,

as follows:
n=] por ()
peEP
thereby defining the r.v.s (a,,p € P).
Prove that, for any p € P, the variable o, is geometrically distributed, with
parameter g, that is: Ps(a, = k) = ¢*(1 — ¢)(k € IN).
Compute ¢q. Prove that the variables (o, p € P) are independent.
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Comments and references. This is a very well-known exercise involving probabilities
on the integers; for a number of variations on this theme, see for example, the
following.

P. Diaconis AND L. SMITH: Honest Bernoulli excursions. J. App. Prob., 25,
464-477 (1988).

S.W. GoLoMB: A class of probability distributions on the integers. J. Number
Theory, 2, 189-192 (1970).

M. KAc: Statistical Independence in Probability, Analysis and Number Theory. The
Carus Mathematical Monographs, 12. Published by the Mathematical Association
of America. Distributed by John Wiley and Sons, Inc., New York (1959).

PH. NANOPOULOS: Loi de Dirichlet sur IN* et pseudo-probabilités. C. R. Acad.
Sci. Paris Sér. A-B, 280, no. 22, Aiii, A1543-A1546 (1975).

M. SCHROEDER: Number Theory in Science and Communications. Springer Series
in Information Sciences, Springer, 1986.

G.D. Lin AND C.-Y. Hu: The Riemann zeta distribution. Bernoulli, 7, no. 5,
817-828 (2001).

This exercise is also discussed in D. Williams [97].
*2.11 The probability, for integers, of being relatively prime

Let (A;);<m be a finite sequence of measurable events of a probability space (€2, F, P)
and define p, = 31 coocip<m P(Ai, N NVA;).

1. Show that .
P(UP, Ay) = Z (2.11.1)

2. We denote by k Al the g.c.d. of two integers k and [. Let n > 1 and Ny, N,
be two independent r.v.s which are uniformly distributed on {1,...,n}. We
denote by @, the law of (N7, Ny) and define the events A = {N; A Ny = 1},
A, = {p|N, and p|N>}, p > 1. We denote by py, ..., p; the prime numbers less
than or equal to n.

(a) Show that for any positive integer m,
Qn( lelApk) = Z(_l)k_lﬂk; (2.11.2)

Where M = 7’1/72 Zl§i1<...<ik§n [n/(pbl e p[k)]z
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(b) Deduce that for any fixed m,

. . m 1
1171;11 Q"(UkzlAPk) =1- H (1 — 2) .
k=1 Py
(c) Show that
lim Q, (A) = — — &
n =g T

where ( were introduced in the previous exercise.

3. Generalize the above results to the case where Ny, ..., N, are independent and
uniformly distributed on {1,...,n}.

Comments and references. The reader will find deep links between probability theory
and number theory developed in:

G.H. HARDY AND E.M. WRIGHT: An Introduction to the Theory of Numbers.
Fifth edition. The Clarendon Press, Oxford University Press, New York, 1979.

G. TENENBAUM: Introduction to Analytic and Probabilistic Number Theory. Cam-

bridge Studies in Advanced Mathematics, 46, Cambridge University Press, Cam-
bridge, 1995.

G. TENENBAUM: FEzercices Corrigés de Théorie Analytique et Probabiliste des
Nombres. With the collaboration of Jie Wu. Cours Spécialisés, 2. Société
Mathématique de France, Paris, 1996.

J. KUBILIUS: Probabilistic Methods in the Theory of Numbers. Translations of

Mathematical Monographs, 11, American Mathematical Society, Providence, RI,
1964.

*2.12 Completely independent multiplicative sequences of
U-valued random variables

1. Show that there exists a sequence (X,,),>2 taking values on the unit circle, U
(torus), and such that:
(a) for every m, n, X, X,, = X,un, a.s.,
(b) for every m, X,, is uniform on the torus,
(c) if ny, ng,...ny, are coprime numbers, then X, , X,,,...,X,, are indepen-

dent.

Then prove that this sequence is unique in law.
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From now on, we consider only such a sequence.

2. Give a necessary and sufficient condition on two integers m and n for X,, and
X, to be independent.

o More generally, solve the same question with a finite number of integers.

Comments and references. We are grateful to Eric Saias for telling us about the
notion of a completely multiplicative sequence of U-valued random variables. This
notion is found on p. 64, Chapter 4, of:

J. STEUDING: Value-Distribution of L-Functions. Lecture Notes in Mathematics,
1877, Springer, Berlin, 2007.

*2.13 Bernoulli random walks considered at
some stopping time

Let (X,,,n > 1) and (Y,,n > 1) be two sequences of r.v.s which take values in {0, 1}.

Assume that all the variables (X, Y,,;n,m > 1) are independent, and that, for any

n > 1, one has:
P(X,=1)=p and P(Y,=1)=g¢q,

where p and ¢ are fixed, and 0 < p,q < 1.

1. Show that the r.v.s Z, = X,Y,, n > 1, are independent, and identically
distributed. Compute their common distribution.

2. Define S, = 3 Xy, and Ty = 3 Zom.
m=1 m=1

What are the laws of S,, and T,,7

3. Define 7(w) = inf {n > 1: T, (w) = 1}, with the convention: inf(@)) = co. We
write simply S; for S; ) (w).
Show that 7 and S, are random variables. What is the law of 77

4. Show that, forn > 2 and 1 < k <n:

5. Show that:
P(ﬂ(Xi:xi)]T:n) =[[P(Xi=azi|7=n),
i=1 i

and deduce therefrom the value of P(S, =k | 7 =n).
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6. Compute E(S; | 7 =n), and then E(S;). Check that:

E[S;] = E[T]E[X;], and (2.13.1)
E[T.] = E[7|E[Z].
Comments. This is a simple exercise whose main aim is to help the reader check

his/her familiarity when working with a randomly indexed sequence of random vari-
ables.

The r.v. 7 is a stopping time with respect to the increasing family of o-fields
Fo = o{Xy,Yi;k < n}, and the final equalities (2.13.1) may be obtained as
consequences of the optional stopping theorem applied to the (F,)-martingales:
(S, —nE[Xi]) and (T,, — nE|[Z]).

** 2.14 cosh, sinh, the Fourier transform and conditional
independence

Let W_, W, L be three r.v.s such that:

(i) L takes its values in IR ;

(ii) forall a > 0,0, c € R, E [exp(—al + ibW_ +icW. )] = f(2a +|b|,c) , where:
-1
flu,v) = (coshv + usinhv) ,ifv#0, and f(u,0) = (14+u)".
v

1. What is the law of L? What is the law of W =W, + W_?

2. Show that W_ and W, are independent, conditionally on L. What is the
conditional law of W_, given that W, = x and L = (7

Compute explicitly F [exp(icW,) | L = £].

Comments and references. The triplet (L, W_, W) may be realized as follows: con-
sider two independent one-dimensional Brownian motions (5;,t > 0)) and (v, ¢t > 0),
starting from 0, and define:

L=¢,6 W.= /0 dy, Tgs, g, W, = /O dys Ty o09

where o = inf{t : §; = 1} and (¢, t > 0) is the local time of § at 0. This triplet
appears naturally in the limit laws for the (small and large) winding numbers of
planar Brownian around a given point; see for example:

J.W. PITMAN AND M.YOR: Asymptotic laws of planar Brownian motion. Ann.
Prob., 14, no. 3, 733-779 (1986)

or Chapter 5 in M. Yor [101], or Chapter 10 in Revuz-Yor [75].
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**2.15 cosh, sinh, and the Laplace transform

Let A_, A, and L be three IR -valued r.v.s whose joint distribution is characterized

by:
1 1 2a + X !
Blew— (al+ 534+ 4, )| = (cosh(u) ks sinh(u)) S An>0.
1
(2.15.1)
1. Prove that A, and A_ are conditionally independent given L. Prove that
(law) VA
A_ - ﬁ’
where Z and N are independent; Z has an exponential law with parameter 1
and N is a centered Gaussian variable with variance 1.
Hint. Use the result of question 7 of Exercise 4.2.
2. Prove that the triplet (L, W, , W_) studied in Exercise 2.14 satisfies:

(L, Wy, Wo) "2 (L, \JA N, \JAZN), (2.15.2)
where on the right hand side, the triplet (L, A;, A_), and N,, and N_ are
independent and N, and N_ are centered Gaussian variables, with variance
1.

3. Deduce the conditional independence of W, and W_ given L (as shown in
Exercise 2.14) from that of A, and A_ given L.
4. Give an explicit formula for the joint density of (H = £, A_). Deduce the
density of A_ in an integral form. Give the conditional density of H given
A_ = u. Give the conditional Laplace transform of A, given A_.
5. Fix X and p. Give a series development of the density of (\2A_ + p?A,).
Comments:

(a)

Using the same notation as in the comments for Exercise 2.14, we may realize
the triplet (L, A_, A}) as: (lg,f(f dsllyp, <oy, J§ dsI[{BS>O}). See also Exercise
6.18 for another occurrence in terms of Brownian motion of these two or
three-dimensional distributions.

This exercise points out at an apparently paradoxical situation: question 3
allows us to describe “explicitly” the distribution of any linear combination of
A_ and A, (with positive coefficients); hence, we “know” the law of (A_, A})
(already through the Laplace transform formula (2.15.1)). But it is notorious
that the conditional law of A, given (A_ = a) is almost “impossible” to invert
explicitly! (See Exercise 6.18 for some further discussion.)
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** 2.16 Conditioning and changes of probabilities

Let (2, F) be a measurable space and G be a sub-o-field of F. Let P and @) be two
probabilities which are mutually absolutely continuous on F. We denote by X, the
Radon—Nikodym density of () with respect to P and F.

1. Show that the two following properties are satisfied:
(a) 0< Ep(Xo|G) <o P as.,
and

(b) for every F-measurable r.v. f, with values in IR,
Ep(fXo|G) = Eq(f | G)Ep(Xo | G).

2. The aim of the rest of the exercise is to describe all F-measurable r.v.s X',
which take values in IR, , and which satisfy:

(@) Ep(X'|G) <o P as.,
and

(b’) for every F-measurable r.v. f, with values in IR,
Ep(fX"[G) = Eo(f | G)Ep(X"[ ).

Prove that, if X’ = vX,, where 7 is a G-measurable r.v., with values in IR,
then X’ satisfies (a’) and (b’).

3. Assume that X' = 74X, with v a G-measurable r.v. with values in R,.
Compute v in terms of Ep(X' | G) and of Ep(Xy | G).

4. Prove that, if X’ satisfies (a’) and (b’), then, there exists v, a G-measurable
r.v. with values in IR, such that: X' = ~X,.

5. Find a necessary and sufficient condition, in terms of X, such that, for any
F-measurable r.v. f, with values in IR,

Ep(f19) = Eo(f19) .

*2.17 Radon—Nikodym density and the Acceptance—
Rejection Method of von Neumann

Consider, on a measurable space (€2, F), two probabilities P and @, with Q << P,
and fil% =f.

Enlarge the probability space (€2, F, P) in (' = Q x [0,1], F®@ By, P = P® A),
where A denotes the Lebesgue measure on [0, 1]. Denote by w’ = (w,u) the generic
point of €', and U(w') = u.
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1. Assume that P(f < M) = 1, for some M > 0. Then prove that, for any
¢ :(Q,F) — (IR, By, ), one has:

Ef®| f > MU = Eqa].

2. We no longer assume that f is essentially bounded; nonetheless, prove that,
with the same notations as above:

Eol@] = Jim_E[®|f > MU].

Comments and references. This exercise originates from Dan Romik’s Ph.D. thesis.
A relevant reference is:

R.Y. RUBINSTEIN: Simulation and the Monte Carlo Method. Wiley Series in Prob-
ability and Mathematical Statistics. John Wiley & Sons, Inc., New York, 1981.

**2.18 Negligible sets and conditioning

Let (X,Y) be a pair of IR, -valued random variables, and assume that
(i) (X,Y) has a jointly continuous density;

(ii) if g(y) denotes the density of Y, then: g(y) ~ cy®, asy — 0, for some ¢ > 0,
and some « > 0.
Furthermore, consider an IR, -valued variable S which is independent of the pair

(X,Y), and satisfies: F [S’(a“)} < 00.

1. Prove that for any bounded Borel function f : IR, — IR, , one has

1

EIF(SX) | SY =0 = ooy

E[STV f(SX)| Y =0], (2181

where both conditional expectations may be defined as:

. E[Flz<y]
EIF|Z = 0] % iy 25 HZ=el
[F'] | = lim PZ<e)

with obvious notations for F' and Z.

2. Prove that, if YV satisfies (ii) with @ = 0, and S (la) VT, where T is an
exponential variable with parameter 1/2, then

E[f(SX) | SY = 0] = E[f(IN|X) | Y = 0], (2.18.2)

where N denotes a Gaussian, centered, variable, which is independent of the
pair (X,Y"), and has variance 1.
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3. Prove that, if YV satisfies (ii) with o > 0, and if a — (o + 1) > 0 then, if

law)

S (la Z,, one has
E[f(SX) | SY =0] = E[f(Za—(a+1)X) | Y = 0], (2.18.3)

where Z,_(,+1) denotes a gamma variable with parameter a — (o + 1), which
is independent of the pair (X,Y).

Comments and references. Either of the formulas (2.18.1), (2.18.2), (2.18.3) may
look strange (unintuitive?) at first sight; for instance, one is tempted a priori to
think that the left hand side of (2.18.2) is equal to

E[f(5X) [Y =0],

but this differs from the correct right hand side of (2.18.2)! For a closely re-
lated discussion, see D. Williams’ warning ([97], pp. 260-261) about ill-defined

quantities P(X € dx|X = Y), which could mean either P (X cedr|sy = 1), or

P(X €dz|X —Y =0), and so on... .
Here, one is clearly confronted with the difficulty of conditioning with respect to
negligible sets; about this subject, P. Lévy wrote an article:

P. LEvY: Une hiérarchie des probabilités plus ou moins nulles, application a certains
nuages de points. L’Enseignement Math., (2) 15, 217-225 (1969).

This is also found in:

P. LEvY: (Buvres de Paul Lévy. Published under the direction of Daniel Dugué
with the collaboration of Paul Deheuvels and Michel Ibéro. Gauthier-Villars, Paris,
1980.

*2.19 Gamma laws and conditioning

Let X and L be two r.v.s which take their values in IR,. Assume furthermore that:

E[X]<oo and P(Ledl)=edl. (2.19.1)

1. Show that the three following properties are equivalent.

(a) There exists a > 0 such that for any A\ > 0:

a
14+ Xa’

E[Xexp(—AL)| =

(b) There exists o > 0 such that F[X | L = {] = exp(—fa), a.e. (dl).
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(c) For every k € N,
Lk

E [Xk‘] = (E[X])"" .
Show that, moreover, if those properties are satisfied, then the following rela-

tionship between a and « holds:

2. Prove that the variables X = (1 + ¢(L)e) exp(—al), with a Borel function ¢
such that —% <p< %, and ¢ is a symmetric Bernoulli variable independent
of L, satisfy the equivalent properties (a), (b) and (c).

3. Find the appropriate variant of question 1 when the property (2.19.1) is re-
placed by:

0l

P(Ledl)=e OB

(2.19.2)

for some v > 0.

4. Assume that the equivalent properties stated in question 1 hold. If v(dt) is a
positive o-finite measure on IR, we define:

m
1+tm

L,(0) = / v(dt)e ™ and S, (m) = / v(dt)

R+ R+
Then, prove that:
E[XL,(L)] =S, (E[X]) .

*2.20 Random variables with independent fractional and
integer parts

Let Z be a standard exponential variable, i.e. P(Z € dt) = e~'dt. Define {Z} and
[Z] to be respectively the fractional part, and the integer part of Z.

1. Prove that {Z} and [Z] are independent, and compute their distributions
explicitly.

2. Consider X a positive random variable whose law is absolutely continuous.
Let P(X € dt) = p(t)dt. Find a density ¢ such that:

(i) {X} and [X] are independent;
(ii) {X} is uniformly distributed on [0, 1].

45
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Hint. Use the previous question and make an adequate change of probability
from e~ dt to (t) dt.

3. We make the same hypothesis and use the same notations as in question 2.
Characterize the densities ¢ such that {X} and [X] are independent.

*2.21 Two characterizations of the simple random walk

We call skip-free process any sequence S = (.S,,, n > 0) of random variables such that
So=0and foralln > 1,5, — 5,1 € {—1,+1}. All skip-free processes considered

in this exercise will be assumed to satisfy T ‘=’ inf{i : S; = k} < o0, a.s., for all

integer k. Then define the path transformation:
O"(8) "= (Sullusr,y + (2k = Su) sy, n > 0),

which amounts to a reflection of S around the axis y = Sj; by time 7;. Recall
that a skip-free process is also a Bernoulli random walk if in addition the r.v.s
(S, — Sp—1, n > 1) are independent and symmetric.

1. Show that any skip-free process that is a martingale is a simple random walk.

2. Let M be a martingale such that My = 0 and M, — M,_; € {—1,0,+1},
a.s. and define its quadratic variation by [M], = X020 (Mys1 — Mp)?, n > 1,
[M]o = 0. Assume that lim,,_,,,[M],, = +00, a.s. and define the inverse of [M]
by 7, = inf{k : [M]; = n}, n > 0. Show that the process S = (M,, ,n > 0)
is a Bernoulli random walk.

3. Prove that, for any two elements s and s’ of the set
A" ={s=(s0,...,5,) : 850 =0,5, —sp_1 € {—1,+1}}
with s # &', there exist integers aq, as, ... a; such that

s = ©QUWEU-1 .. Q" (s).

4. We say that a skip-free process S satisfies the reflection principle at level k if
the following identity in law is satisfied:

S = ek (s).

Show that any skip-free process which satisfies the reflection principle at any
level £ > 0 is a simple random walk.
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Comments and references. The first question states a discrete time equivalent of
P. Lévy’s characterization of Brownian motion: any continuous martingale M whose
quadratic variation is given by (M), =t for all t > 0 is a Brownian motion.

Question 2 brings out the discrete equivalent of Dambis—Dubins—Schwarz Theorem :
If M is a continuous martingale such that (M), = oo a.s., then with 7, = inf{s :
(M)s =t}, the process (M(m),t > 0) is a Brownian motion.

In question 4, it is actually enough for a skip-free process to satisfy the reflection
principle at levels £k = 0,1 and 2 to be a simple random walk. However, the validity
of the reflection principle at levels 0 and 1 is not enough. These results are proved
in:

L. CHAUMONT AND L. VOSTRIKOVA: Reflection principle and Ocone martingales.
Stochastic Process. Appl., 119, no. 10, 3816-3833 (2009),

where an equivalent characterization is obtained in continuous time, for Brownian
motion. We also refer to the following recent work:

J. BROSSARD AND C. LEURIDAN: Characterising Ocone local martingales with
reflections. Preprint, 2011.
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Solutions for Chapter 2

Solution to Exercise 2.1

1. Let f and g be two bounded measurable functions on (€2, F, P). Then,

1

E(f(eX)g(e)) = S[E(f(X)g(1)) + E(f(=X)g(-1))]

and the variables e X and ¢ are independent if and only if

E(f(X)g(1) + E(f(=X))g(=1) = E(f(X))(g(1) + g(=1))

for every f and g as above. If X is symmetric then this identity holds. Conversely,
let g such that g(1) = 0 and g(—1) # 0, then the above identity shows that X is
symmetric.

2. Let (2, F, P) be a probability space on which there exist A, B € F such that
A, B are independent and P(A) = P(B) = 1/2. Defining X = 4 — [y, ¢ =
Ip — g, A=0(X)={0,Q A, A% and B = o(e) = {0,9, B, B}, then A and
B are independent sub-o-fields of F. Moreover, the r.v.s X and ¢ are independent
symmetric Bernoulli variables, so from question 1, Y = ¢X and ¢ are independent.
Hence Y is AV B-measurable and independent of B, but Y is not measurable with
respect to A since o(Y) = {0,Q,(AN B) U (A°N B°), (AN B) U (A°N B)} and
neither of the sets (AN B) U (A°N B), and (AN B°) U (A°N B) can be equal
to A.

3. Take Z =Y = eX, A, and B defined in the previous question. By applying
question 1 to the pair of variables (¢X,¢) and then to the pair of variables (¢ X, X),
we obtain that Z (which is obviously A V B-measurable), is both independent of .4
and independent of B.

4. (a) Let Y7 € Gy and Y; € Gy be such that Y = Y] + Y, and assume that Y is
independent of Y. Since Y and Y, are centered, the variables Y; + Y5 and Y, are
orthogonal. Therefore, Y2 = 0 a.s. and (iii) does not hold (we have supposed that

Y #0).
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(b) We answer the last point in the same manner: let Z; € Gy and Z, € Gy such
that 7 = Z; + Z,. If Z is independent of both Z; and Z5 then Z; = 0 and Z; =0
a.s.

Comments on the solution. Since any solution to question 3 also provides a solution
to question 2, it is of some interest to modify question 2 as follows:

(i) and (ii) are unchanged; (iii) is changed in (iii)": Y is neither measurable with
respect to A, nor independent from A.

(Solution: take A = o(G), B = o(e), where G is Gaussian, centered, ¢ is Bernoulli,
independent from G, then Y = Ge solves the modified question 2.)

Solution to Exercise 2.2

1. All variables considered below are assumed to be bounded (so that no integrability

problem arises). Since A, B and C are complete, it suffices to prove that for every
A-measurable r.v., X, one has E(X |B) = X, as. Let Y and Z be two r.v.s
respectively B-measurable and C-measurable then

E(E(X|BVC)YZ)=E(XYZ)
(XY)E(Z), by (i),
(E(X|B)Y)E(Z)
(E(X|B)YZ), since B and C are independent.

Since the equality between the extreme terms holds for every pair of r.v.s Y and Z

as above, the Monotone Class Theorem implies that E(X |B) = E(X |BVC) as.
But X is BV C-measurable, by (i), thus: E(X |B) = X, a.s..

2. See question 2 of Exercise 2.1.

3. This follows from question 1 of the present exercise.

Solution to Exercise 2.3

1. (i) = (ii): let @ be a probability measure which is equivalent to P. Since I is
independent of G, and is G measurable then

Q) = Er [jj?,np] £ [jf_i] P(T) = P(T).

(ii) = (i): the property (ii) is clearly equivalent to:
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for every bounded G measurable function ¢, Ep[¢lr] = Ep[¢|P(I"), which amounts
to I' being independent of G.

2. (j) = (jj): this follows from (i) = (ii).

3. Suppose that X is independent of the event {a}, then for any bounded measurable
function f:

E[f(X) ] = E[f(X)]P({a})
but, almost surely f(X)l,y = f(X(a))I{, so that
Elf (X)) = f(X(a))P({a}),

hence E[f(X)] = f(X(a)) for any f, bounded and measurable. This proves that
X = X(a), a.s

Solution to Exercise 2.4

Let f be a bounded Borel function defined on IR"™' and ¢, h be two bounded real
valued Borel functions, then:

E(f(X(-1))9(X0)h(S, 1)) = E(E(f(X(,1)9(Xo) 155 )h(S5 1) . (24.a)
On the other hand, put
X((it)—l) = (X17X27 e 7Xj71,X7'+1, . 7Xn)

Sfljzl = Z XL )

1<i<n,i#j

then from the hypotheses:

. . X.
- s st g )
j=1 j
Since X ((2)71) and X; are independent, then:

E(f(X_1)g(X0)h zE( 5:2_19|S<”1>9<X7->h<s72”1>(j)Xj)-
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Put E(f(XJ) ) 5Y)) = k(S\,), then from above,

E(f(XG-1)9(X)(S, 1)) = E(k(SG,-1))9(X7)h(S;-1)) -

This implies:

E(f(X(-1))9(X0)h(S, 1)) = E(k(S, 1)) E(9(Xs) [ S5-1)h(S; 1))
= E(E(f(X(, 1) 1560 E(9(Xs) [ S, 1)h(S, ).
(2.41)

Comparing (2.4.a) and (2.4.b), we have:

E(f(X(0)9(X0) [5,0) = E(F(X(,_0) | S50 E(g(X0) [550)

thus, given S;_;, X{, ;) and X; are independent. Now, putting E(f(X{,_,))|
Sx_ 1) k‘l(Sn 1) and E(f(Xp-1))|S—1) = k2(Sn,—1) then we shall show that

k1(Sk¥_1) = k2(S,-1) a.s. By the same arguments as above, we have:

B )a(S50) = 0 B (UKL, 18200525 )

j=1

Since the law of X((ill) is the same as the law of X, _y),

B )9(S5) iE(k2<s,s;f_n>g<sfz_n>g‘j)
= E(k(S;_1)9(S;_1)) -

But also, by definition, E(f(X{,_1))g9(5;_1)) = E(k1(S;_1)g(S;;_1)), which proves

n—1
the result.

Solution to Exercise 2.5

1. In this solution, we set: D = N, D,,. It suffices to show that for every bounded,
C V Di-measurable r.v. X:

E(X|n,(CVD,))=EX|CVD), as. (2.5.a)

We may consider variables X of the form: X = fg, f and g being bounded and
respectively C-measurable and D;-measurable. Let X be such a variable, then on
the one hand, since C V D,, decreases, Exercise 1.5 implies:

E(X|CVD,) 5 BE(X| N, (CVD,)), (n— ). (2.5.b)
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On the other hand, since C and D; are independent conditionally on D,,, then

E(XlC\/'Dn) = fE(g|C\/Dn> - fE(g|Dn)'

But again, from Exercise 1.6, F(g|D,) 2z, E(g|D) as n goes to co. Moreover, C
and D; being independent conditionally on D,, for each n, these o-fields are inde-
pendent conditionally on D, hence

E(X|CVD,) X fE(¢|D) = E(X|C VD), (2.5.¢)

as n goes to co. We deduce (2.5.a) from (2.5.b) and (2.5.c).

2. With f, g, h such that f is C-measurable, g is D;-measurable and h is D,-
measurable, we want to show that:

E(E(f|Dy)E(g|Da)h) = E(fgh). (2.5.d)

We shall show the following stronger equality:
E(E(f|Dy)E(g| Dy)h|E,) = E(fgh|E,). (2.5.¢)
Let k£ be &,-measurable; then, from the hypothesis and since gh is D;-measurable,

B(fghk) = E(E(f | &) E(gh| £.)k)
— E(E(f|£,)E(E(g| D)k |E)F).

By applying the hypothesis again:
E(fghk) = E(E(fE(g|Dn)h|E0)k).
Finally, by conditioning on D,,:
E(fghk) = E(E(E(f|Dn)E(g|Dn)h|E)k) .
Since, on the other hand, for every k, &,-measurable,
E(fghk) = E(E(fgh|E,)k),

one deduces that (2.5.e) holds. (This result holds in that particular case because
D,, C Dy but it is not true in general.)

3. If (2.5.2) holds then it is obvious that D and C are independent. Suppose now
that D and C are independent and let X be bounded and F-measurable and C' be
bounded and C-measurable, then from Exercise 1.6,

E(E(X|D,)C) — E(E(X |D)C) = B(X)E(C), (n— o0).
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4. First, we have N,(CV D,) C CV o(Yy) since for each n, CV D, C CV o(¥p).
Moreover, it is obvious that Yj is N,,(C VD, )-measurable, so CV o (Yy) C N, (CVD,).

On the other hand, we easily check that X;, X5,... are independent, hence from
Kolmogorov’s 0-1 law, the o-field N, D, is trivial, and C vV (N, D,,) = C.

Comments on the solution. The counterexample given in question 4 is presented in
Exercise 4.12 on p. 48 of D. Williams [98].

Solution to Exercise 2.6

1. It follows from the exchangeability property that for any n > 2,
(X1, X0, X5,..) "= (X0, X, X, )
hence for any bounded Borel function &,
E[®(X1)|G.] =" E[®(X1)|G2].

We conclude by applying the result of Exercise 1.6 which asserts that E[®(X;) |G,]
converges in law towards F[®(X;)|F], as n goes to co.

2. This is a direct consequence of Exercise 1.12.

3. Question 2 shows that X; and G, are conditionally independent given G. Similarly,
for any n, X,, and G, are conditionally independent given G, so, by iteration, all
r.v.s of the sequence (X7, Xy, ...) are conditionally independent given G.

Solution to Exercise 2.7

Without loss of generality, we may restrict ourselves to the case n = 2.

1. Let (X, Xy, X3) be a centered Gaussian vector such that F(X?) = E(X?) =
E(X3) =1and E(X;Xy) = a # 0, BE(X;X3) = b # 0, E(X,X3) = 0. Define
G = o(X;) and Gy = 0(X,). Then E(X;3]G)) = bXy, E(X1|G:) = aXy and
E(Xg ‘ g2> = O, so that E(E(Xg ‘ g1> | g2> = CleQ and E(E(Xg ‘ g2> | gl) = 0. Hence
the o-fields G; and G, are not exchangeable.

2. (a) It suffices to note that the random variable (X |G,) = E(X | Gs) is G1 N Gs-
measurable.

(b) Let X be G, measurable, centered and independent from G;. Then F(X |G,) = 0,
but B(X |G) = X.
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3. Suppose first that G; and G, are exchangeable. Let X; and X, be two random
variables which are respectively G;-measurable and Gs-measurable. Then

BE(X1X3[G1NGy) = BE(E(X1|G2)X2|G1NGy)
E(E(E(X1]6G1)]G2) X2]1G1NGy)

=E(E(X1]|GNG) Xy |GiNG,)
E(X|GiNG)E(X,[GiNGy),

where the third equality follows from question 2(a) applied to

X = B(E(X11G))| G2) = E(E(X,]G2) | Gy).

Conversely, suppose that G; and G, are independent conditionally on G; NG,. Let X

def

be any square integrable random variable. Set X;; ‘= E(E(X|G;)|G,), fori=1,2
and j = 1,2, then note that

E[XY| = E[E(E(X1Gi)|G;) E(E(X]6G)|G))]
= E[E(X|G)E(E(X|G)]G))]
= E[E[E(X|G)E(E(X|G)[G)) |G:iNG]]
= E[E(X|G:nG,)"] .
where the last equality follows from the conditional independence between G; and

G; given G; N G;. Then applying this conditional independence again together with
the above identity, we may write

E[(Xi; — X;,)’| = E[X},] + E[X},] — 2B[X; ; X;,]

=E|E(X|G:NG)"| +E [E(X[G;NG))*| = 2E [E(X [G;nG;)’]
=0,

and identity (2.7.1) follows for any square integrable random variable. It can be
extended to any integrable random variable by classical arguments.

(law)

4. Suppose that X; and X, are two random variables such that (X, X,) =
(X5, X7). From question 3 it suffices to show that X; and X, are independent
conditionally on o(X;) No(X2). Let f be a bounded Borel function, then from the
exchangeablity property,

E(f(X1)|o(X1) No(X2)) & B(E(f(X2)|o(X1) No(X2)) .

But the right hand side of this equality equals E(E(f(Xs)|o(X;)) and, from the
exchangeability, this term is equal in law to E(E(f(X1)|o(X3)), so that we have
the identity in law:

E(f(X1)]|o(X1) No(Xy) = E(E(f(X1)]0(X)).
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From Exercise 1.12 we deduce that, actually,
B(f(X1) |0(X1) No(X2)) = B(E(f(X1) |0(X2)), as.
Let g be another bounded Borel function, then from this identity, we have

E[f(X1)g(X2) |o(X1) No(Xy)] = E[E (X2)lg(Xz) [o(X1) No(Xy)]
X1) No(Xs)lg(Xs)|o(X1) No(Xs)]

Lf(X1)]o(X1) No(Xa)]Elg(Xa)|o(X1) No(Xa)],

which proves the result.

5. It follows from the well-known fact that, for any bounded random variable X and
any probability measure P on (2, F), one has E(E(X | Fr,) | Fr,)) = E(X | Froan,)-

Solution to Exercise 2.8

1. When X and Y are square integrable r.v.s, assumption (I) implies Var(X —Y) =
E[(X -Y)’ - E[X —Y]?=0, hence X —Y is a.s. constant.

2. Let x € IR, then

()| H(x)]* = E[el:xX]E[efix(X—Y)]E[eix(‘X_y)
= E[e™|E[e" Y] = B[] = p(x).

The second equality follows from the independence between X and X — Y, while
the third one, follows from the independence between Y and X — Y.

3. This follows immediately from the continuity of ¢, and the fact that ¢(0) = 1.
Indeed, since p(x) # 0, for |z| < e, € sufficiently small, from (2.8.1) we have
|H(z)| =1, for |z| < e.

4. We shall show that if for an r.v. Z, its characteristic function ¢(z) = E[e™?]
satisfies |¢(x)| = 1 for |z| < g, for some € > 0, then Z is a.s. constant.

Indeed, consider an independent copy Z’ of Z. We have: Elexpiz(Z—2")] = 1, for
|z| < g, so that: 1—cos(x(Z —Z")) =0, or equivalently: x(Z—Z’) € 2 Z, a.s. This
implies Z — Z' = 0, a.s, since if |Z(w) — Z'(w)| > 0, then |Z(w) — Z'(w)| > |7T| — 00,
as x — 0. Now, trivially, Z = Z’ a.s. is equivalent to Z being a.s. constant.
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5. First solution.

Under the assumption (J), the law of Y — X given (X = x) would be AV/(0,1), hence
Y — X would be independent of X. Likewise, under the assumption (J), ¥ — X
would be independent of Y. But, this could only happen if Y — X is constant, which
is in contradiction with the fact (also implied by (J)) that Y — X is A/(0,1). Thus
(J) admits no solution.

Second solution.

Under the assumption (J), we have:

7:—7;2 7—1/2
P[Xedx]e_(‘ n dy:P[YEdy]e_( - de, z,y€lR.

This implies that

PX € dx]dy = PlY € dyldz, xz,yelR.
But this identity cannot hold because P[X € dz| and P[Y € dy| are finite measures
whereas the Lebesgue measures dx and dy are not.

6. The bivariate r.v. (X,Y) admits a density which is given by :

@=a)® (y-n)?

e 202 e 3
V2ro? 2w

So, the distribution of Y is given by:

PIX edz,Y € dy] = dedy, z,y€lR.

dy _@-a? (y-o)?
/ PIX edz,Y edy] = — e 2 e dr
{zer} 2w0 J{zer}
02 a 02’ 2 y—a 2
— @ 6_1;”2 {"L_ﬁ} dxe,;(yl”)?)
21 J{zer}
(y=a)?
2m(1 4 0?)

We conclude that Y is distributed as N'(a, 1 + ¢?) and the conditional density of X

given Y =y is:
. 2
1+0-2 1t02 m_a+nzy
fxpy=y(z) = \ 2rg2 © 20 [ ””2} , relR,

2

which is the density of the law N (“ﬂ”{;y, 7o)

Solution to Exercise 2.9

We use the notations defined in the hint of the statement. We are looking for X
and Y such that

Yy X
Ellx|>1, E[21v]>1.
{X|]>’ {Y|]>
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First, for any n > 0,

_ 9on—1 _on _ on+1 _on
E[Y‘X:T}:l o PY =271 X = 21) PY =2+ X = 2n)
X on P(X =2) P(X = 27)

1 pa 4o n

2P0+ Gn Dot @

The latter expression is greater than 1 whenever

1

qn > §pn (28&)

for any n. Now, the other conditional expectation, is equal to:

1 — on—1 — on — on+l — 9n
E[X‘Y:T]: g PX =271y =20 L P(X =2y =2
Y on P(Y =2 P(Y =27

1 dn—1 +2 Pn+1

B 2 gn—1 + Pn+1 gn—1 +pn+1 .

From above the necessary and sufficient condition for {% Y = 2"} to be greater

than 1 is ]
Prg1 > Zn-1- (2.8.b)

When p,, = ¢,, conditions (2.8.a) and (2.8.b) reduce to: p, > %pn_g. This is satisfied
by any sequence (p,) of the form p,(= ¢,) = Ca", for 0 < C < 1 and % <a<l.

Note that conditions (2.8.a) and (2.8.b) imply E[X] = >0°,2"(p, + q,) = 0.
Actually, it is easily shown that condition (ii) in the statement never occurs when
both X and Y are integrable.

Solution to Exercise 2.10

1. It suffices to check that
Ps[ppl = 17 s ppk = 1] = H?:lps[,opj - 1] 5 (29&)

for any finite sub-sequence (p,,,...,p,. ), kK > 1 of (p,)pep. Indeed, for such a
sub-sequence, we have:

Pilppy =1,...pp, =1] = Ps{m?:l{lpj 1l e N}
= PJ{lp1...pr: L € N}]
1
B % ¢(s)(Ipr - - pi)?
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since Y jepn ﬁ = P,(N) = 1. Moreover, this identity implies Py(p,, = 1) = 1/ps,
for each j =1,...,k, and (2.9.a) is proven.

To prove Euler’s identity, first note that N, N{pp = 0} = {1}. Then, we have
P,({1}) = P[Myer{p, = 0}], that is:

‘ ~

= HpEPPs[IOP = 0]

1
. <1 _ )
PE P
2. It is not difficult to see that

{a, =k} = pk{pp =0},

where we use the notation: p*{p, =0} = {p*j : j € N, p,(j) = 0}. Hence

A

()

Play == P (5, =0)) = Pl =01 = (1- )

The latter identity shows that «, is geometrically distributed with parameter ¢ =
1/p°. Let ky,...,k, be any sequence of integers and py,...,p, be any sequence of
prime numbers, then

{a])l =k, 0, = K} :pllﬂ- pfz"{pm =0,...,0p, = 0}.

And
kl kn 1
Ps[pl : {pm_ "'7ppn:O}]:mp[ppl:Oa'--7ppn:0]'
1 e n
Hence, the independence between «,,...,q,, follows from the independence be-
tween pp,,. .., Pp, -

Solution to Exercise 2.11

1. First note that

m

]IU]T:1Ak = H(O;CN:IAZ)C = 1 — I[mzl:IAZ- — 1 _— H (1 — ]IAk) .
k=1

Developing the last term, we have:

m

H 1 — ]IAk Z(—l)kil Z I[A,;] N-NAj, -
k=1

k=1 1< << <m
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Formula (2.11.1) is obtained by identifying the expectations of the above
equalities.

2. (a) Comparing (2.11.1) with (2.11.2), it suffices to show: Q, (A4, N---NA), )=
n=*n/(pi, ...pi,)]*. Moreover, for any k: A, N---NA, =A, , ., . Since Ny
and N, are independent, @Q,(A,) = Q,(p|N;)? for any p. Therefore, it remains to
check that for any integer p, Q,(p|N1) = %[%], which is easy to do.

(b) For any k > 1, n2[n/(p;, ... pi,)]* — m, as n — oo, and since m is fixed,

i1 Py,
for k <m, pp — X<« <ip<i «%a as n — o0o. Hence
— e = Piy ..‘sz,)

1

m
hm Qn(Up 1 A4p,) Z Z

k=1 1<y <...<ipy i (piy - - Pi)

(c) We first observe that Q,(A) = 1—Q,(U}_,4,,). Now, to deal with @Q,,(U}_,A,,)

as n — 00, fix an integer m, let n > m and write:

U?:1Apk - UZzlApk - (UglzlApk) U (Uk>mAPk) .

This leads to the inequality

m n m 1 n ?
QUL A) < Qi) < QuUid) + 2 3 | 2]

k>m

2
and since n% Y kem {ﬁ} < Dkiem [%, we have, for any m
’ k

1—ﬁ<1—pl><hmcgn(uk 1Apk)<1—H<1—>+Z =,

k=1 k k=1 Py k>m Pk

as n — 0o. We obtain the required equality by letting m go to co.

3. It suffices to set A = {N; A--- AN, =1}, A, = {p|N1,...,p|N;} and to note
that from the independence of Ny, ..., Ny, we have Q,(4,) = r[p/n]*. The rest of
the proof is identical to the case k = 2 and we obtain

1
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Solution to Exercise 2.12

1. Let P be the set of prime numbers and let (X,),ep be a sequence of independent
and uniformly distributed random variables on the torus. Then for any integer
n, with factorization n = ILp{", (a; > 0, for all i), we set X, = I;X;". Then
condition (a) is clearly satisfied. Moreover, for any k € Z, if & # 0, we have
E[X}] = ILE[X*] = 0, hence X, follows the uniform law on the torus and (b) is
satisfied. Finally, in order to show condition (c), it suffices to check that, for any k,
X, is independent of the vector (X,,,, X,,,...,X,,_,). Indeed, if the factorization
of ny is ng, = I;p;", then none of the p;s appears in the factorizations of nq,...n;_1,
therefore X,,, is independent of (X,,,, X,,,...,X,,_,). Then by induction, we have
proved that X, ,X,,,...,X,, are independent.

2. First note that two random variables X,, and X, are independent if and only if:
E[X¥X¥1 =0, forall kand k" in Z\ {0}. (2.12.a)

Suppose that p is a prime factor of n with degree «, but p is not a prime factor of
m. Let k and k' in Z\ {0}. Then we have X¥X¥ = X**Y where Y is a random

variable independent from X,. Hence E[X*X*] = 0. So a sufficient condition for

X,, and X, to be independent is that there exists a prime factor of n (at least one)
which is not a prime factor of m.

Now, suppose that n and m have the same prime factors: n = II;p;" and m = Hipf "
Then E[XFXF] =1LE [X;fi”"*k/ﬂ"] and this expression is different from 0 if and only
if ko + E'B; = 0, for all . Hence X,, and X, are independent whenever «;/; is not
constant.

In conclusion, two random variables X,, and X,, are independent if either there is
a prime factor of n which is not a prime factor of m (or vice versa) or n and m
have decompositions n = I;p® and m = II;p)" and «; /B; is not constant (in 7).
Conversely, we easily check that, if X,, and X,, are independent, then one of the

above conditions is satisfied.

Solution to Exercise 2.13

1. Set K, = (X,,Y,), n > 1. The independence between the r.v.s (X,,Y,, : n,
m > 1) implies in particular that the r.v.s (K,) are independent. Since for each
n > 1, Z, is a Borel function of K,, the r.v.s (Z,) are independent. It is easy to
check that for each n > 1, Z,, is Bernoulli distributed with parameter pq.

2. For every n > 1, let Gx,, Gz,, Gs, and Gr,, be respectively the generat-
ing functions of X,,, Z,, S, and T,. It follows from the independence hypothesis
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that
Gx,(s)=1-p+ps, and Gy (s)=1-pqg+pgs,
hence: Gg,(s)=(1—p+ps)" and Gr,(s) = (1 —pg+ pgs)".
Therefore S, and 7, have binomial laws with respective parameters (n,p) and
(n, pq).

3. Let n > 1, and note that {7 > n} = M/Z{{T,, = 0}. Since the T}s are r.v.s, the
event M7~} {T}, = 0} belongs to F. This shows that 7 is an r.v. Now, we deal with
S;. We have: {S; =n} =Ux2 {S, =n,7=p} € F,since S, p> 1 and 7 are r.v.s.
Hence, S, is an r.v. For every n > 1, the equalities

P[r = n] = P[M-i{Z, = 0}] = (1 —pg)" ",

show that 7 is geometrically distributed with parameter pq.

4. From the independence between the r.v.s Z,,, we obtain forn > 2 and 1 < k < n:
PIX, =17 =n)]

=PZ1=0,...,2, 1=0,X,=1,Y,=0,Z,,=0,...,Z, 1 =0,2Z, = 1]
=p(l—q)(1 —pa)"pq.

Then it follows that,

p(1 —q)(1 —pg)" *pg

(1=pg)"~" = (1 —pg)"

(1—qp

l—pq

On the other hand, the independence between X, and Y} yields:

P[X; =1,Y, =0]

PIX,=1]Z, =0] =

P[Z), = 0]
_(1-=qp
1—pqg

5. First note that if x,, = 0, then both sides are equal to 0. Note also that the
identity is trivial for n = 1, so, suppose that n > 2. Developing the right hand side
gives:
PINZ{Xi =z} [T =n]

P[Xl :xh""Xn :xnazl 207"'7an1 :07271 = 1]

(1 —pg)"~'pq
. P[Xl = xl»-'an = x’rwxlyi = 07‘--7xn—1}/’n,—1 - OaXn = 17Yn = ]-]
(1 —pa)"~'pq

P[X, = 21]... P[X, = 2,)P[x,Y; = 0] ... Plz,_1Y,_1 = 0|P[X, = 1]P[Y, = 1]
(1 —pq)"~pq '
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Now, we compute the term P[X; = z; |7 =n], for 1 <i <mn:

PX;=uzi|T=n]=[1—pq)" 'pg) 'P[Z1 =0,..., Zi.y = 0,X; = x;,2;Y; = 0,
Zis1n=0,...,72,1=0,X,=1Y, =1]
PX, = 2] Pla;Y; = 0]
1 —pq '

The result follows from the above identity:
o If k > n, then P[S;, = k|7 =n]=0.
o If £ < n, then

P[S, = k|7 =n] = P[S, = k|7 =n]

= > Pnid{Xi=a}|r=n]
{z;: Z" xi=k}

- () (oY ()

6. From above, we have

E[S:|T=n] =) kP[S; =k|T=n]= n];(i;q@) ;

then it follows that

0 00 21_
ZZ B[S, |7 =n] = Z — pq)"ngp’(1 — q)
= = 1 —pq
- n12 1-— q
=Z n(l—pg)" 'p*q(l —q) = .

By definition, Z, = XY, = 1, which implies X, = Y, = 1. Thus we have: E[T;]=1.
On the other hand,

B[rEIX] = Blrlp = (plq) p=1,

and E[T|E[Z] = (1/pq) pq = 1.

Solution to Exercise 2.14

1. Taking b = ¢ = 0 in (ii) gives Ele %] = 1/12+a, for every a > 0, hence, L is

exponentially distributed with parameter 1/2. Now set a = 0 and b = ¢ in (ii), then
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we obtain the characteristic function of W:

—1
E[e™] = (coshb+|z|sinhb> , ifb#£0,
=1, ifb=0,

that is
E[e®™] = eIl

Hence, W is Cauchy distributed with parameter 1.

2. Set (L) = E[e®-TiW+ | L]. The r.v. p(L) satisfies:
E[e_a’LQO(L)] — E[e—(LL—HbW,—HcVIQ] 7

for every a > 0. But from the expression of the law of L obtained in question 1.
and (ii), we have:

Elemal+itW—+icW.] _ p |g=al € —(eeghe—fe L
sinh ¢

Y

ccothe |b]

thus ¢(L) = == e (S5 =+ 5)L and it is clear, from this expression for ¢(L), that

) . sinh ¢
it can be written as:

p(L) = Ble”" | L]E[e" | L],
for all b, ¢ € IR, where:

, b

E[e®™-|L] = exp <—|2|L> (2.14.2)
iCW+ _ c _1 _

Ele | L] = s P 2(ccothc 1)L. (2.14.b)

Thus, W, and W_ are conditionally independent given L.
From the conditional independence proved above, we have for all [ € IR, and
z € IR:
Ele™-|L=1,W, =z] = E[e®™"-|L=1],

moreover, from (2.14.a), we obtain:
E[e™-|L=1= et beR.

Hence, conditionally on W, = x and L = [, W_ is Cauchy distributed with param-
eter [/2.
From (2.14.b), we have

E[eicw+ |L=1]= -C e_<m;lw_%)l, c#0.
sinh ¢
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Comments on the solution. For | = 0, the latter Fourier transform can be inverted
whereas for | # 0, there is no known explicit expression for the corresponding
density. (However, computations in A.N. Borodin and P. Salminen [10] show that
an extremely complicated “closed form” formula might be obtained.) This difficulty
has been observed in:

J. BAss AND P. LEVY: Propriétés des lois dont les fonctions caractéristiques sont
1/chz, z/shz, 1/ch®z. C. R. Acad. Sci. Paris, 230, 815-817 (1950).

One can find series developments for the corresponding densities in A.N. Borodin
and P. Salminen [10]. See also:

P. BIANE, J. PITMAN AND M. YOR: Probability laws related to the Jacobi theta
and Riemann zeta functions, and Brownian excursions. Bull. (N.S.) Amer. Math.

Soc., 38, no. 4, 435-465 (2001).

Solution to Exercise 2.15

1. This is quite similar to the computations made in question 2 of Exercise 2.14,
and one finds:

)\2 2 /\2 2
E [exp — <2A + MAJr) | L] =F [exp —?A, | L] E [exp —%AJF ]L]

2
A L 1
- 2 —(ucothy — 1)L .
exp( 2L> sinh,ueXp( 2(,ucot u )L)

From question 7 of Exercise 4.2, if T is (s)-distributed (that is P(T € dt) =

\/% exp (—2%), t > 0), then its Laplace transform is:

b fos (1)) =i, 120,

and the law of T' is characterized by the identity
1
N2’
where NV is a centered Gaussian variable with variance 1. Hence, the Laplace trans-
form of A_ may be expressed as:

E |exp —A—2A, = . :/Oodve*”e*”’\
2 14+ A 0

= dve ™ FE (e_A 7 T>

0

N s

law
T (:)

and question 1 follows.
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2. The identity in law (2.15.2) follows from the double equality:

2 2

—F [exp (—aL AN A, + mN_\/A_)} .

)2 2
Elexp(—aLl + iAW, +ipW_)] = E [exp (—aL —A; — a A)]

3. This follows from:

2 2
Elexpi(AMW,y +pW_)|L=1]=F [exp (—)\214+ - 'UQA_> |L = l} :

4. Write the Laplace transform of (A_, A,) as

1
cosh p + % sinh p

00 A
= / dt exp —t (cosh it + — sinh ,u>
0 I

o pcosh p t2
— . /J’ / dt e —t sinh p / du 6 2u _ﬁ '
sinh p Jo 27ru3

By letting p converge towards 0 in the above expression, we obtain the following
different expressions for the density g of A_:

g(u)z/omdte—tm ( ) /dte’<1_€27:u/2u>

et/? I |
= \/EE[(N_\/E> ]*\/%

—e"?P(N > /u),

where N denotes a standard normal variable. These expressions are closely related
to the Hermite functions h_; and h_s; see e.g. Lebedev [51].

Note also that from (2.15.1) the variable L is exponentially distributed with param-

eter % and from question 1, the law of A_ given L = [ is the same as the law of

%T. The law of L given A_ is then obtained from Bayes’ formula, since we know

the law of A_ given L, the law of L and the law of A_. So, with H 'Y L we
find:
1 —(f"—Z+h)
P(Hedh|A-=u) = ——+——=dhhe \** :
( | ) g(u)V2mru?
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We then use the conditional independence of A, and A_ given L, to write:
1 1
E [exp (—2A+> |A_ = u] =F [E lexp—2fhr | H] |A_ = u}

2
- /P(Hedhm, —W)E [exp—‘;A+\H:h]

oo 2
_ Y P ahhep— (§+h>

u

—h(pcothy — 1
s P (cothy — 1)

% 1 o —(ﬁ-i-t\/ﬁcoth )
= dtte \z #
( ) g(u)v2mu? Jo

_ (mi u) g(u(ugﬁ)h w*)

5. This can be done by first establishing a series development of the Laplace trans-

form of (A_, A) in terms of e*:

2
E lexp (—82()\214_ + ;LQAJr)] =

1
cosh(su) + %Sinh(s,u)

2
e (143) +em (1-3)
2¢

(1+2) (14 pe2on)”

12
where p = —&. Note that since |p| < 1, we get

1+
82 2 2 2 —SH - n _—2sun
E |exp —5(/\ A+ AL )| = 12° > (=p)re
" n=0
2 C- n _—sp(2n+1)
= A Z(_p> e” "
1+ pu n=0
= ap,e e ,
Lr 2= o Vam
where a,, = (2n + 1)u. Hence, we obtain:
PVA_+p*A, €dt) = 2 i(—p)” it a, e_itl
1+ 2.5 onts

Solution to Exercise 2.16

1. We first recall that for ) absolutely continuous with respect to P, and X, the
Radon-Nikodym density of ) with respect to P, then Ep(X,) = Eg(1) = 1, and
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Xy > 0 Pas., since Q(X, < 0) = Ep[Xolix,<0y] > 0. Moreover, X, € L} (P) and
EP[XO] =1. Indeed, Q(X() < 0) = EP[XOI[{XO<O}] > 0 1mphes X(] > O, P-a.s. The
equality Ep[Xo] = 1 follows from the definition of X.

(a) From above, for any sub-o-field G of F, we have 0 < Ep[X,|G] < 400, P-a.s.
Now, let Yy (= 1/Xj) be the Radon-Nikodym density of P with respect to @, and
put C = {Ep[X(|G] = 0}. We have

P(C) = Eq[Yolc] = EqlEq[Ys | G]1c]
= Ep[Ep[Xo|GlEQ[Yy | Gllc] =0,
which implies that Ep[X,|G] > 0, P-as.
(b) Let A € G, then

Eq[fl4] = Eq[Eqlf | G14] = Ep[Eq[f | G] X014
= Ep[Eqlf | G1Ep[Xo| G]14].

But one also has,
Eq[fla] = Ep[fXolla] = Ep[Ep[fXo|G]14].
Identifying the right hand sides of both equations above, we obtain
Ep[Ep[fXo| G4l = Ep[EQlf | G1EP[Xo | Gl1a],
for any A € G, which establishes identity (b).

2. First solution:

We have : Ep[fX'|G] = vEp[fXo|G] and Ep[X'|G] = vEp[Xy | G], hence (a’) and
(b’) follow respectively from (a) and (b).

Second solution:

For any A € G, we have

Eq[fy14] = Ep[Eq[f |Gy X014
= Ep[Eqlf | GlEp[yXo | G]T4] .

Writing the left hand side as
Eq[fv14] = Ep|Ep[fyXo | G]14]
gives (b’).

3. Since 7y is G-measurable, then Ep[X'|G] = vEp[Xy|G]. So, from (a), we may
write v = Ep[Xy |G ' Ep[X'| G].

67
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4. From 1(b) we have Eq[f|G] = Ep[Xo |G 'Ep[fXo|G]. Set v = Ep[Xo|G]™!
Ep[X'"|G], then 2(b’) gives

Ep[fX"|G] = Ep[fXo|Gly = Ep[f7Xo|9].

Identifying the expectations of each member of the above equality, it follows that
Ep[fX'] = Ep[fyXy], for any F-measurable function f, so that X’ = vXj, P-a.s.

5. From 1(b), a sufficient condition is that X, is G-measurable. Conversely, suppose
that for any F-measurable function f, Ep[f|G] = Eg[f|d], then from 1(b), we
have

Ep[fXo] = Ep[Ep[f|G|Ep[Xo|G]] = Ep[fEp[Xo|7]].

It follows that Xy = Ep[X, |G|, P-a.s.

Solution to Exercise 2.17

We may directly answer question 2. Indeed, for any M > 0,

Ep @ (fA1)]  Bpo(f A M)

Ele]f = MU} = Ep|&a1] — EelfaM]

which converges, as M — oo, towards Ep[® f], by monotone convergence.

Solution to Exercise 2.18

1. First note that under the conditions of the statement, the functions y +—
E[f(SX)|Y = y| and z — E[f(SX)|SY = z] are continuous on IR, and the
conditional expectation E[f(SX)|SY = 0] may be defined as

E[f(SX)Tjo<sy<c)]
PO<SY <¢)

E[f(SX)|SY = 0] = lim

Let A > 0 and write

E[f(SX)Lj<sy<e] = E[f(SX)Ljo<sy <cp Lysaney] + E[f (SX) Lo<sy<cy Lsacy] -
(2.18.2)
Since E[S™(@*V] < 400, for the first term of the right hand side, we have

P(S € ds)

s — O<€a+l) ’

(2.18.b)

Blf(SX)Tjo<sy < Tis<r] < AP(S < Ae) < A(Ae)™"! /[0 .
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where A is such that f < A on IR,. Now, to deal with the second term, define
k(s,y) = E[f(sX)|Y =y, for any s > 0 and write

e/s
BIf(SX)Mo<sy<ey Tiszaey] = /[A )P(S € dS)A dyk(s,y)g(y) .

From (ii) in the statement of the exercise and by continuity of the function k(s,y),
we have

e/s
[ k(s )aw) = (¢ (5) ) s 00/ (2.18.0)
where p(e) — 0 as ¢ — 0. The above expression becomes
E[f(SX)Tp<sy<eyDys=aey] = /[A ) P(S € ds)c(e/s)* " k(s,0)

a+1 € 1
+ ¢ /W,OO) P(S €ds)yp (s) @k(s,O).

Since ¢ (%) is bounded in /s on the interval [Ae, 00), by dominated convergence
the expression [j,. ) P(S € ds)p (%) —++k(s,0) tends to 0 as e goes to 0, so that

we can write

E[f(SX)]I{OSSY§6}]I{SZ)\E}} :/ P(S € dS)C(é/S)(H_lk(S,0)+O(€a+l) . (218d)

[Ae,00)
Finally from (i), P(0 <Y < &) ~ ce®"!, as € goes to 0, so from (2.18.a), (2.18.b)
and (2.18.d), we have

lim E[f(SX)Mio<sy<c)]
=0 PO<Y <¢)

k(s,0) 1
:/m+ P(S € ds)= 2 = B | oo f(SX) Y = 0| |

Note that in the above equalities, the integral P(S € ds ’“&*03 should be
( q 5 g R sat

J0.00) P(S € ds) ’ziff? but this makes no difference, since the assumption, E[S~(@*1]<
+o00 implies: P(S = 0) = 0.) We conclude by noticing that from the same arguments
as above,

PO<SY <¢) [ 1 ]
im =F|—
=0 P(0<Y <¢) Sa+1
2. First, applying the result of question 1, we obtain
1

Elf(SX)|SY =0 = = E[T"'?f(VTX)|Y =0].
[F(SX)|8Y =0) = g BT A(WTX) ¥ = 0)
We get (2.18.2) by computing the right hand side of the above equality:
1
BT’ f(VTX)|Y =

- \/f [T e s B () Y = 0)

= ﬁ |7 dye P (X) 1Y = 0] = E[F(NIX) Y = 0]
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3. Again, from question 1, we have

1

BUS0ISY =01 = -y

E[Z; Y f(Z,X)|Y =0].

a

We refer to Exercise 4.3 for the expression of the density of Z,. This gives:

1
E[Za—((y-‘rl)]

= I(a) /dz

—/ dz a_m+n)“lw*‘%H@XHY—m Blf (Za o X)|Y =0].

B[z, f(Z,X)]Y = 0]

a

e BV (X)) | Y = 0]

Solution to Exercise 2.19

1. First recall that the Laplace transform of L is given by

1

Now suppose that (a) holds, then from (2.19.a), we have
E[E[X | Lle™] = aE[exp —\al],

for any A > 0. This can also be written as

/Ooo (E'[X | L = l]e—l) e—/\l dl — /000 (e_a_11> e_)‘l i

The functions between parentheses in the above integrals have the same Laplace
transform, so they are a.e. equal, hence, we have:

EX|L=I=exp—(a' =1, ae. (dl).

and thus: a = (1 + )7L
If (b) holds, then we may write:

E[X exp—AL] = E[E[X | L]exp —AL] = Elexp —(a + \)L],

and from (2.19.a), this last expression equals . So we obtained (a).

Suppose that (a) holds. By analytical continuation, we can show that E[X exp
(AL)] = % L. Hence, for any A < 1, from Fubini’s Theorem,
and the series development of the exponential function, we have

o]

k>0

E[X exp (AL)]

k>0
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Then we obtain (¢) by writing : 3350 Aa*™ = % and identifying this expression

1-Xa
with the previous one.

Conversely, if (c) holds, then, for any 0 < p < +5=

EX]

EX]

BUX e (D) = Xt B | x| = T

|
k>0 k!

from Fubini’s Theorem. By analytical continuation, this expression also holds for
A= —p >0, so (a) holds.

2. For variables of the type of X it is easy to show that F[X | L] = exp(—al), i.e.
(b) is satisfied.

3. Let us show that under condition (2.19.2), the following properties are equivalent.

(a) There exists a > 0 such that for any A > 0:

E[X exp(—AL)] = (1 f)\a)v'

(b) There exists a > 0 such that E'[X | L = (] = exp(—(«).

(c) For every k > 1,
k+~vy
E[XLH =4(y+1)...(y+k—DE[X] .
Moreover, if those properties are satisfied, then the following relationship between

a and «a holds: )

a= .
1+«

Under condition (2.19.2), we say that L is gamma distributed with parameter « (see
Exercise 4.3). It is not difficult to check that its Laplace transform is given by

1

)
) A0 (2.19.)

We verify (a)<=>(b) in the same manner as in question 1. To check (a)<=(c),
we use the same arguments together with the series development: (1 + z)™7 =

1—7x+7(7+1)%2+---+7(7+1)---(’y+k—1)%+---, which holds for any z > 0.

4. We start from the equality

(tL)*
k!

E[X ]:tkE[X]k“, tcRy, k>0.
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Integrating with respect to v(dt), we have:

/IR+ v(dt)E [X(tkL')k] = /]R+ v(dt) E[X](tE[X])" .

Finally we obtain the result by performing the sum over £ > 0 and using Fubini’s
Theorem.

Solution to Exercise 2.20

1. For any pair of bounded Borel functions f and ¢, we write:

Zna(2)) = > [ due™ s = mato
— i}e‘" /01 dv f(v)e "g(n)

Hence P({Z} € dv) = {“=1lpepipdv, P([Z] =n) =e (1 —e'), n € IN and
{Z} and [Z] are independent.

2. We take o(t) "= e"l(1—e1) = (1 —e‘l)e{t}e_t . Then with Q = (1—e 1)el?} P,
we obtain:

EolF({(ZDg([Z)] = (L~ ) S e gn) [ dv f(o

nO

3. Let X be an r.v. with density ¢ then

B Do) = 3 [ at o = monye(t
—ﬂzo(/duf plutm)) gln).

From above, the independence between { X} and [X] is equivalent to

(/ du f(u u+n)) g(n)
(nzo/ du f(u u+n><

for any pair of bounded Borel functions f and ¢. This is also equivalent to

/Olduf(u) (u+n) (Z/ du f(u k+u>/ dv (v +n),

n=0

Z/dug u+n)>,

n=0
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for any bounded Borel function f that is
0 1
o(u+n) = (Z o(k + u)) /0 dvp(v+n), ae. (du).
k=0
Then, ¢ must satisfy: for every n € IN,
o(u+n)=¢u)c,, ue(0,1),ae, (2.20.a)

for a positive sequence (c,) in I, and ¢ > 0, [ dutp(u) < co. Conversely, it follows
from the above arguments that if ¢ satisfies (2.20.a), then the independence of {X}
and [X] holds.

Comments on the solution.

(a) More generally, B. Tsirel’son told us about the following result. Given every
pair of probabilities on IR, u and v, which admit densities with respect to
Lebesgue measure, there exists a joint law on ]RQ+7 that of (A, B) such that:

(i) A is distributed as p,
(ii) B is distributed as v,
(iii) B — A belongs to Q, a.s.

In our example: B is exponentially distributed and A = {B}.

(b) Note how the property (2.20.a) is weaker than the “loss of memory property”
for the exponential variable, which is equivalent to:

o(u+s) =Co(u)p(s), u,s>0.

Solution to Exercise 2.21

1. It is easy to check that {—1,+1}-valued r.v.s eq,..., ¢, are i.i.d. and symmetric
if and only if, for any subsequence 1 <n; < ... <n; <n,

E(en€ny---€n,) =0.
But the identity
E[(Sn, — Sny-1)(Sny = Sny1) - (S, = Sny—1)] =0
is readily verified from the martingale property of S.

2. Call F = (F,)n>0 the natural filtration generated by M, that is F,, = o (M, k <
n). Since [M], is an F-adapted process, from the optional stopping theorem, S is
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a martingale with respect to the filtration («7:7(71))7120 and since its increments belong
to {—1,+1}, we reach our conclusion from question 1.

3. In order to prove this fact, let 5 (& (0,1,...,n) and observe that, for any sequence

s of A" with s # 5, there are integers 0 < b; < by <... <b, <n — 1 such that
s=0%a . . . 0"(s).

Indeed, let by = sup{i > 0:s; =i} and for j > 2, if @%-10%-2 ... 6% (s) # 5, then
let b; = sup{i > 0 : ©%-1@%-2 .. O"(s); = i}. This procedure stops at the index
p=1,...,n such that ©»0%-1 . 0" (s) = 5.

Now let s € A". If s’ = 3, then the result is proved from above. If s’ # s, then let
c1,...,Cy be integers such that

5=070%1...0%(s),

and note that the transformations ©¢ verify ©*©%(z) = x, for all z € A". Then we
have ©“ 0~ ...0%(5) = ¢, so that

§' =010 ..09e"e .. e"(s),
and the result is proved.

4. Let 5,8 € A" with s # &', and consider the sequence of integers ay,as, ..., ay
given in question 3. such that

s =0%eu%-1. . .0 (s). (2.21.a)
Denote by S” the restricted path (Sp, Sy, ...,S,). Since @4 @1 Qu(gm) =’

S", we have
P(S" = 5) = P(OUO" .6 (S") = 5).

Applying (2.21.a), we see that this term is equal to
P(O* Q%1 . .Y (S") =0%"0% . .. 0"(s)).

Since O Q%-1 . O is a one to one transformation of A", we have

Therefore, S™ is uniformly distributed over A, hence it is a Bernoulli random walk.



Chapter 3

Gaussian variables

Basic Gaussian facts

(a) A Gaussian space G is a sub-Hilbert space of L*(Q,F, P) which consists of
centered Gaussian variables (including 0).

A most useful property is that, if Xi,..., X, € G, they are independent if and
only if they are orthogonal, i.e.

E[X;X;] =0, foralli jsuch that i # j.
(b) It follows that if H is a subspace of G, and if X € G, then:
E[X |o(H)] = projy (X).

For these classical facts, see e.g. Neveu ([64], Chapter 2), and/or Hida-Hitsuda
([39], chapter 2).

(c) The above facts explain why linear algebraic computations play such an impor-
tant role in the study of Gaussian vectors, and/or processes, e.g. the conditional
law of a Gaussian vector with respect to another is Gaussian and can be obtained
without manipulating densities (see, e.g., solution to Exercise 3.12).

(d) However, dealing with nonlinear functionals of Gaussian vectors may necessitate
other (nonlinear!) techniques; see e.g. Exercise 3.11.

(e) The following non-decomposability property of the Gaussian distribution, due
to H. Cramer, plays an important role in our solution of Exercise 6.29. If X and Y

5



76 Exercises in Probability

are two independent centered variables such that their sum is Gaussian, then each
of them is Gaussian. See, e.g., Lukacs [55], p. 243, for this result as well as its
counterpart, due to Raikov, for the Poisson law.

(f) Further fine results on Gaussian random functions are found in Fernique [29],
Lifschits [54] and Janson [41].

* 3.1 Constructing Gaussian variables from, but not
belonging to, a Gaussian space

Let X and Y be two centered, independent, Gaussian variables.

1. Show that, if € is an r.v. which takes only the values +1 and —1 and which
is measurable with respect to Y, then €X is a Gaussian variable which is
independent of Y. In particular, eX and ¢ are independent.

2. Show that the sub-o-field ¥ of o(X, YY) which is generated by the r.v.s Z which
satisfy:

(i) Z is Gaussian and (ii) Z is independent of Y

is the o-field o(X,Y") itself.

3. Prove an analogous result to that of question 2, when Y is replaced by a
Gaussian space H which is assumed to be independent of X.

Comments. The results of this exercise — question 2, say — highlight the difference
between the Gaussian space generated by X and Y, i.e. the two-dimensional space
Y ={AX + uY; A\ u € IR}, and the space L*(o(X,Y)), which contains many other
Gaussian variables than the elements of X.

*3.2 A complement to Exercise 3.1
Let (Q, F, P) be a probability space, and let G (C L*(2, F, P)) be a Gaussian space.

Let Z be a o(G)-measurable r.v., which is, moreover, assumed to be Gaussian, and
centered.
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1. Show that, if the condition

(7) the closed vector space (in L*(Q2, F, P)) which is generated by Z and G
18 a Gaussian space

holds, then Z belongs to G.

2. In the case dim(G) = 1, construct an r.v. Z, which is o(G)-measurable, Gaus-
sian, centered, and such that () is not satisfied.

Comments. This exercise complements Exercise 3.1, in that it shows that many
variables Z constructed in question 2 of Exercise 3.1 did not satisfy () with
G={\X+puY  :\puelR}

* 3.3 Gaussian vectors and orthogonal projections

Consider (Xi, X», X3) a Gaussian vector which consists of three reduced Gaussian
variables such that: F(X;X5) = a, E(X;X3) = b, with a and b satisfying

la| <1, b <1, a#0, b#£0. (3.3.1)

We also denote: ¢ = E[X,Xj3].

1. (a) Prove that there exists a two-dimensional Gaussian vector (X7, X7') such
that

(i) X| and X7 are reduced Gaussian variables,

(ii) the vector (X7, X7) is independent of X,

(iil) Xy = aX; + V1 — a2X] and X5 = bX, + V1 — b2X7.
(b) Express the correlation p = E(X]X/{) in terms of a, b and c.

2. Prove that, for any a # 0, |a| < 1, there exists a unique b # 0, |b| < 1 such
that the two Gaussian variables X, and X3 are independent.

3.4 On the negative moments of norms of Gaussian vectors

We consider, on a probability space, two C-valued r.v.s Z = X+iY and Z' = X'+iY”’
such that:

(a) the vector (X,Y, X’ Y”) is Gaussian, and centered;
(b) the variables X and Y have variance 1, and are independent;

(c) the variables X’ and Y’ have variance 1, and are independent.
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In the sequel, IR* and C are often identified, and (z, ') denotes the Euclidean scalar

product of z and 2/, elements of € ~ R?, and |z| = (z, 2)"/*.

1
1. Show that F <|Z|p> < o0 if and only if p < 2.

2. Let A be the covariance matrix of Z and Z’, that is
VO,0, € R, E[{0;,2) {0y, Z')] = (6, Ab,).

Show that there exists a Gaussian vector &, with values in IR?, independent
of Z, such that: 7/ = A*Z + &, where A* denotes the transpose of A.

Show that & = 0 a.s. if and only if A is an orthogonal matrix, that is:
A*A = 1d.

3. Show that if (I, — A*A) is invertible, and if p < 2, then:

1
(i) E <|Z’|p ‘Z) < C, for a certain constant C'

1 1
N
(1) <|er|z'|p><‘”

Comments and references. It is interesting to compare the fact that the last expres-
sion is finite for p < 2, under the hypothesis of question 3, with what happens for
Z = 7', that is:

1
E <|Z|2p> < oo if, and only if: p < 1.

The finiteness result (ii) is a key point in the proof of the asymptotic independence
of the winding numbers, as time goes to infinity, for certain linearly correlated planar
Brownian motions, as shown in:

M. Yor: Etude asymptotique des nombres de tours de plusieurs mouvements
browniens complexes corrélés. In: Festschrift volume in honor of F. Spitzer: Ran-
dom Walks, Brownian Motion and Interacting Particle Systems, eds: R. Durrett,
H. Kesten, 441-455, Birkhauser, 1991.

3.5 Quadratic functionals of Gaussian vectors and
continued fractions

Let p € IN, and Sy, 41, . . ., Bp+1 be a sequence of (p+2) independent, Gaussian r.v.s
with values in IR?. For each i, the d components of §; = (Bijid =1,2,...,d) are
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themselves independent and centered, and there exists ¢; > 0 such that:

E (8] _1 (i=-1,0,....,p, j=12....d).

&

We write (x,y) for the scalar product of two vectors in IR”.

1. Let U be an orthogonal d x d matrix, with real coefficients.

P p
Show that the r.v.s Y (6, Biv1) and Y (G;, UB;11) have the same law.
i=0 i=0

Hint. For every k € IN, U* is an orthogonal matrix.

2. In this question, we assume d = 2.

Define S, = f: (B, Bis1)-

i=k

(In the sequel, it may be helpful to use the convention: 8_; = (,42 = 0, and

S =8, Spi1 =0.)

Prove, using descending iteration starting from n = p, that for every n, there

exist two functions h,, and k,, such that:

E exp(iz S,) | B, = m| = h,(z) exp <—’m2|kn(x)>

(3.5.1)

Prove a recurrence relation between, on one hand, h,, h,.; and k,, and on

the other hand, k, and k1.
Deduce therefrom the formulae
2 2 2 2 x

fp(z) = &= 2 .2

cnt+ Cpy1+ Cny2t Cp

and

Efexp(izsy)] = 1 (C”’%(":)).

3. In this question, we assume d = 1. Define a; = +—=—(i = —1,0, ...

2,/¢i—1¢;

(3.5.2)

(3.5.3)
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Show that Sy has the same distribution as: (g, Ag), where g = (go, ..., gp+1) is
a random vector which consists of centered, independent Gaussian variables,

0 ap 0 ce 0 0
ap 0 ay ce 0 0
with variance 1, and A = _
O O .o ap,1 0 ap
o 0 ... 0 a O

p+1
Deduce therefrom that Sy is distributed as 3° d,,g2, where (d,,) is the sequence
n=0

of eigenvalues of A.

In this question, we assume d = 2. Prove the formula:

. Z p+2 1
Elexp(in &)} = (293> det (A+ £1)
312

. Write Dy, ... q,(A) = det(A + Ay).

Prove a recurrence relation between Dy . a,, Da;.....a,, a0d Dy, . 4, -

How can one understand, in terms of linear algebra, the identity of formu-
lae (b) and (c)?

Give a necessary and sufficient condition in terms of the sequence of real
numbers (a,,,n > 0) such that

n
> Qigigii converges in L?,
i=0

where (g;) is a sequence of independent, centered, reduced Gaussian variables.

Comments and references:

(a)

For more details, we refer to the article from which the above exercise is drawn:

PH. BIaNE AND M. YOR: Variations sur une formule de Paul Lévy. Ann.
Inst. H. Poincaré Probab. Statist., 23, no. 2, suppl., 359-377 (1987)

and its companion:

C. DONATI-MARTIN AND M. YOR: Extension d'une formule de Paul Lévy
pour la variation quadratique du mouvement Brownien plan. Bull. Sci. Math.,

116, no. 3, 353-382 (1992).

Both articles and, to a lesser extent, the present exercise, show how some
classical continued fractions (some originating with Gauss) are related to series
expansions of quadratic functionals of, say, Brownian motion.
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(¢) In question 6, using the Martingale Convergence Theorem (see e.g Exercise
1.6), it is possible to show that, Z @;9;9;+1 converges almost surely as n goes

=0
to +o00.

3.6 Orthogonal but non-independent Gaussian variables

1. We denote by z = x+iy the generic point of C = IR+:IR. Prove that, for every
n € IN, there exist two homogeneous real valued polynomials of degree n, P,
and @,, such that:

2= Pu(w,y) +iQn(2,y).

(These polynomials are closely related to the Tchebytcheff polynomials.)

2. Let X and Y be two centered, reduced, independent Gaussian variables. Show
that, for every n € IN*,

P,(X.,Y)
R —— a S —
(X2 +Y2)'T (X2 4+Y2)"

n

are two independent, centered, reduced Gaussian variables.

3. Prove that the double sequence
S ={A4,,B,;n,mec IN}

consists of orthogonal variables, i.e.
if C' and D are two distinct elements of S, then: E[C'D] = 0.

4. Let n # m. Compute the complex cross moments of (A,, By, A, Bn), that is
E[Z%(Z,,)"], for any integers a, b, where Z, = A, +iB, and Z,, = A,, +iB,,.
Is the vector (A,, By, A, B,,) Gaussian?

* 3.7 Isotropy property of multidimensional Gaussian laws

Let X and Y be two r.v.s taking their values in IR*. Let, moreover, G, be a Gaussian
r.v. with values in IR¥, which is centered, and has I; for covariance matrix, and let
U be an r.v. which is uniformly distributed on Sj_1, the unit sphere of IR".

We assume moreover that G, U, X and Y are independent.

Prove that the following properties are equivalent:

law)

@ 1XI " vl ) (G X) "G, Yy i) (X)),
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where (z,y) is the scalar product of x and y, two generic elements of R*, and
||| = ((z,2))"/? is the Euclidian norm of 2 € IR¥.

** 3.8 The Gaussian distribution and matrix transposition

1. Let G,, be an n-sample of the Gaussian, centered distribution with variance 1
on IR. Prove that, for every n x n matrix A with real coefficients, one has:

(law) *
[AG.|| =" [|[A*G. ],
where A* is the transpose of A.

2. Let X be an r.v. with values in IR, which has a finite second moment. Prove
that if, for every n € IN, and every n x n matrix A, one has:

(law) *
”AXTL” - “A Xn||7
where X,, is an n-sample of the law of X, then X is a centered Gaussian
variable.

Comments. The solution we propose for question 1 uses systematically the Gauss
transform, as defined in Exercise 4.18. Another proof can be given using the fact
that AA* and A*A have the same eigenvalues, with the same order of multiplicity:
write AA* = U*DU and A*A = V*DV, where U and V are orthogonal matrices
and D is diagonal, then use:

law law

G, "Yyve, ya,.

*3.9 A law whose n-samples are preserved by every
orthogonal transformation is Gaussian

Let X be an r.v. with values in R, and, for every n € IN, let X,, denote an n-sample
of (the law of) X.

1. Prove that if X is Gaussian and centered, then for every n € IN, and every
orthogonal n x n matrix R, one has:

(law)

X, =" RX,.

2. Prove that, conversely, if the above property holds for every n € IN, and every
orthogonal n x n matrix R, then X is Gaussian and centered.
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Comments and references about Fxercises 3.7, 3.8 and 3.9:

This characterization of the normal distribution has a long history going back to the
1930s and early 1940s with H. Cramér and S. Bernstein, the main reference being;:

M. KAc: On a characterization of the normal distribution. Amer. J. Math., 61,
726-728 (1939).

Amongst more recent references, we suggest:

C. DONATI-MARTIN, S. SONG AND M. YOR: On symmetric stable random vari-
ables and matrix transposition. Annales de I’I.H.P., 30 (3), 397-413 (1994)

G. LETaCc AND X. MILHAUD: Une suite stationnaire et isotrope est sphérique.
Zeit. fiir Wahr., 49, 33-36 (1979)

G. LETAC: Isotropy and sphericity: some characterizations of the normal distribu-
tion. The Annals of Statistics., 9 (2), 408-417 (1981)

S. BERMAN: Stationarity, isotropy and sphericity in ¢,. Zeit fir Wahr., 54, 21-23
(1980)

and the book by S. Janson [41].

**3.10 Non-canonical representation of Gaussian
random walks

Consider Xi,...,X,,... a sequence of centered, independent Gaussian r.v.s, each
with variance 1.

n n (S
Define forn>1,5, =Y X, and ¥, =S5, — 3. <j>
i=1 =1\ g

We define the o-fields:

Fo=0{X1,....,X,} and G, = o{X; — X;;1 <14,j <n}.

S, S, o
1. Prove that: G, = o{3,%,...,5,} =0 { - 21<i,5< n}
t J

2. Fix n and let {S;, k < n} = {S; — ES., k < n}. Prove that (S, k <n}is
independent of S, and is distributed as {S)., k < n} conditioned by S, = 0.
Prove that G, = o{S;, k < n}.

3. Define Y, = X, — &
n
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Show that, for any n > 1, the equality: G, = o{Y},Y3,...,Y,} holds, and
that, moreover, the variables (Y,,,n > 1) are independent. Hence, the sequence
Y, =30 Y;,n=1,2,... has independent increments.

Let (ag, & = 1,2,...) be a sequence of reals, such that «; # 0, for all k.
Prove that %) ‘)
for every k.

Sy — > p—1 oSk has independent increments if and only if

1
Oék:%7

STL Sn Yll
4. Prove the equality: — — Lo el
n n+1 n

SIL .
Deduce therefrom an expression for £ { QH;C} (k € IN) as a linear com-
n

bination, to be computed, of (Y11, Yn12,..., Yoir).
5. Prove that S, is measurable with respect to o{Y; 1, Y, 10,...}.

6. Prove that: F,, = G, where: F = liin T Fr, and Gy, = liin 1 G

‘ .. ) versi Wi i
Comments and references. This is the discrete version of the following “non
canonical” representation of Brownian motion, which is given by:

t t
Zt:St—/ dsssz/ <1—logt> ds, . (3.10.1)
0 0 u

S

where we use the (unusual!) notation (S;,¢ > 0) for a one-dimensional Brownian
motion. Then, (3¢ > 0) is another Brownian motion, and (3.10.1) is a non canon-
ical representation of Brownian motion, in the sense that (S,;u < t) cannot be
reconstructed from (X, u < t); in fact, just as in question 2, the random variable S,
is independent of o{%,;u < t}; nonetheless, just as in question 6, the two o-fields
o{Sy;u >0} and o{3,;u > 0} are equal up to negligible sets.

For details, and references, see, e.g., Chapter 1 in M. Yor [101]. Another example,

due to Lévy is:
3t trou
5=8-5 [ Sidu= [ (3—2) ds, .
’ tJo 0 t

(3}, t >0) is a Brownian motion and (S,, v < t) cannot be constructed from
(X, u < t) since [JudS, = tS; — [i S, du is independent from (¥, u <t). For

a more extended discussion, see:

Y. CHiu: From an example of Lévy’s. Séminaire de Probabilités XXIX, 162-165,
Lecture Notes in Mathematics, 1613, Springer, Berlin, 1995.

A recent contribution to this topic is:

Y. HiBINO AND M. HiTSUDA: Canonical property of representations of Gaussian

processes with singular Volterra kernels. Infin. Dimens. Anal. Quantum Probab.
Relat. Top., 5 (2), 293-296 (2002).
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*3.11 Concentration inequality for Gaussian vectors

Let X and Y be two independent centered d-dimensional Gaussian vectors with
covariance matrix 1.

1. Prove that for any f,g € C7(IRY),
Cov(F(X), g(X)) = /OlE (VF(X),Vg(aX + VI—a?V))] da, (3.11.1)

where V f(x) = (%(m))
Hint: First check (3.11.1) for f(z) = ¢/»*) and g(z) = €/**), s5,t,2 € IR’

2. Let p, be the Gaussian measure in IR?*! which is the distribution of (X, aX +
V1 —a?Y) and denote by p the probability measure fol Lo da. Let Z be a
random vector in IR? such that the 2d-dimensional random vector (X, Z) has
law p.

Prove that for any Lipschitz function f, such that || f
the inequality

vy < land E[f(X)] =0,

E[f(X)e XN < tEe?)], (3.11.2)

holds for all ¢ > 0 and deduce that
EleX)] <e7 (3.11.3)
3. Prove that for every Lipschitz function f on IR? with || f||.,, < 1, the inequality

A2

P(f(X)-E[f(X)] >\ <e 7. (3.11.4)

holds for any A > 0.

Comments and references. The inequality (3.11.4) is known as the concentration
property of the Gaussian law. Many developments based on stochastic calculus may
be found in:

M. LeEpoux: Concentration of measure and logarithmic Sobolev inequalities.
Séminaire de Probabilités XXXIII, 120-216, Lecture Notes in Mathematics, 1709,
Springer, Berlin, 1999.

M. LEpouX: The Concentration Measure Phenomenon. Mathematical Surveys and
Monographs, 89. American Mathematical Society, Providence, RI, 2001.

See also Theorem 2.6 in:
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W.V. L1 AND Q.M. SHAO: Gaussian processes: inequalities, small ball proba-
bilities and applications. In: Stochastic Processes: Theory and Methods, 533-597,
Handbook of Statistics, 19, North-Holland, Amsterdam, 2001.

This inequality has many applications in large deviations theory, see Exercise 5.6;
the present exercise was suggested by C. Houdré, who gave us the next reference:

C. HouprE: Comparison and deviation from a representation formula. In: Stochas-
tic Processes and Related Topics, 207-218, Trends in Mathematics, Birkhauser
Boston, Boston, MA, 1998.

R. AzencoTT: Grandes déviations et applications. Fighth Saint Flour Probability
Summer School-1978 (Saint Flour, 1978), 1-176, Lecture Notes in Mathematics,
774, Springer, Berlin, 1980.

The inequality (3.11.4) is somehow related to the so-called Chernov’s inequality,
ie.
E[(f(X) = E[f(X)])*] < E[(f'(X))7],
for any f € C'(IR?). Note that this inequality was re-discovered by Chernov in
1981; it had been already proved much earlier by Nash in 1958. A proof of it may
be found in Exercises 4.29 and 4.30, pp. 126 and 127 in Letac [52]. See also Ex-
ercise 3.13, Chapter 5 in Revuz and Yor [75] for a proof based on stochastic calculus.

*3.12 Determining a jointly Gaussian distribution from its
conditional marginals

Give a necessary and sufficient condition on the six-tuple (a,3,7,6,a,b) € IR,
for the existence of a two-dimensional Gaussian variable (X,Y’) (not necessarily
centered) with both X and Y non-degenerate satisfying:
LY|X =2)=N(a+ Bz,d°) (3.12.1)
LIX|Y =y) =N(y+0y,b*). (3.12.2)

*3.13 Gaussian integration by parts

We say that a function f : R” — R is polynomially bounded if there exist integers
k = (ki,...,k,) and a real a > 0 such that |f(z)] < |z|" ... |z,|", for all z =
(z1,...,2y,), such that |z| > a.

1. Prove that if G is real valued Gaussian and centered, then for any polynomially
bounded and continuously differentiable function ®, we have:

E[GO(G)] = E[GYE[®'(G)]. (3.13.1)
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2. Prove that if the (n + 1)-dimensional vector (G, Gy, Gy, ..., G,) is Gaussian,
centered, then for any polynomially bounded and continuously differentiable
function ® : R” — R, one has

E[GO(Gy,...,Gy)] =Y E[GG|E

<n

B:i((;l’ . ,Gn)l . (3.13.2)

Comments and references. In fact property (3.13.1) characterizes the centered Gaus-
sian variables; it is the first step in Stein’s method. See formula (14), p. 21, in:

C. STEIN: Approzimate Computation of Expectations. Institute of Mathematical
Statistics Lecture Notes—Monograph Series, 7, Institute of Mathematical Statistics,
Hayward, CA, 1986.

The multidimensional extension of (3.13.2) is found in:

M. TALAGRAND: Mean Field Models for Spin Glasses. Volume I. Basic examples,

Ergebnisse der Mathematik und ihrer Grenzgebiete, 54, Springer-Verlag, Berlin,
2011.

It is formula A.17, p. 440, there.
*3.14 Correlation polynomials

Let ¢ belong to [—1,+1]. For the benefit of the reader, we introduce the follow-
ing slightly unusual notation: (G, G) denotes a Gaussian vector consisting of two
centered, reduced Gaussian variables, such that F[G,G] = gq.

1. (i) Note that the law of (G, G) is symmetric. Hence, we shall also denote
the vector (G4, G) by (G, G,).

(ii) Prove that the cross moment E[G}G™] is 0, if n —m (€ Z) is odd.

2. We introduce the notation: Q\)(q) = E[GI""G™], m,l € N, thus considering

m

all remaining “interesting” cross moments. In fact, for now, we consider only
the two sequences:

Qu(q) = E[(G,G)"] and Q. (¢q) = E[GI'G™?], m>2.
Show that the sequences (Q,,) and (Q')) satisfy the relations:

Qulq) = (m—1)Q4(q) +mqQn—1(q) (3.14.1)
Q5 (@) = (m —2)qQ 1 (g) + (m — 1)Qu—2(q) - (3.14.2)
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3. Show that (3.14.1) and (3.14.2) are equivalent to the following recurrence
relations:

Qun(g) = (2m—1)gQu_1(q) + (m —1)*(1 = ¢*)Qm—2(q) (3.14.3)
Q7 (q) = (2m—3)qQ 1 (q) + (m —3)(m —1)(1 — Q' 5 (q) .
(3.14.4)

Note that (3.14.3) only involves the sequence (@),,) and that (3.14.4) only

involves the sequence (Q{)).

4. (a) Under the same hypothesis, show that, for all A, u, reals,
E {exp ()\Gq — )\2/2) exp (,uG — u2/2)} = exp(Auq) . (3.14.5)
(b) Deduce that for all m,n € N,

Elhn (G )b (G)] = dn.n(q")(n])

where (h,(x)) is the sequence of Hermite polynomials that are defined by

the relation: o\
exp ()\m - )\2/2> => —'hn(a:) :
n

n=0 """

Comments and references: (i) The sequence of polynomials (Q,,(¢)) and (Q)(q))
enjoy a number of interesting properties which are discussed in detail in:

L. CuAauMONT AND M. YOR: On correlation polynomials associated with 2-
dimensional centered Gaussian vectors. Work in progress, March 2012.

(ii) We learnt for the first time about Q,, and Q\~) when reading M. Talagrand’s
book, as mentioned in Exercise 3.13.

(iii) Our proof of (3.14.1) with the help of two g-correlated Brownian motions was
inspired by J. Neveu’s celebrated proof of the hypercontractivity property of the
Ornstein—Uhlenbeck semigroup.

J. NEVEU: Sur l'espérance conditionnelle par rapport a un mouvement brownien.
Ann. Inst. H. Poincaré Sect. B, 12, no. 2, 105-109 (1976).
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Solutions for Chapter 3

Solution to Exercise 3.1

1. Let f and g be two bounded measurable functions. We prove the result by writing

E[f(eX)g(Y)] = E[f(X)g(Y)Liemiy] + E[f(—=X)g(Y) Lemyy]
= E[f(X)] (Elg(Y)Igmpy] + Elg(Y) L= 1))
= BE[f(X)]E[g(Y)].

2. For any a € IR, let an = (]I{Yga} — ]I{y>a}), then 7, = 5aYX, is a Gaussian vari-
able that is independent of Y and o(X,Y) = 0(X, Z, : a € IR). Since, from question
1, each Z, is independent of YV, then the latter identity proves that o(X,Y") = .

3. Let X be a Gaussian variable which is independent of IH. We want to prove that
the sub-o-field of o(X, H) which is generated by the r.v.s satisfying:

(i) Z is Gaussian and (ii) Z is independent of IH

is the o-field o (X, H) itself.

The proof is essentially the same as in the previous question. To any Y € H, we
associate the family (¢) : a € IR) as in question 2. Moreover, we can check as in
question 1. that for fixed @ € IR and Y € IH, each €' X, is a Gaussian variable
which is independent of TH. Finally, it is clear that o(IH) = o(¢} : @ € IR, Y € H)
and o(X,H) =o(X,e¥ X :a € IR, Y € H).

Solution to Exercise 3.2

1. Let IH be the closed vector space generated by Z and G, and let IF be the Gaussian
subspace of IH such that H=1F & G. Z can be decomposed as: Z = Z; + Z,, with
Zy € IF and Z, € G. It follows from general properties of Gaussian spaces that Z; is
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independent of G; hence E[Z |o(G)] = Z,. But Z is o(G)-measurable, so Z (= Z»)
belongs to G.

2. Let Y and G be such that G = {aY : @ € IR}. Pick a real a > 0 and define
Z = —Y1y|<ay + Yjy>a). We easily check that Z is Gaussian, centered and
is 0(G)-measurable although the vector (Y, Z) is not Gaussian. Indeed, Y + Z =
2Y Iy |>q}, thus P(Y + Z = 0) = P(]Y| < a) belongs to the open interval (0, 1);
the closed vector space generated by Z and G cannot be Gaussian.

Comments on the solution. In the case dim(G)=2, any variable Z constructed
in question 2 of Exercise 3.1 constitutes an example of an r.v.which is o(G)-
measurable, Gaussian, centered, and such that () is not satisfied.

Solution to Exercise 3.3

1 (a) It suffices to decompose orthogonally X, and X3 with respect to X, thus
“creating” the vector (X], X{). These two variables belong to the Gaussian space
generated by (X7, X, X3). Since Xj is orthogonal to X; and X{ is orthogonal to
X, the pair (X7, X{) is independent from Xj.

(b) From p = E[X] X7, it follows that

\/1 — a2\/1 — b2p = E[(XQ — CLXl)(Xg — le)]

= E[X2X3] —ab.
Finally, we obtain
B c—ab
P= V1—a2y1 -2

2. Assume that X, and X3 are independent and let us consider the Gaussian vector
(X1, X{) of question 1(a). Since ¢ = 0, it follows from question 1(b) that

V1—a?V1—-b%p = —ab. (3.3.a)

Then set A = a/+v/1 —a?. An elementary computation shows that the unique solu-
tion of equation (3.3.a) such that b # 0 and |[b] < 1 is

sgn(a)

b= —p—i—=—.
p\/A7+p7

Solution to Exercise 3.4

1. A classical computation shows that |Z|*> = X? + Y? is exponentially distributed
with parameter 1/2. The result follows.
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2. Set £ = (&,&%) = Z' — A*Z. From (a), the vector (X,Y, &, &) is Gaussian, so
to prove that £ and Z are independent, it is enough to show that their covariance
matrix equals 0. But by definition, this matrix is the difference between A and the
covariance matrix of Z and A*Z, which is precisely A.

The covariance matrix of A*Z is A*A and the covariance matrix of Z’ is I, so &
has covariance matrix: I, — A*A and the result follows.

3. (i) We know from question 1 that if p < 2, then the conditional expectation
E {ﬁ | Z} is integrable, hence a.s. finite. On the other hand, we deduce from the
independence between Z and £ that

1 1
Fl—— || =FE|——— | Z
[IZ’IH ] l|A*z+§rp' ]

1
=F [ ] ) (3.4.a)
Now let us check that the function z — F ﬁ is defined and bounded on IRZ.

Since the covariance matrix I, — A*A of £ 1s invertible, then the law of ¢ has a
density and moreover, there exists a matrix M such that M¢ is centered and has
covariance matrix Io. Let |M| be the norm of the linear operator represented by M,
then from the inequality |M& + Mx| < |M||£ + x|, we can write

1 1 | M|P e~ l(y1—21)? +(y2—23)*]/2
Bliegap| SIMPE = / dy, dys ,
l’f+x|p] = ‘ ’ []Mg—i—MxV’] o Jr2 (y% +y%)p/2 W ay2

where Mx = (2}, 7}). The latter expression is clearly bounded in (74, }) € IR”.
Hence, the conclusion follows from equality (3.4.a) above.

(ii) From (i), we have

1 1 1 1 1
Bl —E|—F Z|| < CE|—
[\ZWZ’\”] l\le l\Z’V" H =¢ [Iz\p

< +00.

Solution to Exercise 3.5

1. Since 3; is centered and has covariance matrix c; ', I;, then for any orthogonal
. le . .
matrix U, Uf; (o) B;. Moreover, from the independence between the (3;s and since

for every k € IN, U* is an orthogonal matrix, then we have

(law)

(ﬁOa s 7ﬁp+1) = (ﬁOa Uﬂl) U2/627 ey Up+16p+1) .

This identity in law implies

p p ) )
Z < B, Biy1 > ) Z <UZ@:7 UH1571+1> :
i=0 i=0

()
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We conclude by noticing that for any 4, (U'G;, U™ 3,.1) = (B;,UBi11).

2. First, for n = p, we have

E[eiISP | By =m] = E[ei<zﬁp’ﬂp“> | By = m]
— Eleit@m )]
22jm |2
=e 2 |
and the latter expression has the required form. Now, suppose that for a given index
n < p, B[S |8, = m] has the form which is given in the statement. Using this
expression, we get

E{eizsnfl |ﬁnfl — m] — E[e“xﬁ'nflyﬁn)eifsn /anl — m] — E[ei<x7na6n>€ixsn]

‘/3n ‘2

_ E[ i(zm, J,L)E[BMES" ﬁn“ _ E[ i{xm, /Bn>h ($)6

+
B H Cn—1 oo w'm,-;/e—kn( r)y? /2 —cn—1y%/2
- TL 27T

1177’[12

kn (x)]

\/Cnil / T L e V@ et =22
VEn(x) +cna
— (x)c"—* m
k() 4 e
From the above identity, we deduce the following recurrence relations:
B (2) = 1@t k() = v (3.5.2)

kn (fﬂ) + Cu1 kn(x) + 1
which implies (3.5.2).
Expression (3.5.1) yields

ElexpixSy| = ho(z)Ele =160l ko (x )/2]

h() (/C 1/+Oodye (ko ( +61U/2)

= hola) (\/QW(k(1(Z?)1+ c-1) /:)O o 6_22/2>2 - lm

Combining this identity with the above recurrence relation, we obtain

]{3_1<l’) _ h1<l’)00 c ]C_l(I')
x2 kl( )+Co ! x2

= hl(x)coho(f)c_1k_1( z) _ =...= H <

2
i T n——1

ElexpizSy| = ho(x)c—

)
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3. Ag being given by

Ag = (apg1,aogo + @192, a1g1 + a233, - - - s Ap—19p—1 + ApGpr1, pGy)

we obtain
(9, Ag) = (2a0g9091 + 2016192 + 2029293 + - - + 20,95 9p+1) »
which allows us to conclude that
Sp = 5051 '+5p5p+1
= \/—9091 + \/—9192 + -+ \/Cpl—lpgpgp+1
= 2a09091 + -+ 20,9pGp+1 -

A may be diagonalized as A = U 'DU, where U is an orthogonal matrix. Since
Ug "=’ g, we have (9,U~'DUg) "=' (g, Dg) = ¥0"1 d, g2.

4. When d = 2, S can be developed as follows:
So = Poibi1+ Bo2br2 + Biiler + Biafea+ -,

so it clearly appears that S is equal in law to the sum of two independent copies of
the sum Y°7_, 3;8;11 in the case d = 1. Now let us compute E[e/*] for d = 1:

E[e™] = E [eiIZiJr‘l) dng,%] _ pf[l /+oo 0 1 o~ (1=2widy )y? /2
n=0" " v 27
p+1

nl_[O V1-— 2zmd

So, when d = 2, taking account of the above remark, one has:

SR e AN !
Elefvd0] — Q= =\ = et (A7)’
[0 H 1 —2xid, <2:E) det (A + ﬁ[)

n=0

5. Developing the determinant of A+ \I; with respect to the first column, we obtain:

Dao,m,ap ()\) = >\Da1,..‘,ap ()\) - CL()det(M) ,

where
apg aj 0 0 ... 0
0 A a9 0 0
0 (45 A as 0
M = . .
0 0 a1 A q
0 0 a A
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and det(M) = aygD,,....q,(A), so that
ap (A) — G(Q)Daz,.-.,ap (M)

goeey

This recurrence relation is a classical way to compute the characteristic polynomial
of A. Henceforth formulae (b) and (c¢) combined together yield another manner to
obtain this determinant.

6. Set X, = >, @9;gi+1, then for any n and m such that n < m one has
E[(Xm - Xn>2] = Z 04127
i=n+1

so (X,) is a Cauchy sequence in L? (which is equivalent to the convergence of (X,,)
in L?) if and only if >2°, a? < cc.

Solution to Exercise 3.6

1. We prove the result by induction. For n = 0 and n = 1, the statement is
clearly true. Let us suppose that for a fixed n € IN, there exist two homogeneous
polynomials of degree n, P, and @,, such that:

2t = Pn(xay) + i@n(xay) :

n+1

We can write z as:

Zn+1 — [L’Pn(x, y) _ an(l"y) —+ @[yPn(x,y) + ZL‘QH(CU,y)] .

The polynomials P,y 1(z,y) = 2P, (2, y)—yQn(x,y) and Q, 11 = y P, (z, y)+2Qy (v, y)
are homogeneous with degree n + 1, so the result is true for z"!.

2. Set Z = X +i4Y. It is well known that Z may be written as Z = Rexp(iO),
where R = (X2 4 Y?)Y/2 and © is a uniformly distributed r.v. over [0,27) which is
independent of R. On the one hand, note that —Z— = Rexp(in©) has the same

|Z["
law as Z. On the other hand, from question 1, we have
ZTY,
—— =A,+1iB,.
Z[ +1

So the complex r.v. A, +iB, has the same law as Z, which proves that A, and B,
are two independent, centered Gaussian variables.

3. First, from question 2, we know that E[A,B,] = 0 for any n € IN. Let n # m.
With the notations introduced above, we have

E[(A, +iB,)(A,, +iB,)] = E[R*expi(n +m)0] = E[R*|Elexpi(n +m)0] =0,
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and
E[(A, +iB,)(A,, —iB,,)] = E[R*expi(n —m)O] = E[R*|Elexpi(n —m)0] = 0.
Developing the left hand side of the above expressions, we see that the terms

E[A,A,.]+ E[B,B,], E[A,A,| — E[B,B,.], E[|A,B,| + E[B,A,], and E[A,,B,] —
E[B,, A,] vanish, from which we deduce that F[A, A,,| = E[B,B,,] = E[A,,B,] = 0.

4. (A,,B,) and (A,,, B,,) are pairs of independent, centered Gaussian r.v.s such
that Z, = A, +iB,, = Rexp(in®) and Z,, = A,, +iB,, = Rexp(im®O). So, for integers
a,b:

E|Z(Zn)"] = E[R™" exp(i(na — mb)©)]
= E[R"™]Elexp(i(na — mb)O©)].

law

From question 1 of Exercise 3.4, R? () 2e, where € is exponentially distributed

with parameter 1, thus E[R"] = 2% Ele"s] = 2a§bF(“TH’+1). Moreover,

Elexp(i(na — mb)©)] = @Rrmazmb) =L 5S¢ £ mb, and 1 if na = mb. Hence

2im(na—mb)

EZ0(Z0)!) = ez fa +b 1 (exp(2-z7r(na —mb)) — 1) i na % mb,
2 im(na — mb)

=1, if na=mb.

If the vector (A,,B,, A, B,) were Gaussian, then from question 3, the pairs
(An, B,) and (A,,, B,,) would be independent, hence Z, and Z,, would be inde-
pendent. But this is impossible since |Z,| = |Z,,| = R is not deterministic. Note
that the vector (A, B,) is not Gaussian either. This can easily be verified for n = 2.

Solution to Exercise 3.7

(i)<=>(ii): The identity in law (X,G) "=’ (Y,G) is equivalent to E[eMX:6)] =

E[e?Y:E)] for every A € IR. Computing each member of the equality, we get
2 . 2

Ele~wIXI”) = E[e=% I for every A € IR, hence, the Laplace transforms of the

(non-negative) r.v.s || X||2 and ||Y||? are the same, which is equivalent to || X "=’
Y]l

(ii)<=-(iii): First observe that since the law of G is preserved by any rotation in
R*, |GIIU "2’ G, hence (i)« |G| (U, X) "= ||G|| (U,Y). Now, it is easy to
check that ||G|| is a simplifiable r.v., so from Exercise 1.13 (or use Exercise 1.14)
IGIH (U, X) =" |Gl (U, Y) <= (U, X) "= (U,Y).

Comments on the solution. It appears, from above, that these equivalences also hold
if we replace G by any other isotropic random variable (i.e. whose law is invariant
under orthogonal transformations) whose norm is simplifiable.
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Solution to Exercise 3.8

1. Let G/, be an independent copy of G,,, then for any real A\, we have:
E[ei/\(G;L,AGn)] _ E[eiA(A*G;L,Gn)]_
By conditioning, on the left hand side by G,,, and using the characteristic function of
G/, (and similarly for the right hand side, with the noles of G, and G/, exchanged),
the previous identity can be written as:
Ele ¥ M6 = ple- ¥ 14 GLIE)
1ﬂ>

This proves the identity in law: [|[AG, || "=
the Laplace transform.

|A*G,,||, by the uniqueness property of

2. Let n € IN* and denote by X, ¢ = 1,...,n the coordinates of X,,, then by
considering the equality in law of the statement for

1 ... 1
1 {o -0
A=
\/ﬁ C e ?
0 -0

we get the following identity in law

1 - i (law)
— Y X0 =
il &

Since X is square integrable, we can apply the Central Limit Theorem, so, letting
n — oo in (3.8.a), we see that | X| is distributed as the absolute value of a centered
Gaussian variable.

X|. (3.8.a)

It remains for us to show that X is symmetric. By considering the identity in law
in the statement of question 2 for

we obtain

XM 4 x@) = x® _ x@)

From Exercise 3.7, this identity in law is equivalent to

e(XW 4 Xx@) ) o(x (M — x @)y (3.8.b)

where ¢ is a symmetric Bernoulli r.v. which is independent of both X + X(2)
and XM — X2 Let ¢ be the characteristic function of X. The identity (3.8.b)

may be expressed in terms of ¢ as: L(©*(A) + ¢*(X)) = p(A)¢(A), or equivalently

(e(A) — p(N))? = 0. Hence, p()) takes only real values, that is: X is symmetric.
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Solution to Exercise 3.9

1. It suffices to note that RX,, is a centered Gaussian vector with covariance matrix

RR* = 1.

2. Let n =2 and X, = (X, X)) then by taking

XM 4 x @) x ) _ x@) )/ x M) (3.9.a)

Writing this identity in terms of the characteristic function ¢ of X, we obtain the
equation: (t)? = @(t)@(t) = p(v/2t), for any ¢t € IR. Therefore, ¢ is real and
non-negative. Since moreover, ¢(0) = 1, then from the above equation and by the
continuity of ¢, we deduce that it is strictly positive on IR. We may then define
¢ = logy on IR. From the equation 2i(t) = v(+/2t), which holds for all ¢ € IR,
and from the continuity of ¢, we deduce by classical arguments that ) has the form
Y(t) = at?, for some a € IR. So ¢ has the form () = e*. Finally, differentiating
each member of the equation ¢(t)? = p(1/2t), we obtain a = —var(X)/2.

BN

l
—
S-Sl
SISt

we get

Assuming the variance of X is finite, a more probabilistic proof consists in writing:

olt) = (so (k)) o (gp ((;ﬁ)t)) |

from which we deduce: o
w1
X (lg) — Xl .

Since from (3.9.a) X is centered, letting n — oo, we see from the central limit
theorem that X is a Gaussian variable.

Solution to Exercise 3.10
1. First note that gn = U{Xi+1 — Xz,l <i<n-— 1} and 0{217227--'7271} =
o{3;iy1 — 251 <i < n—1}, so the first equality comes from the relation:

 + 1
X11+1_Xi:i<2i+1_2i)+271—1_Eia 1<i<n-1.
i

Note also that

S, S, S; S; .
a{.—?;léi,jén}za{. = —.;1§Z§n—1}7
7 j 1+ 1 1
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so that the second equality is due to:

Sipi S 1 ( Siv1 )

_ — i — - 3.10.
1 141 ( a)
1

1+1 7
:—,(ZHl—Zl—), 1§z§n—1
7

2. The vector (Sﬁ, . .,SYH,SH) is Gaussian and for each k < n, Cov(gk,Sn) =0,
hence, S, is independent of {Sy, k < n}. Writing {Sy, k < n} = {§k+%Sn, k<n},
we deduce from this independence that {Sj, k¥ < n} has the same law as {S;, k <
n} conditioned by S, = 0. Finally, we deduce from question 1 and the equality,

%S, — %S’J = %S, — %Sj, that gn = O'{S’k, k < TL}

3. The equality G, = o{Y1,...,Y,} is due to (3.10.a). For each n > 1, (Y3,...,Y})

is a Gaussian vector whose covariance matrix is diagonal, hence, Yi,... Y, are
independent.

Since the vector () n = 1,2, ... is Gaussian, its increments are independent if
and only if

E[(Xk — OékSk)(Xn — anSn)] = 0,
for any k£ < n. Under the condition ay # 0, this is verified if and only if: a; = %
4. This equality has been established in (3.10.a).

By successive iterations of equality (3.10.a), we obtain:

Sn o STH—k‘ . k YTH-]

n  n+k Zn+j—1'

j=1

(3.10.b)

Note that from question 2, S, . is independent of G, ;. Since moreover S, is

centered and (Y, y1,..., Y1) i8 G, r-measurable, we have:
Sn SnJrk' i Yn+‘
B2 Goin| = E| 2 _S g | g,
[nlgw} [n—l—k] ; n—l—j—1|g+k
v Y
minti-b

5. Letting k — oo in (3.10.b), we obtain:

Sh )
a) lim =" =0, a.s. and in L2, by the law of large numbers,
k—oomn + k
Sy > Y,
by 2=y " _ as,
n gn+tg—-1

the convergence of the series holds in L? and a.s. In particular, note that a.s.

limy o0 iﬁ:,i = (0 by the law of large numbers.
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6. It is clear, from the definition of F,, and G, that for every n, F, = G, V o(X;),
which implies F, = G V 0(X7). Moreover, from question 3, G, = o{Y},Ys,...}
and from question 5, 0(X;) C o{Y1,Ys,...}. The conclusion follows.

Solution to Exercise 3.11

1. By standard approximation arguments, it is enough to show identity (3.11.1)
for f(z) = " and g(z) = € with s,t,# € IR®. Let us denote by ¢ the

?
characteristic function of X, that is E[e'"Y)] = p(t) = e‘T‘, t € IR First, it
follows from the definition of the covariance that Cov(f(X),g(X)) = ¢(s +t) —
©(s)p(t). On the other hand, the computation of the integral in (3.11.1) gives:

/01 E[<Vf(X), Vg(aX + MYN da
_ /O1 do E K(@'tj exp(i (t, X)), . (is; exp(i {s,0X + VI — a2Y>>)j>}

1 , , .
_ _/ dov ZSjtjE[ez(tJras,X)]E[ez<5\/1—a 7Y>]
0 i

= — /01 da (s, t) exp—;(”tH2 + 2a (s, t) + ||s])
g
= —pls)plt) o = (el + 1) — p(s)el0).

2. Let f be any Lipschitz function such that || f],,, < 1 and E[f(X)] = 0, and define
¢ & etf for t > 0. Then applying (3.11.1) to f and g, gives

E[f(X)g(X)] = E(V[(X), Vgi(2))]

= tE[(Vf(X),V[(Z))e!?)]
< tE[etf(Z)],

thanks to the condition || f]|.;, < 1. Now let the function u be defined via E[e!/(X)] =
e"). Then E[f(X)e/X)] = o/(t)e*™®, and from the above inequality: u'(t) < t.

: 2
Since u(0) = 0, we conclude that u(t) < %, that is E[et/(M)] <e7.

3. By symmetry, one can also apply (3.11.3) to —f, hence (3.11.3) holds for all
t € IR and for every Lipschitz function f on IR? with ||f|.,, < 1 and E[f(X)] = 0.
Then (3.11.4) follows from Chebychev’s inequality, since:

(2

¢ P(f(X) - E[f(X)] > )) Se7,

for every ¢t and A,

P(S(X) - E[f(X)] > A) < expint (g - At) _ exp (—2) |
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Solution to Exercise 3.12 (Given by A. Cherny)

Let (X,Y) be a Gaussian vector with the mean vector (my,my) and with the
covariance matrix
( CXXx, Cxy >
cxy, ¢vy )

By the “normal correlation” theorem (see for example, Theorem 2, Chapter 11, § 13
in Shiryaev [82], but prove the result directly...),

2
E(Y ’ X = .’K) = N(my + CXiy(l'—mX),ny — CXY),
Cxx CxXx

c 2
E(X | Y:y) =/\/'<mX—|—XY(y—my),cXX —XY>.
Cyy Cyy

In order for («, 3,7, 6, a,b) to satisfy the desired property, we should have
CxXy = CXY’ o = CxxCyy — C?Xy

=My —Mx —,
CxXx CxXXx CxXXx

Y

. Cxy 5= Cxy
Y =MmMx — My ) - )
Cyy Cyy Cyy

2
b2 — CxxCyy — Cxy

for some (my,my,cxx,cxy,cyy)-

Owing to the inequality c%y < ¢k vy, we have 0 < 3§ < 1. Let us first consider
the case when 36 = 0. Then cxy = 0, which yields 3 = 0, 6 = 0, a®> > 0, and
b*> > 0. On the other hand, for any («, 3,7, 6, a,b) with these properties, we can find
corresponding (my,my, cxx,Cxy,Cyy)-

Let us now consider the case when 0 < 8§ < 1. Then b* = da?, a*> > 0, and
b*> > 0. On the other hand, for any («, 3,7, d, a, b) with these properties, we can find
corresponding (mx, my, cxx,Cxy,Cyy)-

Let us finally consider the case when 3§ = 1. Then ¢4y = cxxcyy, which yields
a=—03v,a®> =0, and b?> = 0. On the other hand, for any (o, 3,7, J, a,b) with these
properties, we can find corresponding (my,my,cxx,Cxy,Cyy)-

As a result, the desired necessary and sufficient condition is:

(o, 8,7,0,a,b) € {B=0,0=0,a*>0,b* >0}
U{0<pB5<1,pb =éd* a®> >0, >0}
U{ps=1a=—py,a* =0, b =0}
Solution to Exercise 3.13

1. Set o = E[G?], then we have:

EG(G)] = —— /R ve 7 ®(z) dx
2 2
—— /e_ﬁ@(x)dx
2o JR

= B[G*|E[2'(G)],
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where the existence of the integrals clearly follows from the assumption on the
function .

2. Write G; = ¢;G+/1 — ¢2G,, where (G}, ..., G!) is a Gaussian vector independent
from G (we may assume that Gy,...,G, are all normal Gaussian variables). Then
(3.13.2) is obtained by conditioning the left hand side of this identity on (GY,...,G",)
and by applying (3.13.1).

Solution to Exercise 3.14

1. (i) The law of (G,, G) is determined by the covariance matrix of this vector and
this matrix is symmetric.

(ii) From the identity in law (G,, G) =’ (=G, —G), we derive that E[GhG™] =
(=) E[GRG™] = —E[GFG™], if m+n is odd. It then follows that E[G"Gm] 0.
)t

2. Let By and B, be standard correlated Brownian motions with covariance (B, By
= gt. Then on the one hand, from the scaling property of (B, By), one has

E[B()" Ba(8)"] = " Qm(q) -

On the other hand, from Ito’s formula, we may write
t
BB (0" Bo(t)"] = B [2 [ Bals)” ()" + B [m? [ Bils) " Bals)" M ds
-1
=F [2/ BQ(S)m(Q)Bl(S)mQ ds]
0

+m?q /Ot dsE [(GQG)’"’_lsm_l}

! im—2 m
= m(m = 1) [ dss"7 Qyilq) + maQu-1(a)t
= ( 1)th ( )+mqthm 1( )

This proves (3.14.1).

The Gaussian integration by parts formula (3.13.2) in Exercise 3.13 provides another
proof of this identity. Indeed, applying this formula to the function ®(z,y) =

2™~ 1y™ one obtains

aq) _ m—2_ m ag o — —
55 B¥) = (m—1z""y" and ay(ﬁc,y)—m’fﬂ y"

so that

E[GrG™] = E[G,®(G,,G)]
— E[GE[(m — )G G + E[G,G]E[mGI G .
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The identity (3.14.2) may be proved similarly by considering the function ®(z,y) =

2™ 1y™=2 Then we obtain:

E[GG"?] = E[G,®(G,, )]
= E[GE[(m — )Gy 2G™7?] + E[G,GIE[(m — 2)Gy ' G™ 7.

3. From (3.14.1) it follows (m — 1)Q\)(q) = Q. (q) — mqQ,,_1(q). Plugging this
into (3.14.2) yields

(m —1)Q4 7 (q) = (m — 1)(m — 2)gQ\ 1 (@) + (m — 1)*Qu—s(q) -

Then we deduce from this identity that

Q’m(Q> - mng—l(Q) = Q(m - 1)[@771,—1(q) - (m - 1)(]Q7n—2 (Q)] + (m - 1)2Qm—2 (q) :

Finally, we have

Qm(Q) = (Qm - 1)QQm—1(Q) - (m - 1)2q2Qm—2(Q) + (m - 1)2Qm—2(Q)
= (2m = 1)qQm-1(q) + (m = 1)*(1 = ¢*)Qm2(q)
The other identity is obtained through the same arguments.

4. (a) This follows directly from the expression of the Laplace transform of Gaussian
vectors

E [exp (MG, + uG)] = exp(A\?/2 + 1% /2 4+ \uq) -

4. (b) From the definition of Hermite polynomials and the previous question, we
obtain

2|5 5e) (5 5rei@)] = 5, S 5p G

n=0 m,n>0 n' m!
= Elexp ()\Gq - )\2/2) exp (ILLG - u2/2)]
= exp(Auq)
= i (AH)] ¢ .
= I
Then the desired identity follows by identifying the terms of both series
/\n m
7'”]7'E [hn (Gq)hm )
m,n>0 n.m: 7=0

as functions of A and pu.



Chapter 4

Distributional computations

Contents of this chapter

Probabilists often deal with the following two topics.

(i) Given a random vector Y = (X7,...,X,) whose distribution on IR" is known,
e.g. through its density, compute the law of p(Xi,...,X,), where ¢ : IR" — IR
is a certain Borel function. This involves essentially changing variables in multiple
integrals, hence computing Jacobians, etc.

(ii) The distribution of ¥ = (X3, ..., X,,) may not be so easy to express explicitly.
Then, one resorts to finding expressions for some transform of this distribution which
characterizes it, e.g. its characteristic function ®y (y) = Elexpi < y,Y >], y € IR",
or, if Y = X, takes values in IR, its Laplace transform A — Ele Y], A\ > 0, or
its Mellin transform: m — E[Y™], m > 0, or m € C, or its Stieltjes transform:
s — F [ﬁ], s > 0 (or variants of this function). For this topic, we refer, for
instance, to the books by Lukacs [55] and Widder [96].

In this chapter, we have focussed mainly on the families of beta and gamma
variables, as well as on stable(«) unilateral variables. Most of the identities on
these stable variables are found in the books by Zolotarev [103] and Uchaikin
and Zolotarev [94]. For some proofs (by analysis) of identities involving the gamma
and beta functions, we refer the reader to Andrews, Askey and Roy [1] or
Lebedev [51].
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* 4.1 Hermite polynomials and Gaussian variables

Preliminaries. Let (z,t) denote the generic point in IR?.
There exists a sequence of polynomials in two variables (the Hermite polynomials)
such that, for every a € C:

eq(x,t) = exp (aw — > = a—'hn(x,t) .
n!

n=0

In the following, we write simply e, (x) for e, (z, 1), resp. h,(z) for h, (x,1). Through-
out the exercise, X and Y denote two centered, independent, Gaussian variables,
with variance 1.

Part A.

1. Compute E [e,(X)ey(X)] (a,b € C) and deduce: E [h,(X)h,(X)] (n,m € IN).

2. Let a € C, and ¢ € IR.

Compute E [exp a(X + ¢Y') | X] in terms of the function of two variables e,,
as well as of X and c.

Compute E [(X +cY)k | X}, for £ € IN, in terms of the polynomial of two
variables h;, and of X and c.

2 2 X?
(X*+Y?%),9g=—=——, and ¢ = sgn(X).

Part B. Define T' = Xy

1
2

1. Compute explicitly the joint law of the triple (7', g, ). What can be said about
these three variables?
What is the distribution of /277

2. Define p=¢,/g = \/ﬁ

Show that, for any a € C, the following identities hold.

(i) Elexp(aX) | p] = p(ap), where: p(z) =14 zexp (%) F(z), and
F(z) = —L; dy e v'/2.

2

(ii) E[sinh(aX) | p] = \/ga,u exp (”—QQL)

1 2,2
(i) 2 [cosh(aX) | 1] =1+ a?* [ dyexp (1 -12).
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3. Show that, for any p € IN:

Elhy1(X) [ 1] = coprap(p’ —11)”
B lhay(X) [ 1] = oyt oy [ dy 2 (1 =) = 1y (p>1),

where ¢y, ¢3p41, and c’2p are constants to be determined.

Y
4. Define v = ——. Are the variables 1 and v independent?

V2T

Compute, for a,b € C, the conditional expectation:
Elexp(aX +bY) | p,v]

with the help of the function ¢ introduced in question 2 of part B.

Comments and references. This exercise originates from the article:

J. AzEMA AND M. YOR: Etude d’une martingale remarquable. Séminaire de
Probabilités XXIII, 88-130, Lecture Notes in Mathematics, 1372, Springer, Berlin,
1989.

We now explain how the present exercise has been constructed. The remark-
able martingale which is studied in this article is the so-called Azéma martin-
gale: u; = sgn(B;)y/t — v, where (B;) is a one-dimensional Brownian motion and
v =sup{s < t: B; = 0}. Let us take t = 1, and denote yu = p;, € = sgn(By),
g =1—7, X = By. Then the triplet (X?,¢,g) is distributed as (XQ,E, %)
in the present exercise (Brownian enthusiasts can check this assertion!) so that
the (Browman ) quantity E[p(Bj)|pu1 = z| found in the above article is equal to

B[p(X) |ey/ 5 = 2]

* 4.2 The beta—gamma algebra and Poincaré’s Lemma

Let a,b > 0. Throughout the exercise, Z, is a gamma variable with parameter a,
and Z,; a beta variable with parameters a and b, that is:

P(Z, € dt) =t""'e”'dt/T(a), (t >0)
and
to (1 — ) tdt

P(Z(%g, - dt) = ﬁ(a b)

, (te0,1]) .

1. Show the identity in law between the two-dimensional variables:

(law)

(Zm Zb) = (Za,bZa,-‘rb? (1 - Za,b)Z(L+I)) 5 (42]—)
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where, on the right hand side, the r.v.s Z,, and Z,., are assumed to be
independent, and on the left hand side, the r.v.s Z, and Z, are independent.

Show the identity:

law
Za,b+c (:) Za,bZaH),c (4'2'2)

with the same independence assumption on the right hand side, as in the
preceding question.

Hint. Use Exercise 1.13 about simplifiable variables.

. Let k € IN, and Ny,..., Ny, ..., N, be k independent centered Gaussian vari-

ables, with variance 1.

i 1/2
Show that, if we denote: R, = (Z Nf) , then
i=1

R "= 27y (4.2.3)

and x, = (v1,%9,...,%%) = Rl—k(Nl,Ng, ..., Ny) is uniformly distributed on
the unit sphere of IR*, and is independent of Ry,.

. Prove Poincaré’s Lemma.

Fix k > 0,k € IN. Consider, for every n € IN, x,, = ($gn), ..., z!™) a uniformly

distributed r.v. on the unit sphere of IR".

Prove that: \/ﬁ(xgn), .. ,x,(;")) converges in law, as n — oo, towards (N, ...,
Ny), where the r.v.s (N;;1 < i < k) are Gaussian, centered with variance 1.

. Let 2, = (x1,,,...,2;) be uniformly distributed on the unit sphere of IR,

andlet pe IN, 1 <p<k.
Show that:

S22z, (4.2.4)
. 2

. Let k > 3. Assume that z;, is distributed as in the previous question.

iz (571
Show that: <Z xf) is uniformly distributed on [0, 1].
i=1

We shall say that a positive r.v. T is (s) distributed if:

dt 1
P(T e dt) = \/Wexp (_2t> .



9.

4. Distributional computations

(a) Show that if T"is (s)-distributed, then
T"= 1/N?, (4.2.5)

where N is a Gaussian r.v., centered, with variance 1. Deduce from this

identity that
2T
E lexp (—2)] =exp(—a), a>0.

(b) Show that if (p;)1<i<k is a probability distribution, and if 71,75, ..., T}
k
are k independent, (s)-distributed r.v.s, then - p?T; is (s) distributed.
i=1

(a) Show that, if x;, = (z1,,...,2;) is uniformly distributed on the unit

sphere of IR¥, and if (p;),<i<x is a probability distribution, then the dis-
k

2
tribution of: (Z p;) does not depend on (p;)1<i<k-

i=1 "1

(b) Compute this distribution.

(This question presents a multi-dimensional extension of question 1; it is in-
dependent of the other ones.)

Let (Z,,;i < k) be k independent gamma variables, with respective param-
eters a;.

7

k k
Show that >~ Z,, is independent of the vector: | Z,/ Y Z,;;i < k), and
=1 j=1

identify the law of this vector, which takes its values in the simplex

.= {(fcla---amk);%i ZO;Zk:xi = 1}.

1=1

Comments and references:

(a)

There is extensive literature about beta and gamma variables. The identities
in law (4.2.1) and (4.2.2) are used very often, and it is convenient to refer to
them and some of their variants as “beta-gamma algebra”; see e.g.:

D. DUFRESNE: Algebraic properties of beta and gamma distributions, and
applications. Adv. in Appl. Math., 20, no. 3, 285-299 (1998).

JF. CHAMAYOU AND G. LETAC: Additive properties of the Dufresne laws
and their multivariate extensions. J. Theoret. Probab., 12, no. 4, 1045-1066
(1999).

As outlined in:

P. Diaconis AND D. FREEDMAN: A dozen of de Finetti results in search of
a theory. Ann. Inst. H. Poincaré, 23, Supp. to no. 2, 397-423 (1987),
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Poincaré’s Lemma is misattributed. It goes back at least to Mehler. Some
precise references are given in

D. W. STROOCK: Probability Theory: An Analytic View. Cambridge Uni-
versity Press, 1993. See, in particular, pp. 78 and 96.

G. LETAC: FEzercises and Solutions Manual for Integration and Probability.
Springer-Verlag, New York, 1995. Second French edition: Masson, 1997.

(¢) The distribution of 7" introduced in question 7 is the unilateral stable distri-
bution with parameter 1/2. The unilateral stable laws will be studied more
deeply in Exercises 4.19, 4.20 and 4.21.

** 4.3 An identity in law between reciprocals of gamma
variables

We keep the same notations as in Exercise 4.2.

Let a, > 0, with o < p; the aim of the present exercise is to prove the identity

in law:
]_ (law) 1 ]_ 1 ZA
()2 13.1
Za Zu * (Za * ZM) ZB 7 ( )

where A = (u—«)/2, B = (p1+ «)/2 and on the right hand side of (4.3.1), the four
gamma variables are independent.

1. Prove that the identity (4.3.1) is equivalent to:

1 1 1\ Z g 1
—%<+ ) b~ 4 b>0. (4.3.2)

Za+2b Za Z{I,+2b Za+b Za ’
2. Prove that (4.3.2) follows from the identity in law

1 1 1 Zy  awy 1 Z
+ ( + ) b () (1 + b) , (4.3.3)
Za,+2b C Za+2b Z(1,+I) Za+b C

where C'is distributed as Z, and, in the above identity, C', Zy,, Z,.4, Z,49p are
independent. (For the moment, take (4.3.3) for granted.)

Hint. Use the fundamental beta—gamma algebra identity (4.2.1) in Exercise
4.2.

3. We shall now show that the identity (4.3.3) holds for any random variable C'
assumed independent of the rest of the r.v.s in (4.3.3). We denote this general
identity as (4.3.3),... Prove that (4.3.3),., holds if and only if there is the
identity in law between the two pairs:

1 1 Z Z 1 Z
< n I )“‘:> ( , ) (4.3.4)
Za+2b Za+2b Za+b Za+b Za+b Za+b
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4. Finally, deduce (4.3.4) from the fundamental beta—gamma algebra identity
(4.2.1).

Comments. The identity in law (4.3.1) has been found as the probabilistic transla-
tion of a complicated relation between McDonald functions K, (see Exercise 4.21
for their definition). The direct proof proposed here is due to D. Dufresne.

* 4.4 The Gamma process and its associated Dirichlet
processes

This exercise is a continuation, at process level, of the discussion of the gamma—beta
algebra in Exercise 4.2, especially question 9.

A subordinator is a continuous time process with increasing paths whose increments
are independent and time homogeneous. Let (4, t > 0) be a gamma process, i.e. a
subordinator whose law at time ¢ is the gamma distribution with parameter ¢:

ut—le—u

) du.

1. Prove that for ¢, > 0 fixed, the Dirichlet process of duration t, > 0, which we

define as
(W, t < t0> (4.4.1)
Vto

is independent from ~;,, hence from (v, u > ty).

2. We call the process (;/—i, t < 1), the standard Dirichlet process (Dy,t < 1).

Prove that the random vector (Dy,, Dy, — Dy, ..., Dy, — Dy, ., Dy — Dy, ), for
t, <ty < -+ <t <1, follows the Dirichlet law with parameters (;,%s —
t1,...,1 —1;), i.e. with density

ul T T (1 = (g A )T
C(t)C(ty —t1) ... (1 —tg) ’

with respect to the Lebesgue measure dudus . .. duy, on the simplex

Zk’+1 = {(Ui)1§i§k+1 : Zul = 1’ u; > 0}_

3. Prove the following relation for any Borel, bounded function f : [0,1] — IR

E L o fl(u) dDu] =F [exp - /01 f(u) d”yu] : (4.4.2)
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Comments and references. In the following papers

D.M. CiFARELLI AND E. REGAzzINI: Distribution functions of means of a Dirichlet
process. Ann. Statist., 18, no. 1, 429-442 (1990)

P. Diaconis AND J. KEMPERMAN: Some new tools for Dirichlet priors. Bayesian
Statistics 5 (Alicante, 1994), 97-106, Oxford Sci. Publ., Oxford Univ. Press, New
York, 1996

D.M. CiFARELLI AND E. MELILLI: Some new results for Dirichlet priors. Ann.
Statist., 28, no. 5, 1390-1413 (2000)

the authors have used the formula (4.4.2) together with the inversion of the Stieltjes
transform to obtain remarkably explicit formulae for the densities of [ f(u)dD,.
As an example,

1 (law) 1
/ udD(u) = / D(u) du
0 0

has density: sin(m2) =5 on [0, 1].

** 4.5 (Gamma variables and Gauss multiplication formulae

Preliminary. The classical gamma function
['(z) = /dt tlet
0

satisfies Gauss’s multiplication formula: for any n € IN, n > 1,

1 21
F(HZ) _ > unnz—g H I (Z + f;) (451)

(2m) " k=0
(See e.g. Section 1.5 of [1].) In particular, for n = 2, formula (4.5.1) is known as
the duplication formula (see e.g. Lebedev [51])

1 1 1
[(22) = —2%"2T P( ) 4.5.2
(29) = =2 4N (24 5) (452
and, for n = 3, as the triplication formula:
1 .. 1 1 2
P(32) = 5 3% ()T (z 4 3) r (z + 3) | (4.5.3)

1. Prove that if, for a > 0, Z, denotes a gamma variable with parameter a, then
the identity in law:
(Zna)" &' 0" 2 Z s o Zyyns (4.5.4)

n

holds, where the right hand side of (4.5.4) features n independent gamma
variables, with respective parameters a + % 0<k<n-1).
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2. We denote by Z,, a beta variable with parameters (a,b). Prove that the
identity in law:
(Znaw)" "= ZanZir - Dyt (4.5.5)

holds, where the right hand side of (4.5.5) features n independent beta vari-
ables with respective parameters (a + %, b) for0<k<n-—1.

Hint. Use the identity (4.2.1) in Exercise 4.2.
Comments and references:

(a) The identity in law (4.5.4) may be considered as a translation in probabilistic
terms of Gauss’ multiplication formula (4.5.1). For some interesting conse-
quences of (4.5.4) in terms of one-sided stable random variables, see Exercises
4.19, 4.20 and 4.21 hereafter and the classical reference of V.M. Zolotarev
[103].

(b) In this exercise, some identities in law for beta and gamma variables are de-
duced from the fundamental properties of the gamma function. The inverse
attitude is taken by

L. GORDON: A stochastic approach to the Gamma function. Amer. Math.
Monthly, 101, 858-865 (1994).

See also:

A. FucHs AND G. LETTA: Un résultat élémentaire de fiabilité. Application
a la formule de Weierstrass sur la fonction gamma. Séminaire de Probabilités
XXV, 316-323, Lecture Notes in Mathematics, 1485, Springer, Berlin, 1991.

4.6 The beta—gamma algebra and convergence in law

1. Let a >0,and n € N, n > 1.
Deduce from the identity (4.2.1) that

Zy "= (Zor Zasrn -+ Zavn-11) Zasn (4.6.1)

where, on the right hand side, the (n + 1) random variables which appear are
independent.

Z(I, n

+ .
,n — oo> converges in law, hence

2. Prove that, as n — oo, the sequence (

in probability, towards a constant; compute this constant.

3. Let Uy, Us,...,U,, ... be asequence of independent random variables, each of
which is uniformly distributed on [0,1]. Let a > 0.
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Prove that:

1 1
1 =T oy (law)
nUY Ut g g

n—oo

4. Let a > 0 and r > 0. With the help of an appropriate extension of the two
first questions above, prove that:

nZd’/"Z(H_T? e ZaJr(n—l)r,r ﬂ) Za)

n—oo

where, on the left hand side, the n beta variables are assumed to be indepen-
dent.

* 4.7 Beta—gamma variables and changes of probability
measures

(We keep the same notation as in Exercises 4.2, 4.5, and 4.6.)

Consider, on a probability space (€2, .4, P), a pair (A, L) of random variables such
that A takes its values in [0, 1], and L in IR, and, moreover:

=) @ 7)
L L - \Z, Z,) "’

where Z, and Z, are independent (gamma) variables.

L

ite M = ————.
We write AT = A)

1. Prove the identity in law:
(A, M) & (Zays Zas),

where, on the right hand side (hence, also on the left hand side), the two
variables are independent.

2. Let § > 0. Define a new probability measure Qg on (£2,.4) by the formula:
Q@ = CﬁLﬂ - P.

(a) Compute the normalizing constant ¢z in terms of a, b and f.

(b) Prove that, under ()3, the variables A and M are independent and that
A is now distributed as Z, 5543, whereas M is distributed as Z, 444 3.

A 1—
(c) Compute the joint law under Qg of 7 and —7 and prove that they

are no longer independent.
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* 4.8 Exponential variables and powers of Gaussian variables

1. Let Z be an exponential variable with parameter 1, i.e:
P(Zedt)y=e'dt  (t>0).
Prove that:
Z "= \2Z|N], (4.8.1)

where, on the right hand side, N denotes a centered Gaussian variable, with
variance 1, which is independent of Z.

Hint:  Use the identity (4.5.4) for n =2 and a = 1.
2. Let p € IN, p > 0. Prove that:
72 2395t (N [NofE N7 (4.8.2)

where, on the right hand side of (4.8.2), Ny, N, ..., N, are independent, cen-
tered Gaussian variables with variance 1, which are also independent of Z.

3. Let (N,,p € IN) be a sequence of independent centered Gaussian variables
with variance 1.

Prove that:

* 4.9 Mixtures of exponential distributions

Let A1 and Ay be two positive reals such that: 0 < A\; < Ay < co. Let T7 and 15 be
two independent r.v.s such that for every ¢t > 0, P(T; > t) = exp(—Ait) (i =1,2).

1. Show that there exist two constants o and [ such that, for every Borel set B
Of R+,
P(T'+ T, € B)=aP(1y € B)+ BP(T, € B).

Compute explicitly o and /3.
2. Consider a third variable T3, which is independent of the pair (77,73), and
which satisfies:
for every t > 0, P(T5 > t) = exp —(Aa — A\1)t.
(a) Compute P(T} > T3).

(b) Compare the law of the pair (77, 73), conditionally on (7} > T%), and the
law of the pair (17 + Ty, T5).

(c¢) Deduce therefrom a second proof of the formula stated in question 1.
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Hint. Write E[f(T1)] = E [f(T\)Liz,>1)| + E [ f(T1) 1, <z)| for f > 0, Borel.

3. (This question is independent of question 2.)
Let A1, Aa, ..., A, be n positive reals, which are distinct and let 11,75, ...,T,
be n independent r.v.s such that:
for every t > 0, P(T; > t) = exp(—=\it) (i =1,2,...,n).
Show that there exist n constants Oél(-n) such that:
for every Borel set B in IR,

P (Zﬂ- € B) =3 a" P(T; € B). (4.9.1)
i=1 1=1

Prove the formula

o =TI (1 - ;) B . (4.9.2)

J#i

Comments and references. Sums of independent exponential variables play an im-
portant role in:

Pua. BIANE, J. PITMAN AND M. YOR: Probability laws related to the Jacobi
theta and Riemann zeta functions, and Brownian excursions. Bull. (N.S.) Amer.
Math. Soc., 38, no. 4, 435-465 (2001).

* 4.10 Some computations related to the lack of memory
property of the exponential law

Let T and 7" be two independent, exponentially distributed r.v.s, i.e.
P(T € dt) = P(T' € dt) =e'dt (t > 0).

1. Compute the joint law of (%, T+ T’).

What can be said of this pair of r.v.s?

2. Let U be a uniformly distributed r.v. on [—1, +1], which is independent of the
pair (7,71").

Define: X =log *5, and Y = U(T +T").
Prove that the pairs (X,Y) and (log %, T — T’) have the same law.
Hint. It may be convenient to consider U = s(1+0).

3. Compute, for all pu, v € R.

Elexpi(vX + pY)].
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Hints.

(a) It is a rational fraction of: sin;r(ywy)’ (1 +ap) =", (1 —ap)ttm.

(b) The formula of complements: I'(x)['(1 — z) = for the classical T’

sin(mx)
function may be used.

4. Prove that, for any p € R, E[Y expipu(Y—X)] = 0.
Compute E[Y | Y-X].

5. Prove that the conditional law of (T',7"), given (1" > T"), is identical to the
law of (T + %, %), in short:

aw T/ T/
(@) (1 ).
Deduce that the law of (|X|,|Y]) is identical to that of: (log (1 + QTT/> ,T’).

Comments and references. The origin of questions 4 and 5 is found in the study of
certain Brownian functionals in

PH. BIANE AND M. YOR: Valeurs principales associées aux temps locaux Brown-
iens. Bull. Sci. Math., (2) 111, no. 1, 23-101 (1987).

*4.,11 Some identities in law between Gaussian and
exponential variables

1. Let Ny, Ny, N3 be three independent Gaussian variables, centered, with vari-

ance 1. Define: R = (Z Nf) , and compute its law.
i=1

X
2. Let X beanr.v. such that P (X € dz | R =r) = 11jp,)(z)dx. Define: U = 7
what is the law of U? What can be said of the pair (R, U)?

3. Let Y = R — X; what is the law of Y given R?
Compute the law of the pair (X,Y).

4. Define G =X —Y and T = 2XY.
What is the law of the pair (G, T)?
What is the law of G?7 of T'?7 What can be said of these two variables?
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5. Define V. =2U — 1.
Remark that the following identities hold:

1 — 2
G =RV and T:R2< 2v>,

and, therefore:

2
2 _
G _2T<1_[ W) . (4.11.1)

2

1—-V?

What is the law of given 17

(6) Let A be an r.v. which is independent of T', and which has the arcsine distri-
bution, that is:

da

my/a(l — a)

G? "= 9T A, (4.11.2)

P(A € da) = (a €]0,1[) .

Show that:

Note and comment upon the difference with the above representation (4.11.1)
of G*.

*4.12 Some functions which preserve the Cauchy law

1. Let © be an r.v. which is uniformly distributed on [0,27). Give a simple
argument to show that tan(20) and tan(©) have the same law.

2. Let N and N’ be two centered, independent Gaussian variables with variance 1.

(i) Prove that C' % % and tan(©) have the same distribution.
(ii) Show that C' is a Cauchy variable, i.e.
dz

P(C € dx) = Tdx a9

3. Prove, only using the two preceding questions, that if C' is a Cauchy variable,

then so are: . . Lo
_l’_
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Comments and references. Equation (4.12.1) is an instance of a much more gen-
eral result which, roughly speaking, says that the complex Cauchy distribution is
preserved by a large class of meromorphic functions of the complex upper half plane.

E.J.G. PirMAN AND E.J. WiLLiAMS: Cauchy-distributed functions of Cauchy
variates. Ann. Math. Statist., 8, 916-918 (1967).

F.B. KNIGHT AND P.A. MEYER: Une caractérisation de la loi de Cauchy. Z.
Wahrscheinlichkeitstheorie und Verw. Gebiete, 34, no. 2, 129-134 (1976).

G. LETAC: Which functions preserve Cauchy laws? Proc. Amer. Math. Soc., 67,
no. 2, 277-286 (1977).
One may find some other related references in:

J. PITMAN AND M. YOR: Some properties of the arcsine law related to its in-

variance under a family of rational maps. In: A Festschrift for Herman Rubin,
IMS-AMS series, ed: A. DasGupta, 45, 126-137 (2004).

*4.13 Uniform laws on the circle

Let U and V be two random variables which are independent and uniformly dis-
tributed on [0,1). Let m,n,m’,n’ be four integers, all different from 0, that is
elements of Z \ {0}.

What is the law of {mU + nV'}, where {z} denotes the fractional part of x. Give
some criterion which ensures that the two variables {mU + nV'} and {m/'U + n'V'}
are independent, where {z} denotes the fractional part of z.

Hint. Consider E [exp 2im (p{mU +nV} +¢{m'U +n'V})] forp,qe Z.

*4.14 Fractional parts of random variables and the uniform
law

Recall that {x} denotes the fractional part of the real x.

1. Let U be uniform on [0,1] and let Y be an r.v. independent from U. Prove
that {U + Y} is uniform.

2. Prove that any random variable V| with values in [0, 1[, such that, for every
r.v. Y independent from V,

(Vv+yi' 2y

is uniformly distributed.
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Comments and references. (a) This characteristic property of the uniform law plays
an important role in the study of the already cited Tsirel’son’s equation, see
Exercise 2.5.

J. AKAHORI, C. UENISHI AND K. YANO: Stochastic equations on compact groups
in discrete negative time. Probab. Theory Related Fields, 140, no. 3-4, 569-593
(2008).

K. YANO AND M. YOR: Around Tsirelson’s equation, or: The evolution process
may not explain everything. Preprint (2010), arXiv:0906.3442, to appear in Er-
godic Theory and Dynamical Systems.

(b) In fact, more generally, on a compact group, it is the Haar probability measure
that may be characterized as the unique probability measure which is left (and/or
right) invariant. For thorough discussions, see

W. RUDIN: Real and Complex Analysis. Third edition. McGraw-Hill Book Co.,
New York, 1987.

Y. KATZNELSON: An Introduction to Harmonic Analysis. Third edition. Cam-
bridge Mathematical Library, Cambridge University Press, Cambridge, 2004.

* 4.15 Non-infinite divisibility and signed Lévy—Khintchine
representation

In this exercise, U denotes a uniformly distributed random variable over [0, 1]. More-
over, for a > 0,¢, denotes an exponential variable with parameter a, U, is its frac-
tional part, and N, its integer part (e, = U, + N,, with N, = [e,]).

1. Show that a non constant r.v. which is uniformly bounded is not infinitely
divisible.

2. Prove that nevertheless, U, admits the following Lévy-Khintchine type repre-
sentation with respect to a signed “Lévy” measure i,:

Elexp(—AU,)| = exp (—/dua(x)(l - 6_’\‘”)> , A>0.
3. Can we find V; and V5 i.i.d. such that:
U= Vi+ 14,7

4. Let k € N. Give an example of an r.v. X such that:

(i) there exist X7, ..., X} i.i.d. such that

XX+, + X,
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(ii) there do not exist Yi,...Y; ; i.i.d. such that:
X"V 4. 4 Y.

5. Let Uy,...,U,,... be a sequence of r.v.s which are uniformly distributed and
independent. Give a recurrence formula which relates fi,1 to fir, where f; is
the density function of (Uy + ...+ Uy)/k.

o 6. Characterize uniformly bounded r.v.s V' > 0 which admit a signed Lévy—
Khintchine representation, i.e.

E [exp(—=AV)] = exp <—/ dv(z) (1 - e‘”)) , A>0,

where v is a signed measure, such that [ |v(dz)[(x A1) < oc.

*4.16 Trigonometric formulae and probability

1. Let © be an r.v. which is uniformly distributed on [0, 7). Compute the law of
X = cos(O).

2. Prove that if © and ©’ are independent and uniformly distributed on [0, 27),
then: )
cos(©) + cos(O') () cos(O + O') 4 cos(© — ©’).

Hint: Use Exercise 4.13.

3. Prove that, if X and Y are independent, and have both the distribution of
cos(©) [which was computed in question 1], then:

1 aw
S +Y) ) xy.

*4.17 A multidimensional version of the Cauchy distribution

Let N be a centered Gaussian r.v. with variance 1.

1. Prove that if 7% 1/N?, then, one has:

P(T € dt) = (t>0).

dt < 1 )
V2rt3 P
2. Prove that if: C'is a standard Cauchy variable, that is: its distribution is given

dx

E [exp(iAC)] = exp(—|A]) (A e R).

(x € IR), then its characteristic function is

119
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3. Deduce from the preceding question that the variable T', defined in question 1,

satisfies: \2
E [exp (—2T>] = exp(—|A|) (AelR).

Hint.  Use the representation of a Cauchy variable given in Exercise 4.12,
question 2.

Let T1,T5,...,T,,... be a sequence of independent r.v.s with common law
that of T

Compare the laws of Z T; and T.
How does this result compare with the law of large numbers?

Let Ny, Np,..., N, be (n+ 1) independent, centered Gaussian variables, with
variance 1.
Compute explicitly the law of the random vector:

<N1 Ny Nn)

ey 4.17.1
No' Ny N Y

and compute also its characteristic function:

exp ( SN No)] ,  where (\;);<, € IR".

j=1

Prove that this distribution may be characterized as the unique law of X
valued in IR", such that (6, X) is a standard Cauchy r.v. for any 6 € IR", with
6] = 1.

Comments and references:

(a) The random vector (4.17.1) appears as the limit in law, for h — 0, of :

7( Iy (Z / Hﬂdﬁﬂ) (4.17.2)

where 3%, 3',..., 3" are (n+ 1) independent Brownian motions, and {H’;j =
0,1...,n} are (n + 1) continuous adapted processes. The limit in law, as
h — 0, for (4.17.2) may be represented as

N,
HO+ HJ( )
i (x,

with (HY, ... H]') independent of the random vector (4.17.1). For more details,
we refer to:
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C. YOEURP: Sur la dérivation des intégrales stochastiques. Séminaire de
Probabilités X1V (Paris, 1978/1979), 249-253, Lecture Notes in Mathematics,
784, Springer, Berlin, 1980

D. ISAACSON: Stochastic integrals and derivatives. Ann. Math. Statist., 40,
1610-1616 (1969).

(b) Student’s laws (of which a particular case is Ny/ (Z Nf)1/2> are classically
i=1

considered when testing mean and variances in Gaussian statistics. See e.g.
Chapters 26—27 in N.L. Johnson, S. Kotz and N. Balakrishnan [42], and Sec-
tions 7.2, 7.4, 7.5 in C. J. Stone: A Course in Probability and Statistics.
Duxbury Press, 1996.

4,18 Some properties of the Gauss transform

Let A be a strictly positive random variable, which is independent of N, a Gaussian,
centered r.v. with variance 1. Let X be such that:

X "= VAN.
We shall say that the law of X is the Gauss transform of the law of A.

0. Preliminaries. This question is independent of the sequel of the exercise.

(i) Prove that X admits a density which is given by:

B 1 x?
——exp|—]] -
V2rA P 2A
(ii) Prove that for any A € IR, Elexp(iAX)] = F {exp (—%A)} Hence the
Gauss transform is injective on the set of probability measures on IR, .

1. Prove that, for every a > 0, one has

1 1 1
!X\“] =F [AQ/J E LN‘Q] : (4.18.1)

< oQ.

E

Give a criterion on A and «, which ensures that: F l‘ X

1

2. Prove that, for every a > 0, the quantity F [W} is also equal to:

1

B 1
Aa/Q] B r(

E [ 7(1:5 7 E [cos(aX)]. (4.18.2)

a
2
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1 1 oo
Hint.  Use the elementary formula: —- = [dttr—te .

3. The aim of this question is to compare formulae (4.18.1) and (4.18.2) in the

1
case B | — | < .
<|X I“>
3.1. Preliminaries.

(i) Recall (see, e.g. Lebedev [51]) the duplication formula for the gamma

function: ) )
[(2z) = ——2% 2T ()T (z + )
2:) = =T (54
and the formula of complements T'(2)I'(1 — z) = — T
sin(mz)

t
(i) For 0 < a < 1, aq & %iTmfdxx“_l cos(z) exists in IR.
20 {

1
(iii) Compute F <|N|“>7 when this quantity is finite, in terms of the

gamma function.

1
3.2. Prove that, if £ <|X|“> < 00, then:

1 a 1
E { ] - o E( ) 4.18.3
Aa/Q T (%) 27_1 |X|a ( )
Hint. Use formula (4.18.2) and dominated convergence.

3.3. Comparing (4.18.1) and (4.18.3) and using the result in 3.1 (iii), prove
that:

a, = I'(a) cos (?) 0<a<). (4.18.4)

3.4. Give a direct proof of formula (4.18.4).
4. [A random Cauchy transform.]

Develop a similar discussion as for the Gauss transform, starting with an
identity in law:

vy = pc |
where, on the right hand side, B and C' are independent, B > 0 P a.s.
and C' is a Cauchy variable with parameter 1.

In particular, show that: E ( ) = FE (|C]*), and compute this quan-

T
tity, when it is finite, in terms of the gamma function.
Hint. Use question 2 in Exercise 4.12.
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Comments and references.

(a) One of the advantages of using the Gauss transform for certain variables

A with complicated distributions is that X = NVA may have a simple
distribution. A noteworthy example is the Kolmogorov—Smirnov statistics:

A= (supsSl |b(s)|)2, where (b(s), s < 1) denotes the one-dimensional Brown-
ian bridge; A satisfies

p ((Ssgll)|b(3)|> < x) = i (—1)" exp(—2na?),

whereas there is the simpler expression:
P <|N| sup |b(s)| < a) =tanh(a), a>0.
s<1

For a number of other examples, see the paper by Biane—Pitman—Yor referred
to in Exercise 4.9.

(b) The Gauss transform appears also quite naturally when subordinating an in-
creasing process (73, t > 0) to an independent Brownian motion (3,, u > 0)
following Bochner (1955), that is defining: X; = [3,,. Then, for each ¢, one

has: X; ‘=" /5N,

*4.19 Unilateral stable distributions (1)

In this exercise, Z, denotes a gamma variable with parameter a > 0, and, for
0 < p <1, T, denotes a stable unilateral random variable with exponent y, i.e. the
Laplace transform of 7T}, is given by:

E [exp(—=AT),)] = exp(—\") (A>0), (4.19.1)

1. Prove that, for any v > 0, and for any Borel function f : IR, — IR,, the
following equality holds:

Ef((z:)0)] =E [f (%) (TC)J : (4.19.2)

1%

where ¢ = ,urrm , and, on the right hand side, Z, and 7, are assumed to be

~

1
independent. In particular, in the case u = -, one has:

E[f(z")]=E [f (fﬁ) W] (4.19.3)

I I

where Z denotes a standard exponential variable (with expectation 1).
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Prove that for s € IR, s < 1, one has

['(1—5s)

BT = 51— ey (4.19.4)

Comments and references:

(a)

Formula (4.19.2) may be found in Theorem 1 of:

D.N. SHANBHAG AND M. SREEHARI: An extension of Goldie’s result and
further results in infinite divisibility. Z. fir Wahr, 47, 19-25 (1979).

Some extensions have been established in:

W. JEDIDI: Stable processes: mixing and distributional properties. Prépubli-
cation du Laboratoire de Probabilités et Modéles Aléatoires (2000).

The (s) variable considered in Exercise 4.2 satisfies FElexp(—AT)| =
exp(—v/2X). Hence, we have: 1T (o) Ty, with the above notations.

Except for the case p = % (see the discussion in Exercise 4.20), there is no
simple expression for the density of T),. However, see:

H. POLLARD: The representation of e as a Laplace integral. Bull. Amer.
Math. Soc., 52, 908-910 (1946).

V.M. ZOLOTAREV: On the representation of the densities of stable laws by
special functions. (In Russian.) Teor. Veroyatnost. i Primenen., 39, no. 2,
429-437 (1994); translation in Theory Probab. Appl. 39, no. 2, 354-362
(1994).

*4.20 Unilateral stable distributions (2)

(We keep the notation of Exercise 4.19.)

0.

Preliminary. The aim of this exercise is to study the following relation be-
tween the laws of two random variables X and Y taking values in (0, c0):
for every Borel function f : (0,00) — IR,

1\ ¢
Elf(X)=F =)= 4.20.1
01 =E () 5] (1201)
where > 0, and c is the constant such that: FE [Y—“u] =1.
aw 1
In the case = 0, one has obviously ¢ = 1, and (4.20.1) means that X () ?;

moreover, in the general case pu > 0, replacing X and Y by some appropriate
powers, we may assume that 0 < p < 1.
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1. Prove that the following properties are equivalent:

(i) X and Y satisfy (4.20.1);

(i) P(Z,X €dt) = F&) 11 o(t)dt,

where Z, and X are assumed to be independent, and ¢(t) = Elexp(—tY)];
(iii) P (ZETX € du) = cput o, (u)du,

where ¢, (u) = E[exp—(uY)"], and X and Z are assumed to be inde-

pendent.

2. Explain the equivalence between (ii) and (iii) using the result of Exercise 4.19.

Comments and references. The scaling property of Brownian motion yields many
illustrations of formula (4.20.1). For u = 0, a classical example is the following
identity in law between Bj, the Brownian motion taken at time 1 and T}, the first
hitting time by this process of the level 1:

1 B%

For = % an example is given by the relationship between the law of the local time
for the Brownian bridge and the inverse local time of Brownian motion. We refer
to:

PH. BiANE, J.F. LE GALL AND M. YOR: Un processus qui ressemble au pont
brownien. Séminaire de Probabilités XXI, 270-275, Lecture Notes in Mathematics,
1247, Springer, Berlin, 1987.

J. PITMAN AND M. YOR: Arcsine laws and interval partitions derived from a sta-
ble subordinator. Proc. London Math. Soc., (3) 65, no. 2, 326-356 (1992).

* 4.21 Unilateral stable distributions (3)

(We keep the notation of Exercise 4.19.)

1. Let 0 < <1 and 0 < v < 1. Prove the double identity in law

Z}T (law) Z’% (law) Z
. 4.21.1
T, T, 1,7, ( )

where the variables Z, T}, and T, are assumed to be independent, and we make
the convention that 73 = 1 a.s. Prove that (4.21.1) is equivalent to

U (Qawy 4
Zw ) 2 4.21.2
T ( )

o
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2. Recall the identity in law (4.5.4) obtained in Exercise 4.5:

n (law) n
(Zna) = nZaZa+%---Zl+rL'1;1.

Combining this identity in law for an appropriate choice of a, with (4.21.2),

prove that for n € IN*, one has:

T (0"(Zy - Zumr)) (4.21.3)

n

3. Let Z,; denote a beta variable with parameters a and b, as defined in Exercise
4.2, and recall the identity in law (4.2.1):

(law)
Za = Za,bZaer:

obtained in this exercise (on the right hand side, Z,4, and Z,; are indepen-
dent). Deduce from this identity that for all n,m € IN, such that m < n, we
have (with the convention, for m = 1, that [[)_, = 1):

m m—1 n—1
(;ﬂ) (20) (H n k(1_1)> (H Zk) , (4.21.4)
77771, k1 n’ m n n

k=m

where the r.v.s on the right hand side are independent.
4. Using identity (4.8.2) in Exercise 4.8, prove that for any p > 1:
aw P _ P -1
Ty "= (27 HNENT - N)) (4.21.5)
where Ny, ..., N, are independent centered Gaussian variables with variance 1.
5. Applications:

(a) Deduce from above the formulae:

dt e~

Varts '
P((T,) € di) = F(;;@) (32\5) K, (;/g) @217

where K, is the MacDonald function with index v, which admits the
integral representation (see e.g. Lebedev [51]):

1 /x\Y (oo dt x?

(b) From the representation (4.21.5), deduce the formula:

1 1 /1 da
P (4@); >y) - ;/O T (—M) . (4.21.8)

P(T, € dt) = (4.21.6)
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-2
(c) Set T'= 5 (T%) , prove that

exp
P(T € dz) = ~° /ck4 5, (4.21.9)
T3 1 — z 5
. -1
with € = (0 (2) B (2, 0))
Comments and references:

(a) Formula (4.21.2) is found in:

D.N. SHANBHAG AND M. SREEHARI: On certain self-decomposable distri-
butions. Z. fiir Wahr, 38, 217-222 (1977).

These authors later conveniently extended this formula to gamma variables,
as is presented in Exercise 4.19.

As an interpretation of formula (4.21.2) in terms of stochastic processes, we
mention:

«) (law) o

where lf;” is the local time of the Bessel process with dimension 2(1 — «),
considered at the independent exponential time S. This relation is due to the
scaling property of Bessel processes; in fact, one has:

l((y) (12’) 1
' (To)>

Here, l§“) is the local time taken at time 1. Its distribution is known as
the Mittag—Leffler distribution with parameter o, whose Laplace transform is
given by:

Elexp(aly™)] = Elexp(a( i m+n

For more details about Mittag—Leffler distributions, we refer to

S.A. MoLcHANOV AND E. OSTROVSKII: Symmetric stable processes as
traces of degenerate diffusion processes. Teor. Verojatnost. i Primenen.,

14, 127-130 (1969)

D.A. DARLING AND M. KAcC: On occupation times for Markoff processes.
Trans. Amer. Math. Soc., 84, 444-458 (1957)

R. N. PiLLAr: On Mittag—Lefler functions and related distributions. Ann.
Inst. Statist. Math., 42, no. 1, 157-161 (1990).
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(b) Formulae (4.21.3), (4.21.5) and their applications, (4.21.7) and (4.21.8) are
found in V.M. Zolotarev [103].

*4.22 A probabilistic translation of Selberg’s integral
formulae

Preliminary. A particular case of the celebrated Selberg’s integral formulae (see
below for references) is the following:

n (147
for every v > 0, E[|A¢L(X17-~-7Xn)|2ﬂ = H m’

Jj=2

(4.22.1)

where Xi,..., X, are independent Gaussian variables, centered, with variance 1,
and A, (71, ..., 2,) = [1j<<,(7; — 2;) is the Vandermonde determinant of the vector
(xi)i<n. See Exercise 3, Chapter 8, p. 440 of [1].

Prove that

1

aw " " 1 a
() (An(Xr. . X)) = ] and (i) "
j=2 "% j=2

=

TL6) T 2.
j=2 1<i<j

(4.22.2)
where the variables T, featured in Exercise 4.21 are independent, and the (Z:),
J ) J

S

1 <1 < j < n are independent gamma variables with respective parameters §
Hint. To prove (4.22.2) (i), resp. (4.22.2) (ii), use (4.21.2), resp. (4.21.3).
Comments and references:

(a) A discussion of Selberg integral formulae is found in Chapter 17 of
M. MEHTA: Random Matrices and the Statistical Theory of Energy Levels.
Second Edition. Academic Press, 1991.

(b) Some extensions of formulas (4.22.1) and (4.22.2) can be found in
[. Lu AND D. RicHARDS: Random discriminants. Ann. Statist., 21, no. 4,
1982-2000 (1993).

(¢) Tt would be most interesting to be able to obtain an a.s. identity in (i) above,
instead of an identity in law, with the 7},’s constructed from Xi,..., X,,.

**4.23 Mellin and Stieltjes transforms of stable variables

Let 0 < p < 1 and let T}, and T/f be two independent, unilateral, stable variables

T,
with exponent p, as defined in (4.19.1). Define X = ?’f
1
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1. Prove the formula:

1 1
1) = >0). 4.23.1
{1+3X] v 20 (4.23.1)
2. Prove the formula:
Ex =210 g<s<p (4.23.2)
fusin 52

(X* indicates, simply, X raised to the power s.)

3. Show that the density of X* is given by:

sin(7mp) dy

P(X" € dy) = >0), 4.23.3
( v) T y? + 2ycos(mp) + 1 (y20) ( )
or equivalently,
T, \" o
<T> (G Cy > 0). (4.23.4)
m
where C' denotes a standard Cauchy variable and C,, = sin(mp)C —cos(mp) (law)
%, and © is uniform on [0, 27).
1 , ' inh
Hint. Using residue calculus, show that — / e’ PITH dr = M
T Jr coshx + cosmu sinh s

Comments and references:

(a) Formula (4.23.3) is very simple and striking, since it shows that the density of
the ratio of two independent, unilateral, stable variables can be made explicit,
whereas there is no such explicit formula for the density of 7),, except in the
particular cases which are considered in Exercise 4.21.

When p = %, the identity

T o+T)  1+C

where T% and T} are independent, C' is a Cauchy r.v. and © is uniformly
2

distributed on [0, 27), plays some role in the derivation by:

P. LEVY: Sur certains processus stochastiques homogenes. Compositio Math.,

7, 283-339 (1939)

of the arcsine law for fol ds ;g -0y, where B is the standard Brownian motion.
His results have been extended to some multidimensional cases in:

M. BARLOW, J. PITMAN AND M. YOR: Une extension multidimensionnelle
de la loi de I'arcsinus. Séminaire de Probabilités XXIII, 294-312, Lecture Notes
in Mathematics, 1372, Springer (1989). =
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(b) Formula (4.23.3) is found in both:

V.M. ZOLOTAREV: Mellin—Stieltjes transforms in probability theory. Teor.
Veroyatnost. i Primenen., 2, 444-469 (1957)

and

J. LAMPERTI: An occupation time theorem for a class of stochastic processes.
Trans. Amer. Math. Soc., 88, 380-387 (1958).

(¢) The same law occurs in free probability, with the free convolution of two free
stable variables. See Biane’s appendix (Proposition A4.4) in:

H. BERrRcovict AND V. PATA: Stable laws and domains of attraction in free
probability theory. With an appendix by Philippe Biane. Ann. of Math., (2)
149, no. 3, 10231060 (1999).

(d) See Exercise 5.11 for some discussion of the asymptotic distribution for 7),,
as ;1 — 0, using partly (4.23.3).

* 4,24 Solving certain moment problems via simplification

Part A. Let (1u(n), n € IN) be the sequence of moments of a positive random variable
V', which is moments determinate.

Let (v(n), n € IN) be the sequence of moments of a positive random variable W,
which is simplifiable.

Assume further that V "=’ W R, for R a positive r.v., independent of WW.

Prove that there exists only one moments determinate distribution 6(dx) on
IR, , such that:

AOO 2" 0(dx) = ‘V‘Eg . nelN, (4.24.1)

and that 6 is the distribution of R.

Part B. (Examples.) Identify R when:

=
2
I

(n))? and v(n) =T(n+a)T(n+ ), a, 5 > 1;
(i) p(n) = (2n)! and v(n)

n!;

(iii) pu(n) = (3n)! and v(n)

(2n)!.
Comments and references:

(a) This exercise combines some of our previous discussions involving moment
problems, simplifications, beta—gamma algebra, etc.
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(b) This exercise has been strongly motivated from a discussion with K. Penson,
in particular about the paper:

J.R. KLAUDER, K.A. PENSON AND J.M. SIXDENIERS: Constructing co-
herent states through solutions of Stieltjes and Hausdorff moment problems.
Phys. Review A., 64, 1-18 (2001).
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Solutions for Chapter 4

Solution to Exercise 4.1

Part A.
1. On the one hand, we have

(ab)”
n! ’

Ele.(X)ey(X)] = Elexp (a + b) X| exp—;(a2 +b°) =expab=Y_ a,beC.

n>0

On the other hand,

Elh,(X)h,(X)], a,beC.

This shows that E[h,(X)h,(X)] =0, if n # m and E[h,(X)h,(X)] =nl, if n = m.

2. From the expression of the Laplace transform of Y, we deduce
Elexp(a(X + ¢Y))| X] = exp(aX)ElexpacY] = e, (X, —c*).
On the other hand, we have
oo a/'”/
Elexp(a(X 4+ ¢Y)) | X] =) EE[(X +cY)" | X,
n=0 """

50 Bl(X + V)" | X] = Zeea(X, =) |amo = (X, —c2).

Part B.

1. First, note that ¢ = sgn(X) is a symmetric Bernoulli r.v. which is independent of
(X?,Y), therefore it is independent of (T, g), and we only need to compute the law
of this pair of variables. Let f be a bounded measurable function on IR, x [0, 1],

then
2

Bl =2 [, (5

7T1R+ 2

R y2> e~ @2 g gy .
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The change of variables:

gives

iiﬂ{vem’”} dudv .
T Ju(l —w)

Therefore, the density of the law of (T, g) on IR? is given by

1
67UH u€ (0,00 —1 vel0,1]}
{ug] }}W\/m {velo,1[}

This expression shows that 7" and g are independent and since ¢ is independent of
the pair (7', g), it follows that e, T" and ¢ are independent. From above, the law
of V2T has density t exp —%tQ Ticp0,00) (s0 T'is exponentially distributed), and g is
arcsine distributed.

u,v € IR.

2. (i) Observing that X = puv/2T, and using the previous question, we can write

Elexp (aX) | p] = Elexp (apv/2T) | ]
= /OOO exp (atp)t exp (—;tQ) dt
= p(ap),

where ¢ is given by ¢(z) = Elexp(zv2T)], for any z € C. For any real z, we have

2

[e.e] 2 [e.e]
o(x) = / te" T dt =1+ x/ e dt
0 0

2

[e.e]
=1+xexp (2) / em2 (=) gy
0

2

xr 2
=1+xexp (2) / e T dy ,
which gives the expression of ¢ on C, by analytical continuation.
The formulas given in (ii) and (iii) simply follow from the development of
cosh(aX) = 3 (e“X + e‘aX).
3. Since sinh is an odd function, from the definition of e,(X), we can write

2n+1

exp (= ) EBN@X) 1] = X g Bl ()]

=0 (2n +1)!
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On the other hand, from question 2, we have
2 20,2 1
exp (—2) E[sinh(aX) | u] = \/ZGM exp (a(,u2)>

Qn n
N \f’“‘z TR

n>0

Equating the two above expressions, we obtain
_ n (2p + 1)| 2 p
Elhays (X)) =[5 5o = 17

From similar arguments applied to cosh(aX), we obtain
2n

S Elhaa(X) |

=0 (2n)!
2 1 2 2

= exp (—2) [1 + a2u2/ dy exp <a2,u (1-— yz)ﬂ
na2n n—1_2n
1y o +2n1 /dy y?) — 1) e,

n>1
which gives, for p > 1,

(=0r@p)! _
Blbay(X) | 1] = ", 2p1 _1 N R

4. The r.v.s t and v cannot be independent since they are related by u? + v? = 1.

Set ¢’ = sgn(Y') then it is obvious that T, g, ¢ and €’ are independent. Moreover
note that v = €', /g, so v/2T is independent of the pair of variables (u,v), and

Elexp(aX +bY) | p,v] = Elexp(apV2T + bvv2T) | p, V]
o0 1
= / exp (atp + btv) texp (—2152) dt
0
= p(ap+bv).

Solution to Exercise 4.2

1. We obtain this identity in law by writing for any bounded Borel function f
defined on IR?H

E[f(Za,bZaera (1 - Za,b)Za+b)]
1 [e] " 1
= [ [T dwdy sy, (1 - a)y) S D
1 a—1_—z40—1_—t
- FaTe / | azatpe e e

ya,er—le—y

-1 (1 . .T)b_l
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where the second equality has been obtained with an obvious change of variables.
Note that the above calculation (with f = 1) allows us to deduce the
formula

['(a)I'(b) =T(a+0b)5(a,b).

2. Let Z,, Zovy, Zatvres Zap, Zapre, and Zgyp . be independent variables. Since
Zarpre satisfies the hypothesis of Exercise 1.13, the identity in law we want to
prove is equivalent to

(law)
Za+b+CZa,b+c = Za+b+cZa7bZa+b,c-

Applying question 1 to the products Z, picZapt+c and ZyipicZatpe, We see that the
above identity also is equivalent to

(law)
Za = Za+bZa,b;

which has been proved in question 1.

3. A classical computation shows that for any i, N? ‘= oz, /2. The identity in law
R} o) 27y)2 follows from the expression of the Laplace transform of the gamma

variable with parameter a, i.e. Elexp —\Z,] = (/\%l)a ,  A>0.

The law of a uniformly distributed vector z; on the unit sphere S;_; of IR" is
characterized by the identities |z,| = 1 and z, "=’ pz, for every rotation ma-
trix p in IRF. Since such matrices are orthogonal, from Exercise 3.8 it holds that

(N1, ..., N) "2 p(Ny, ..., Ni). Hence for every rotation matrix p, one has

1 (law) < 1 >
—(Ny,...,N.), R = —(Ny,...,N,), R
(Rk( 15 ) k)> k> ka( 15 ) k)7 k

and since |R%(N1, ..., Np)| = 1, we conclude that R%(Nl, ..., Ni) is uniformly dis-
tributed on Sj_; and independent of Rj..

4. Let (IV;);>1 be an infinite sequence of independent centered Gaussian r.v.s with
variance 1. It follows from question 3 that for any k& < n,

R7L
where R, is the norm of (Ny,...,Ng,...,N,). From question 3 (i) and the law of
large numbers, g—f converges almost surely to /1/E[2Z, /5] = 1, which proves the
result.
5. From question 3 (i), R} 3¢, 2? = ¥¥ | N? and Ry, is independent of 3°7_, z?.

Moreover, we know from question 3 (i) that >°7_; N? is distributed as 27 ¢ and that

% is distributed as %Zk_l. So we have Zy ) P 2?Z.. Applying the result of
k 2 2

135
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question 2 we also obtain Zg () A () SP  22Z:. And we conclude thanks
27 2 2 2
to the fact that 7, is simplifiable.
2

6. From above, we have (X872 22)%/271 2 (7,5 1 1)2~1 and we easily check from

the above definition of beta variables that for any a > 0, Z; ; is uniformly distributed
on [0,1].

7. (a) By the change of variables ¢ = 1/x?, for any bounded Borel function f, we
have

E \f/ IQ dx—m/ (t)e% 2 3:E[f(T)].

To obtain the other identity in law, set F ( ) = Elexp(—3% )] From above F(a) =

\/>/ e Te T dx hence one has F'(«) = —oc\/>/ e zﬂ - . The change

of variables u = ¢ gives F'(a) = —\/g/ e Te ~gr du = —F( ) Therefore,
0

F(a) = ce ™, where ¢ is some constant. Since F(0) = 1, we conclude that

Fla) =e.

(b) This simply follows from the expression of the Laplace transform of the (s)
distribution: E {exp( Q2 p? )] = [1°, exp(—pia) = exp(—a).

8. (a) Applying the result of question 7, we obtain that for any & > 1:

pz BW pz
T ZNQ = 22

k i=1 .T
where, on the right hand side, R2 is 1ndependent from (xy,...,x;). Then we have
Z Pl 11
% —~ z? R% x?

Hence, since P}—Q is a simplifiable variable (use Exercise 1.13), we obtain:
]\,

w 1

27
L

for any j < k.

[

(b) Now we give a more computational proof which also yields the density of 3% | 2

d

The calculation of the characteristic functions of log % and log T gives
'k

E lexp (i)\log %)] = E[(2Z1)2) "] = 2%M and

P(k/2)
—xz=/2 —iA %)
EleMosT] = B{(N?)P] = 2/ er ! dr — 2 §—iA1/2=5 g
Vor VT

— 2‘“1“(1/2 —i\).
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So that for all A € IR,

“pip TG —iND(G) . Tk/2) |
Elowitley 2] = 1oy "o T
r'(k/2) 1 N (11—
T (k2 — 1/2)/0 P (Mlog t) e
k—2 (x—1)7

= T . eXp(D\log LU)T dx .

. o p? . k—9 (Ifl)ké;g
In conclusion, the law of the r.v. Y7 | o has density “5= 75— 1[1,00) (7).
9. Since Zle (Zai/ Z?Zl Zaj> = 1, it suffices to show the independence between

Jj=1

k
" | Z, and the vector (Zai/ Z Za; 1 <k — 1) .

Let f: IR, — IR and ¢ : ]Rﬁ’1 — IR be Borel and bounded. From the change of

variables,

— 1 —
v = L1 = Y1 Yk

or equivalently

Yoy = == Tpo1 = Y 1Yk
Yp =T1 + -+ 2 T = Yk — Zfl?ﬁyk

and putting Z, = Zai/2§:1 Z,,, we obtain:

E[f(Zm ++Zak> (Z(/“,.. Z(;L 1)]
X Trp—1
= Jler+ -+ Y
/IR" f@ k)g(xl—i-”-—i-xk xl—l—”-—i-xk)

a;—1 ap—1
) - Ty, —(x14F) de'l dﬂ?k

* Dar)... T(ar)"
B /IRi f(yk>g(y1’ T 7yk—1>(y1yk)alil c. (ykflyk)akflfl

(Lk—l _
' e Y
x <yk - Z%%) Tlay) .. F(awﬁ{(yl ..... yi_)elogE-1y dyn - . dyy

a1+-+ap_1—1

Yy e / a—1 ap_1-1
— d T U (g )
/]R+ f(yr) Dt ) e e 9Wis - Y1) (1) (Y1)

=1\ @1
Clay + -+ + ag)
X <1 - Z:ZI Z/7> F(al) - F( ) ]I{ YlyeYk—1)E[0,1]F =1} dyi ... dyr—1,
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which shows the required independence. The above identity also gives the density

k
of the law of the vector: (Zai/ > Zy, i <k— 1) on IRF!:
=1

Dla+ -+ ar), o ATV = S
@ ce 1)t 11— i “T 1 R ]
F(al) o F(ak) (yl) (yk 1) ( Z:l Yy ) {(y1,--yr—1)€[0,1]F 1}

k
and this law entirely characterizes the law of the vector (Zai / Z oy i1 < k) on
j=1

the simplex Zk .

Solution to Exercise 4.3

1. We prove the equivalence only by taking a = a and b = A.
2. It suffices to show that the right hand sides of (4.3.2) and (4.3.3) are identical in

law, that is:
]' aw
1w 1 <1+Z”) .
Za Za+b Za

But the above identity follows directly from the fundamental beta—gamma identity
(4.2.1).

3. We obtain (4.3.3), by adding the first coordinate to the second one multiplied by

&, in each member of (4.3.4).

4. This follows (as in question 2) from the equivalent form of (4.2.1):

(law)

(Zasvs Zv) =" (Zasiop Zavon, (1 = Zasiop) Zatan)

by trivial algebraic manipulations.

Solution to Exercise 4.4
Both questions 1 and 2 are solved by considering the finite-dimensional variables
(Vers Veas - -5, ), for ty,ta, ... 1y, and using question 9 of Exercise 4.2.

3. The independence between (D,, u < 1) and ~; allows us to write:

E [exp (—fyl /01 f(u) dDu>] = /OOO dte 'E [exp —t /01 fu) dDu}

]
1+ Jy f(u)dD,
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Solution to Exercise 4.5

1. It suffices to identify the Mellin transforms of both sides of (4.5.4). (See comment
(b) in Exercise 1.14.)

Observe that for all @ > 0 and k > 0, E[(Z,)] = "9 Therefore, for every k > 0,

I'(a)
n nkyn— k nkyyn— F(k+a+ %)
B0 2y oy = B (2,) ] = o g
I'(na + nk) k
= ————"=F Zna " )
1) — Bz

where the second to last equality follows from (4.5.1).

2. From question 1 of Exercise 4.2, we deduce that for all n > 1 and a > 0,

(Zna)n (1;W) (ZnaJrnb)n(Zmz,nb)n .

Applying the result of the previous question to Z,, and Z, (44 gives:

(law)

n
= Za+bZa+b+% e Za+b+n;l (Zna,nb> .

Z

a+%,b7

Z(LZ(I+% e Za+n;1

Now, from question 1 of Exercise 4.2, we have Z, ; = Z so that

a-‘r%-&-b

(Za+bZa+b+% s Za+b+%) (ZaabZGrl’%,b oLy b)

n

(law) n
= (Za+bZa+b+,17 e Za+b+%> (Zna,nb) :

The variable Z, 442, 1 ... Z, . »—1 being simplifiable, we can apply the result of

Exercise 1.13 to get the conclusion. (We might also invoke the injectivity of the
Mellin transform.)

Solution to Exercise 4.6

1. From question 1 of Exercise 4.2, we have:
z,'"> 7,.Z Z,"Y 2y Zyir1 Z
a — a,1%a+1 a — a,1%a+1,1%4a+2 5+ -+ »

which allows to obtain (4.6.1) by successive iterations of this result.

—(a+n)
_ A
2. The Laplace transform of n='Z,,, is given by Ele ™" %] = (1 + >
n

and we easily check that it converges towards e for any A € IR,. This proves that
n~1Z,., converges in law towards the constant 1 as n goes to +o0.

139
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A less computational proof consists of writing: Z,., =z X+ + X,
where on the right hand side of this equality, the n 4+ 1 r.v.s are independent, each
of the X;s having exponential law with parameter 1. Then applying the law of large
numbers, we get ZT+ — 1= FE[Xj] in law as n — co.

1
3. As we already noticed in question 6 of Exercise 4.2, for any n, the r.v. U«r(n=0
is distributed as Z,,(,—1),1, so from question 1, we have

aw # Z
Z(L 1: ( Ul 'n,+( ]))l;:_n,
where Z,,,, is independent of (Ui, ..., U,). We deduce the result from this indepen-
dence and the convergence in law established in question 2.

4. By the same arguments as in question 1, we show that
(law)
Za = ZaJZa—H",r ce Za+(n71)r,7’Za+nr >

and as in question 2, we show that n=!'Z,,,, converges in law to the constant r as
n goes to +00. Then we only need to use the same reasoning as in question 3.

Solution to Exercise 4.7

1. From the identities: (£, 174) =L ) and M = ﬁ, we deduce

(A, M) iz ( Z, +Zb) )

and we know from question 9 of Exercise 4.2 that the right hand side of the above
identity is distributed as (Z, 4, Z,+p), these two variables being independent.

2. (a) From Q3(Q2) = 1, we obtain ¢; = E[L]7L. Since L = M A(1 — A), we have
from the independence between M and A: E[L°] = E[MP|E[A°(1 — A)P]. Now,

let us compute E[A%(1 — A)?]: first we have A%(1 — A)% = %
write (Z,2,)? as (Z2,7,)° = ZZ+§ w5 (Zo + Zy)% = AP(1 — A (Z, + Z,)?P and from

the independence between ( - Z-ﬁZ;,’ v if’zb) and Z, + Z,, established in question 9 of
Exercise 4.2, we have:

Since we can

E[A°(1 — A)’] = E[(Z.%)"|E[(Za + Zb)w]fl
= E(Z)|E[Z)E(Z],] ™
Fla+6)TMb+5) T(a+b)

I'(a) I'b) T(a+b+206)
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Finally, with E[M"] = (“(ng)ﬁ ) we have:

[(a)l(b)  Tla+b+25) ['(a)l'(b)
Ta+B)Tb+p6) Ta+b+08) Tla+b+3)Bla+p6,b+0)

(b) Let us compute the joint Mellin transform of the pair of r.v.s (4, M) under @3,
that is: Eg,[A*M"], for every k,n > 0.

Csg =

Eq,[A*M"] = cs E[A*M" L7
— CﬂE[Ak-l-ﬂ(l . A)[)’MTH—ﬁ]
ey E[AMP (1 — AP\ E[M™7].

As in 2 (a), by writing Z¥7Z) = A0(1 — A)%(Z, + Z,)"+2° we have
BIAS(1 = 4] = BlZ-\BZ)\ B2

a+b

_Tla+k+B)T(b+k+5) I'(a+0b)
B ['(a) L) Tla+b+k+25)’

so that with E[M"7] = W, we obtain:

IF'a+k+0)Tb+E+P) I'a+b+n+5)
" T(a) T(b) T(a+b+k+20)

EQ& [Aan} =
_ %
__H@Hm3m+k+ﬁﬁ+ﬁﬁm+b+n+m
_ Bla+k+p,b+p)(a+b+n+03)
~ Bla+p,b+p) I'(a+b+p3)
= E[Za—i-b b+[)’]E[Z:+b] .

Thus, under @3, the r.v. (A, M) has the same joint Mellin transform as the pair
(Zasv,b+5, Za+s), hence their laws coincide.

(c) For f be a bounded Borel function, we have

g 1 (377 )] = e [ (7 2) V]
8
= o8 [f(zlb Al
Cﬁ /IR ( ) :%5) 2Nyl dady

_ Cﬁ / B g—(at1)p—(b+1) .~ =5t
OROP (s,t)(s+1t)” t dsdt ,

which gives the density g of (% TA> under Q)s:

Cs
[(a)L(b)

g(s,t) = (s + t)_ﬁs_(aﬂ)t (b+D) =57 I[{s>0 t>0} -
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Solution to Exercise 4.8

1. From the identity in law (4.5.4), we have
(law)
AoV NGy

where Z L is a gamma r.v. with parameter 1/2 which is independent of Z. To
. (law)
conclude, it suffices to check that , /27 L=

N|, which is easy.

2. Let Zy,Z,,...,Z, be exponentially distributed r.v.s with parameter 1 such that
the 2p rv.s Zy,25,...,Z,, N1, Na,..., N, are independent. Put Z = Z;,. From

above, the identities in law: Z;_; Caw) V2Z;|N;| hold for any i =1,...,p

Replacing Z; by /2Z,|N| in the identity Z (zw) V2Z1|N;| and from the inde-

) L
pendence hypothesis, we obtain: Z "2 Z,2:+7 (|N1] |N2\%>. We get the result by
successive iterations of this process.

3. Tt is clear that the term Z2 277" %% in equation (4.8.2) converges almost surely
11 1 1 aw .

to 2. Moreover, since $Z%2" 7" (\NlHNQ\% . \Np|2p—l) ) 57 according to

equation (4.8.2), then (|N1||N2|% N,

1 — .
21’—1) converges in law to %Z.

Solution to Exercise 4.9

1. For every t > 0, we have

P(Tl —|—T2 > t) = /0 )\167)\]8P<S+T2 > t) ds

t 00
= / Ne Meem(Mi—ra)s gy / Ae Mo ds
0 t

AQ 7/\1t )\1 e*/\zt
Ao — A\ Ao — N\

= T >t) — .

PP Tl W

This proves that the probability measure P(T; + Ty € dt) is a linear combination
of the probability measures P(T} € dt) and P(T, € dt) with coefficients o = 2

No— A1
and (=

P(Tg>t)

,\2 o
2. (a) This follows from the simple calculation:

P(T1 >T3) :/ )\1()\2—)\1) —his _)\2 ALt det

{s>t}

= Mo — A1>/0°° e~ (aA)t (/t“’ s ds) e AgA— N
2
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(b) Let us first compute the law of (71,73) conditionally on (7} > T3). Let f be a
bounded Borel function defined on IR?, we have from above:

1
P(Tl > Tg)

= /2 f(sa t))\l )\267/\1 867(/\2 —M )tﬁ{ogtgs} dsdt.
R

Elf(Th, T3) | Ty > T3] = Elf (11, T3)Ur, » 1]

So, conditionally on (7} > T3), the pair of r.v.s (17, T3) has density
>\1)\2€_/\186_(/\2_M)t]l{ogtgs} )
on IR?. Now we compute the law of (T} + Ty, T3):

Ef(T + T2, Ty)] = /2 f(@ 4y, y) M dae M e da dy
IR+

- /2 f(sat))\l)\Qe_)\lse_(/\z_)\l)tI[{ogtSs} dsdt.
R

We note that the pair of r.v.s (11 + 15, T5) has the same law as (77, T3) conditionally
on (11 > Ty3).

(c) From the result we just proved, we can write:

A2 — A
A2

Elf(T) g >my] = E[f (T + 1) P[Ty > T3] = E[f(i+T3)].  (49.a)

On the other hand, inverting 7} and 73 in question 2 (b), we obtain that the pair
of r.v.s (Ty + Ty, T) has the same law as the pair of r.v.s (T3, T}), conditionally on
(T3 > T). This implies

B ()T cxy] = BUTIPIT > T = BT (49)

Writing E[f(TV)] = E[f(T1) N1, >3] + E[f(T1) L7, <1,3] and combining equations
(4.9.a) and (4.9.b) gives:

N — N

EUf(Ty+ 1)) = 12 EU(T)

E[f<T2)] )
which proves the identity of question 1.
3. It can be proved by induction that formula (4.9.1) is satisfied with the agn)/s

given in (4.9.2). Question 1 gives the result at rank n = 2. Now suppose that the
result is true at some rank n € IN and let 7}, be independent of 1,75, ..., T, and
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such that P(T,11 > t) = exp(—An+1t), A\py1 being distinet from Ay, ..., A,. For all
t > 0, we have:

n+1 o n
P(ZTZ- >t> = /0 P(Zﬂ >t—s> )\n+1e’A”+1sds
i=1 i=1

t n o
_ P <ZCFZ >t — 5> )\n+1€*)\n+15 ds + / )\n+1€*/\n+1s ds
0 i=1 ’

t n

— Zaz(”)P(T'Z >t — S>)‘n+1€_/\"+18 ds + 6_/\”Ht '

0 i=1
Recall that 7 , ) Using the fact that for any ¢+ = 1,2, ..., n, the constants
a; = 5 A+n1+1/\ and b satisfy P(T;+ T, 11 > t) = a;P(T; > t)+b;P(T,11 > 1),

we can write the above 1dent1ty in the following manner:

n+1 n "
P (Z T > t) = Zaﬁ”) (/0 P(T; >t — 8)Appre 1% ds + e’\”“t>
i=1 =1
=S " P(T; + Tpi1 > 1)
=1
v n+1
=Y " (@ P(T; > t) + b;P(T,41 > 1)) Zanﬂ (T, > 1),

i=1

(n+1) (1) _ )

s are determined via the last equality by «; = aq; a1 =
1,...,n, and o}V = 50, af"b.

where the «;

This equality being valid for all ¢ > 0, we proved (4.9.1) and (4.9.2) at rank n+ 1.

Solution to Exercise 4.10

1. According to question 1 (or 9) of Exercise 4.2, the pair (T 7 T+ T’) is dis-
tributed as (U , Zs), where U and Z, are independent, U is uniformly distributed on
0, 1] and Z, has density te " I;>0y (the reader may also want to give a simple direct

proof).

2. Put U = 1(1+U), then U is uniformly distributed on [0, 1] and independent of
(T, T"). Moreover, we have the identity:

14+U
log ——— T+TY) = (1
(gl—UU( * >> <0g1

To conclude, note that the identity in law

00, (2U — 1)(T+T’)) .

U (law T
<log 5 (20 — 1)(T + T’)) (log T T — T’)
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law

may be obtained from the identity (T T+ T ) (U T+T") established in the

previous question, from a one-to-one transformation.

3. The characteristic function of (X,Y) is
Elexpi(vX + pY)]

= /Oo exp(ivlogt) exp(—t(1 —iu)) dt /OO exp(—ivlogt') exp(—t'(1 +ip)) dt’
0

(1=in) / exp(ivlogs — s)ds exp(—ivlogs' — s') ds
0 0

(1+iv) /

(=T (iv)T(1 — iv)
(1—ip) Y

) (U i)™

=(1- z',u)*(l“'”)(l - z,u) A=D1 + i) — iv)
) )"
)T i) sinh(7v)’

where I is the extension in the complex plane of the classical gamma function.

4. Deriving with respect to u the expression obtained in question 3, we have:
ElY expi(vX + pY)]
L A=) i) = i) = G D)= ) (i)
~ sinh(7v) (1 —dp)2+D (1 4 q)20 =) '
Setting, ¥ = —p in the right-hand side of the above equality, we obtain the result.

The relation
EYexpiu(Y — X)) = FE[E]Y |Y — X]expip(Y — X)]| =0, pelR
characterizes F[Y |Y — X] and shows that this r.v. equals 0.

5. The first part of the question is a particular case of question 2 of Exercise 4.9.
To show the second part, first observe that

aw T aw) T dW
(X, V) (2 (logT/,T—T’> (o (logT T — T) ) _(X,Y) and
(1XLY]) = (X,Y)Mixs0,v>0; — (X, Y)I{x<0 v<o} -
The two above equalities imply that
(X[ 1IYD) ™= (X, Y)[ X >0,Y >0),

which, from the definition of (X,Y’), can be written as:

‘l\’\ T
(1X], [Y]) "= ((logT/,T—T’) |T>T’) .

From the first part of the question, we finally have:

aw 27"
(11D = (g (142 ). 7)
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Solution to Exercise 4.11

1. From the identity in law (4.2.3), we have R "=’ 2Z;, where Z3 is gamma
distributed with parameter %, so we easily compute the law of R: P(R € dr) =

\/52 T dr.

2. If f is a bounded Borel function defined on IR?, then from the change of variables
(r,u) = (r, %), we obtain:

E[f(R,U)] = /2 f (r, f) 71411[07@ (:E)\/E?"Qe_r‘j dx dr

—/ / \/> 2075 dr du .

This shows that R and U are independent and U is uniformly distributed over [0, 1].

3. If fis as above, then E[f(X,Y)|R=7] =% [] f(z,r—x)dz =L [ f(r—y,y) dy.
This shows that conditionally on R = r, Y is uniformly distributed over [0, r].
Integrating this identity with respect to the law of R, we obtain:

:/001/Tf(r—y,y)dy\/5r2«er;dr
_// \/793+y) (H)dedy,

(z+y)?

which gives the density of the law of (X, Y): \/g(x +y)em 2 T oo (T, Y).

4. From the law of the pair (X,Y’), we deduce:

E[f(G,T)] = / / flx =y, zy) \f(ﬁy) Wzdwdy

1 2 _
= /]R2 f(g,t) 2776 2d926 2t]I[0,oo)(t)dt.

We conclude that G and T are independent. Moreover, G is a centered normal
random variable with variance 1 and T is exponentially distributed with parameter 2.

5. From (4.11.1) and the independence between G and T, conditionally on T' = ¢,

i 1
has the same law as that is: P (1 7z €dz|T = t) (%) P rTre* dz.

1— V2 2t7

1

6. From question 5, we know that G? is gamma distributed with parameter 3

From question 4, 2T is exponentially distributed with parameter 1, and A is beta
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distributed with parameters § and 3, so equation (4.11.2) is given by equation (4.2.1)
in the particular case a = b = 5. What makes the difference between (4.11.1) and

(4.11.2) is the fact that in (4.11.1) the variable % is not independent of 7" whereas
it is the case for A in (4.11.2).

Solution to Exercise 4.12

1. Since @ is uniformly distributed on [0, 27), we have 20 (mod 27) ") O, hence
tan(20) "=’ tan ©.

2.(i) Let © be the argument of the complex normal variable Z = N +iN'. As
we already noticed in Exercise 3.5, © is uniformly distributed on [0,27). So, the

identity: tan© = % gives the result.

(ii) Let f be a bounded Borel function. In the equality

2w 1 m
E[f(tan©)] —/ f(tanz) de = —/ f(tanz) dx
m Jo
. . . +00 d,
taking y = tanz, we obtain E[f(tan©)] = [ f(y) 7774 -
tana . .
3. Thanks to the well-known formula tan 2a = 2ﬁ’ and applying question
— tan‘a
1, we have
tan@ (1aW
tan(?@) = m tan@

so that if C is a Cauchy r.v., then ¢ "=’ 2%, Since C (o) &> which may be
deduced from question 2 (i), we obtain:

(]a_w)l_OQ_l(l_)
“= 50 Tale 9

To obtain the second equality, first recall from Exercises 3.7 and 3.8 that, N and
N’ being as in question 2, N + N’ and N — N’ are independent, hence N + N’ (zw)
N — N'""2) /2N So, from question 2 (i), we deduce:

C(lg)N/—i_N:l—i_% 11\\ 1+C
N' — N _%l 1-C
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Solution to Exercise 4.13

a) Recall that the law of a variable Z taking values in [0, 1) is characterized by its
discrete Fourier transform:

p2(p) = Elexp(2inpZ)], peZ

and that Z is uniformly distributed on [0, 1) if and only if ¢s(p) = N—g}. As a
consequence of this, it follows immediately that {mU +nV '} is uniformly distributed.

b) A necessary and sufficient condition for the variables {mU+nV} and {m'U+n'V'}
to be independent is that

Elexp [2im(p{mU + nV} + ¢{m'U + n'V})]]
= Elexp (2irp{mU + nV'})|Elexp(2inqg{m'U + n'V'})],
for any p, q € Z.

Observe that since
exp [2im(p{mU +nV} + ¢{m'U +n'V})] = exp [2ix(p(mU +nV) + q¢(m'U +n'V))],
the characteristic function of interest to us is:

Elexp [2im(p{mU + nV} + ¢{m'U + n'V'})]]
= /[0 . exp [2im (p(ma + ny) + g(m'z + n'y))| dx dy .
The above expression equals 0 if pm + gm’ # 0 or pn + gn’ # 0 and it equals 1 if
pm + gm’ = 0 and pn 4+ gn’ = 0. But there exist some integers p,q € Z \ {(0,0)}

such that pm + gm’ = 0 and pn + gn’ = 0 if and only if nm’ = n’m (in which case
take e.g. ¢ = nm,p = —nm’ = —n'm).

We conclude that a necessary and sufficient condition for the variables {mX +nY'}
and {m'X 4+ n'Y'} to be independent is that nm’ # n'm.

Solution to Exercise 4.14

1. Since the uniform law on [0, 1] is characterized by E [exp(2impU)] = 0, for every
integer p € Z\ {0}, it is enough to check that:

E [exp(2irp{U + Y'})] = E [exp(2impU)] E [exp(2impY)]
=0.
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2. Assume that {V + Y} "2 V| then for all p € Z\ {0}, the equality
Elexp(2imp(V +Y))] = E [exp(2impV)]
implies
E lexp(2impV)] (E [exp(2impY)] — 1) = 0. (4.14.a)

Now take Y = i, then Elexp(2irpY)—1] = —2 and, from (4.14.a), Elexp(2impV)] =
0, which implies that V' is uniform.

Solution to Exercise 4.15

1. Let X be an r.v. such that | X| < 1, a.s. and suppose that X is infinitely divisible.
For each n > 1, there are i.i.d. r.v.s X!, i =1,...n such that X = X! + ... + X"
Then these r.v.s must themselves be bounded by 1/n, i.e. |[X!| < 1/n, a.s. for all
1=1,...,n. Indeed,

P(X!>1/n,....,X">1/n)=P(X} >1/n)" < P(X >1)=0.

We show that P(X! < —1/n) = 0 via the same argument. Denote by ¢ the Laplace
transform of X. From the infinite divisibility of X, ¢'/" is the Laplace transform of
the X's. Let p, be their common law and write

1/n
ne " A) =1 = [ (= 1) dp (o)

1/n 1/n

= n/ / (e — 14 \z) dp, (7) — n)\/ / xdp, ()
—1/n —1/n
1/n

= n/ ) (e — 1+ Ax)dp,(z) — AE(X).
—1/n

Then since for any positive real number a, lim,_ . n(a'/" — 1) = loga, and also,
©(A) > 0, for all A > 0, we have

1/n

logp(A) = lim n (e — 14 \x) dp, (7) — AE(X) .

n—+00 —1/n

But for all n and z € [=1/n,1/n], |e™* — 1+ Az| < 25, so that

n2
) 1/n _y
lim n (e =14+ \x)dp,(x) =0

n—-+oo ,1/n

and log p(\) = —AE(X), for all A > 0 which means that X = E(X), a.s.
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2. The formula for u,(dzx) is:

j=1

i (dz) = e;x (d:c -3 (dm)) | (4.15.)

Note that [ |u.(dx)|z < co. The formula (4.15.a) follows from the fact that ¢, =
U, + N,, with U, and N, independent. The r.v.s ¢, and N, are infinitely divisible;
in particular, N, is a geometric random variable: P(N, =n) = (1 —e %)e " n =
1,2,... Consequently, p,(dz) = v,(dx) — n,(dz), with v,(dz) and n,(dzr) denoting
the standard Lévy measures of ¢, and N,.

The expressions of v, and n, are easily found:

e—a.’ll

dr  and n,(dz) =)

v,(dx) =
() = 55

which proves (4.15.a).

law

3. Suppose that Vi and V; are i.i.d. and satisfy U () Vi+V,. Let j be 1 or 2. From
the inequalities

P(V; <0 <PU<0)=0 and P(V;>1/2*<PU>1)=0,
we deduce that 0 < V; <1/2, a.s. But for all p € Z \ {0},
B = [B@™)] =0, k=12

hence from the characterization of the uniform law on [0, 1] (see Solution 4.13), we
deduce that Vj is necessarily uniformly distributed over [0, 1]. It is a contradiction
with P(0 <V; <1/2) =1.

4. Let X = X;+...+ X}, where X; are independent and uniformly distributed over
[0,1]. Suppose that there exist Yi,..., Vi, ii.d. such that X "= ¥} 4+ ... 4+ Vi .

Then from the inequalities
P(Y; <0 < P(X <0)=0 and P(Y;>k/(k+1)f"' <P(X>k)=0,
we deduce that 0 <Y; < k/(k+1), a.s. But for all p e Z \ {0},

B(eX) = [B(e9)]" = [Be)]" <o,

so Y; is uniformly distributed, which contradicts P(0 <Y; < k/(k+1)) = 1.
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5. Set Vi, = (Uy + ...+ Uy)/k, so that V., = #Vk + klﬁUkH. Since V;, and U4y
are independent, we have for all bounded measurable function g,

Elg(Vin)) = E <g ( vt 1%))

k+1 E+1

1
_// <k+1 k+1u>fk(v)dvdu
E+1 1 \k+1
:/0 /u/(kﬂ)g(w)fk <k w—ku> o dwdu

1 ((k+1)w)Al k 1 1 k41
= / g(w)/ fk Lw — —U i dudw .
0 0 k k k

From the last equality, we derive the expression of the density function of V1 in
terms of that of Vi: fia(w) = B2 VO i (B0 gyl .

Solution to Exercise 4.16

1. If f is any bounded Borel function, then E[f(cos(0))] = L I f(cosf)df =
1 f f(x) = dr__ where we put = cos(f) in the last equality. So, X has density

2 I

ﬁ on the interval [—1,1].

2. Applying Exercise 4.13 for m = 1, n = 1,m’ = 1,n’ = —1 and © = 7U,
©' = V' shows that (cos(© + ©’), cos(© — ©’ )) (cos@ cos ©').

laW

3. This identity in law follows immediately from question 2 and the formula cos(© +
) + cos(O© — ©") = 2cos(O) cos(O).

Solution to Exercise 4.17

1. See question 7 of Exercise 4.2.

2. It suffices to check that the inverse Fourier transform of the function exp(—|\|),
A € IR, corresponds to the density of the standard Cauchy variable. Indeed, we

have:
1/ oAz o= ) — 1 < 1 + 1 > - i
27 I 2r \1—iz 14z (14 22)’

for all z € IR.

151



152 Exercises in Probability

3. We proved in question 2 of Exercise 4.12 that if N and N’ are independent,
ldw

centered Gaussian r.v.s, with variance 1, then o
applying the result of question 1, we can write:

Blexp(iA0)] = B [exp (M]]\\;)] _F [exp <_§ NZN _E [exp <—>;T>] |

4. A direct consequence of the result of question 7 (b), Exercise 4.2, is that -5 Y1 | T
has the same law as T', which disagrees with the law of large numbers. Indeed 1f the
T:s had finite expectation, then the law of large numbers would imply that 1 r T
converges almost surely to this expectation and nl >y T would Converge almost
surely to 0.

N/ So, conditioning on N’ and

5. For every bounded Borel function f, defined on IR", we have:

Nl Nn
)
T T, 1
= — ., — | — dxrodry . ..dx,
Rt / (xo’ ’xo) (27r)"§1 b (Zx) Todt v
x% ~ 5
/]R fi, oY) /dl'o n+1 eXp—E 1+Zyj dyy ... dyn
j=1

_n+l

2

ENE xg 1 L. :
yrrcdIn d TS 'rL 1+ ; d dTl
. f(yl y ) </]R fL’Q \/% eXp 2 (277')7 J; y,] yl y

1
gi\

_n+l

F(nJrl 2
:/ f(yl,-“ayn) 1 1+Zyj dyl'”dyn‘
R" T2
Hence, the density of the law of (%— , %—g) is given by:

_n+l

n 2
W(1+Zyj2)] ) (y17"'7yn)€mn
j=1

r(%5)

where (%) = /7272 -2-3-...- (n—1), if n is even and ['(%}}) = (";1)! if n is

odd. To obtain the characteristic function of this random vector, set T (D ﬁ and
0
observe that

eXp( ZA]N{J)‘ } —° 2A227 o _eié(zy M?)T?
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so that from questions 1 and 3

exp ( X:IAJ]]:]T ) =F [e_;(zjl/\?)ﬂ =exp | — (i )\?) . (4.17.a)
J =

for every (A1,...,\,) € IR".

E

6. Put X = (%—;, N”) We obtain
Elexp(it (0, X))] = exp(—[t]) ,

for all ¢t € IR, by taking 6§ = \Alt where A = (A\y,...,\,) € IR", in the equation
(4.17.a). Since the law vy of X is characterized by (4.17.a), this proves that vy is
the unique distribution such that for any 6 € IR", with |0] = 1, (¢, X) is a standard
Cauchy r.v..

Solution to Exercise 4.18

0. Preliminaries. (i) and (ii) follow directly from the definition of X and the
independence between A and V.

1. Since each of the variables A, N and X is almost surely different from 0, we can

s 1 (aw) g 1 (law) 1
write: ¢ = 5 N, Wthh 1mphes | X = F] le, for every o > 0. Moreover,
each of the variables X X|a , a and N N|“ being p081t1ve their expectation is defined,

so formula (4.18.1) follows from the independence between A and N.

From equation (4.18.1), we deduce that E [
and E [

} is finite whenever both F [

| X[« A%}

\NI"} are finite, that is when o < 1 and A™7 is integrable.

2. Applying the fact that for every r > 0, a > 0, r % = (Z) I dttz e " and
2

Fubini’s theorem, we obtain:

7 [l -

Now, we deduce from the expression of the characteristic function of N, and the
independence between this variable and A that Ele~'4] = E[eiV2AN] = E[eiV2X],
Finally, one has

1 a_ i a— i
E[A;]z / dt 15 Ele @X]:F()QQ_/ du 2% B[ X]

/ dz 2* ' Elcos (zX)],

IE ftA]

o[
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where the last equality is due to the fact that the imaginary part of the previous
integral vanishes.

3.1. (iii) An obvious calculation gives:

el - E Lo e - 65)

(4.18.a)

D

3.2. First note that from the hypothesis, |X| is almost surely strictly positive and
J3dw 2% cos (1 X) = ‘X @ f(f'X' dyy*~ ! cos (y). Taking the expectation of each mem-
ber, and applying Fubini’s Theorem, we obtain:

t 1 ] X]
/ dr2* ' Elcos (zX)] = E / dyy**cos (y)] .
0 | X | Jo

|X|a , a.s. Since F [‘X” <
cos (y) is bounded in s, we can apply Lebesgue’s Theorem of

Moreover, from 3.1 (ii), lim; ., ‘X|a JEXT gy o1 cos (y) =
oo and fj dyy*!
dominated convergence to the variable X1|a I X dy o1 cos (y). Therefore, from

(4.18.2) we have:

,y} = lim 7/ dz "' E[cos (zX)]

i gy e o] = e [
= lim — Yy cos(y)| = ~ :
ST (g)2E 0 X r(g)2r (X

3.3. We easily deduce from the previous questions that

=t l\fvlwa]_lr (3)2 =2 (;(y)(;)

Preliminary 3.1 (i) implies

oy _ V2m2iT(a) (Calrd-g-—r
r<2>_ oy and T(S+2)T(5-5 (51D e (2)

which yields a, = I'(«) cos (%)

3.4. Recall the hint for question 2: L = 1= [FCx e dx for all r > 0 and

ro I'(«)
a > 0. This formula may be extended to any complex number in the domain

H = {z: Re(z) > 0}, by analytical continuation, that is
1 1

v—1_—zx
— = — ¢ d EH.
o ()/0 T e X, z
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Set z = X + i, then identifying the real parts of each side of the above equality, we
have:

cos ( 55+ 1 00
M = lim —— / 2 e ™ cos (ux) dr
pe A=0 I() Jo

hence by putting y = pa:

1 o9
['(«) cos <m> = lim —/ y*le ™ cos (y) dy .
0

2 A—0 ()
It remains for us to check that lim,_, ﬁ Sy e M cos (y) dy = ﬁ ooyt
cos (y) dy. To this end, write
oo 1 (2k+3) % 1
/ y* e cos(y) dy = Z/ y* e cos(y) dy
z =0/ ez
(4k+3) % (4k+5)%
- / Y e ™ cos(y) dy + "y e cos(y) dy
>0 (4k+1)5 (4k+3) 5
(4k+3) %
=2 / Syt = () e e cos(y) dy
P4 CIRbE

Observe that when 0 < a < 1, each term of the above series is negative and we can
state:

@ht3)5 a1 —r a1 =My
Z/ (Y= — (y+m)* e ") cos(y) dy §/ y* e Y cos(y) dy
=0/ (k)% T

<X [ e costy) d
< Yy —(y+m e " cos(y) dy .
k>0 (4k+1) 5

By monotone convergence, both series of the above inequalities converge towards:

> k>0 ff:jls (vt — (y + 7)) cos(y) dy = féx’ y*~Lcos(y)dy, as X — 0 and the

result follows

4. The equivalent form of equation (4.18.1) is

E [IYll‘*l —F [Bla} E L(j‘l : (4.18.b)

for every a > 0. Now, recall the expression for the characteristic function of C"
E[e"C] = exp (—|t]), t € IR. So, by the same arguments as in question 2, we obtain
that for every a > 0, F [B%] = ﬁfo"o dtt*'Ele™P] = Lfooo dt t* L E[elBC] =
ﬁ Joedtt B[] = ﬁfooo dtt*"'E[cos(tY)]. Now, suppose that F [\Y\“} <
400, then as in question 3.2, we have:

E [;] - &LZ)E lIYIP‘] . (4.18.c)
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On the other hand, thanks to the identity in law C ) % established in question
2 of Exercise 4.12 (here, N and N’ are independent centered Gaussian variables,
with variance 1) and from formula (4.18.a), we obtain

#lioe) = =] = e -2 (a-5)r (a4 5) - e

(4.18.d)

So that (4.18.b), (4.18.c) and (4.18.d) yield another proof of (4.18.4).

Solution to Exercise 4.19

1. For any Borel function f : IR, — IR, we have:
1 1 o0 Lo
E[f((Z2)r :—/ £yt et dt
1 ((Z2)r)] F@) ft )t te

o 1% &0 y—1 _—sH
_F(Z)/O f(s)s" e ds.

Using the expression of the Laplace transform of T}, we can write the above expres-

sion as 7+ I5° f(s)s7 ' E[e~Tr] ds, which gives with obvious changes of variable:
m

B [ e ] = e [ [ (;) A dt]

el (7))

I

and the result follows.

2. From (4.19.3), we deduce for A > 0:

E[ZF] = E[Z)T(u +1)E lll ,

(Tp)Mw
so that:
E[ | ] B2
(L) D | BlZM T (n+1)
I'(1+0)

C pl(p(1+9)

Hence E [(Tul)w} = Fr((ll-;fa)) . Then, we obtain the result by analytical continuation.
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Solution to Exercise 4.20

1. We first note the following general fact. For every Borel function f : (0,00) —
IR, , one has:

E[f(Z,X)] = /Oorl SVE[f(sX)]e™ ds

[/F st

—/ F /“f) [)_(;]dt (4.20.2)

Now, assume (i) holds and observe that an equivalent form of equation (4.20.1) is
Eleg(Y)| = FE [g (;) Xﬂ} for every Borel function g : (0,00) — IR, so that, the

above expression is
o 1
—t" L () Elce” Y] dt
J) gt Bl
and (ii) follows.
Conversely if (ii) holds then on the one hand, we have

x)=[" r(lu) L (1) Elee= ] dt

and, on the other hand, (4.20.a) allows us to identify Elce ™| as E [ﬁe’ﬂ for

every t > 0 and (i) follows.
(1)< (iii): suppose (i) holds, then for every Borel function f : (0,00) — IR;:

E[f(Z5 X)] = / T Bl X))e dt

and (iii) follows.
If (iii) holds, then an obvious change of variables yields for every A > 0:

BN FZEX)] = [ et (N Fu) Ele " Jdu = [T B [Cf (t)] A dt
0 0 Yr' \Y
11 L
on one hand, and E[f(\""Zr X)] = [°FE {f (t/TX)} Ae M dt on the other hand.

Equating these expressions, and using the injectivity of the Laplace transform, we
obtain (i).
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2. Suppose X, Z, Z, and T}, are independent. Equation (4.19.3) allows us to write:

Z,,,X) I+ 1)] '

T, T

pUix) = (
So the equivalence between (ii) and (iii) is a consequence of the following equalities,

2V 05) M- g (7))

12 n
= /OO du cput ! f(u) Elexp(=T,uY)]
0

— [ ducpu = f(w) Elexp(—uy ') = E[f(25 X))

i

where we set u = 7
I

in the second written expression.

Solution to Exercise 4.21

1. Let Z, T, T, be as in the statement of question 1. For all ¢ > 0, we have:

P(Zv >1T,) = E ([m e ds) = Elexp(—t"T}')]

nTy

— Elexp(—tT,T,)] = P(Z > tT,T)) .

The third equality following from the expression of the Laplace transform of 7),,
given in Exercise 4.19. This proves the identity in law

7 ey Z
T, 1T,

and the other identity follows by exchanging the role of ;1 and v. We deduce (4.21.2),
from the above identity in law and the fact that % is simplifiable (see Exercise 1.13).

2. Choosing a = £ in (4.5.4) and = < in (4.21.2), we obtain:

law law Z
AR A /A Ly
n n TL
Since Z is simplifiable, we can write:
law 1
nnZL...anl (:) P
n n Th

n

which leads directly to the required formula.

3. When we plug the representations:
Zn "z, 2
7m " mnZ . Zua 7,

m m
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into the formula ,
Z"VL

)"

(law) 1
nnZL...Zn—l 2 mmIZL...Zm—lim.
n n m m (Tﬂ)

n

(We simplified by Z on both sides.) Then we may use the beta—gamma algebra
(formula (4.2.1)) to write:

Z’n, (13:‘”)

we obtain
(4.21.a)

law
Zy'"2 Zi v v Zi, k<n,

n’m n m

where, on the right hand side, Zr « & is independent of Zx . Then (4.21.a) simplifies
into: n’'m n m

m m (1aw) m—1 n—1
law)
. k=1 k=m

which is the desired formula.

4. Raising formula (4.8.2) to the power 27 gives:

p (law) _ D p—1
77 = (NYNYT LN Z, (4.21.b)
where Nj,..., N, are independent centered Gaussian variables with variance 1.
Combining this identity with equation (4.21.2) for u = 5 and simplifying by Z

gives formula (4.21.5).
5. (a) Equation (4.21.6) follows from either formula (4.21.3) for n = 2 or formula

(4.21.5) for p = 1 and has already been noticed in question 1 of Exercise 4.17:

precisely, one has T% ) ﬁ, which yields (4.21.6).

Equation (4.21.7) follows from formula (4.21.3) for n = 3:

1 x
P(Té>x) _P(Z§> 27Zé)

1 o0 e Y
T [y 5

dx 1 r o\ x
-1 o _
P(I)™ edr) = - (g)E 277, (272;) eXp( 272;))

ngiﬂmj?exP(‘(z%*y>>’

|

Hence, we obtain:

W=
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which yields (4.21.7), after some elementary transformations.

(b) We use the representation (4.21.5) for p = 2:

(law) ]-

= sy
First we write
N1 +iNy = Rexp(i©),
where © and R are independent © is uniform on [0,27), and from question 3 of
Exercise 4.2, R = (N2 + N2)z "2 \/2Z. This gives

law) 1 (]ﬂ) 1

~ 8RS(cosO©)2(sin@)1  4373A(1 — A)2’
where A = cos® © is independent of Z and has law P(A € da) = L —22— 4 € [0, 1].

va(l—a)’

e

To obtain (4.21.8), it remains to write:

plL .1 :P(T1<:c):P<Z> B )
4(T;)§ 4x 4 4:L'§A§(1 — A)§

1
- Elexp <_4x%A%<1—A>§>] |

W=

(c) From (4.21.4), we have
T 1‘]\’\)

Z
(We refer to Exercise 4.2 for the law of Z

2
3

el el
cn\»— o=

Zs .
.) Then, we obtain:

1 (3)

we obtain:

E

’6

hence, denoting here Z for Z

L1,
3°6

L(2) e (-3)

1

P(T € dz) = E

r

/N

3)
)

Solution to Exercise 4.22

with ¢ = (I'(2) B (

D=

)

Q=

To prove identity (4.22.2) (i), it is enough to show that for every v > 0,

(%)

9

E|A(Xy,..., X)) =]] E
j=2
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but from identity (4.21.2), (or (4.19.2)), one has
(L] Bzt
Ty  E[Z27] T+’
J
for every j, and the result follows thanks to (4.22.1).
A direct application of (4.21.3) shows that for every j = 2,3,...,n:

]- (law) .

— =) II 2.

lef 1<i<j
Since the r.v.s (j7) [li<ic; Zi, j = 2,3,...,n, on the right hand side, are indepen-
dent, their product is equal in law to the product of %, 7 =2,3,...,n and we have

J

obtained (4.22.2) (ii).

Solution to Exercise 4.23

1. Let Z be an exponential variable with mean 1, such that 7}, T;/L and Z are
independent. First, for every s > 0, we have E[—5] = E[e"**”]. Moreover, the
identity in law (4.21.2) implies that for every s > 0:

E [efsxz} _E [esnzi] B [e,suz} |

1

and the last term clearly equals .

2. From the definition of X we have: E[X*] = E[T;]E[T,*]. The identity (4.19.4)

implies E[T,*] = %(Esg, for s > 0, as well as E[T};] = FF((llié)), for s < p. So that

with the formula of complements, as given in Exercise 4.18, we obtain

ey LTG)T(=5)  sinms
X = w D(s)D(1—s) psin 720

O<s<p.

3. Now observe that the expression (4.23.4) admits an analytical continuation in
the domain {z € C : 0 < Re(z) < u}, hence the characteristic function of log X* is
given by

: inh 7ut
E[X#] = Elexpitlog X*] = "2 4 e R,
wsinh 7t
Thanks to the integral computed above, we deduce that
1 .
Plog X" € dz) = — — TR 4o

7 cosh x + cos

161
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from which we deduce (4.23.3) by an obvious change of variables. Finally, again

some elementary change of variables allows us to deduce the expression of L , in

terms of a Cauchy variable from (4.23.3).

Solution to Exercise 4.24

Part A.

Let X be anr.v. such that: F[X"] = ( . We deduce from our definition of x4 and v
that £ [V”] = E[(WX)"], for every n; but since V' is moments determinate, we have
V ") WX. On the other hand, we know that V "= WR, hence, WX (la:w) WR.
Since W is simplifiable, it follows that X "=’ R.

Part B. Examples.

(i) Write V"2 ZZ', where Z and Z' are two independent exponential variables

and W "2 Z, Zg, where Z, and Z3 are two independent gamma variables, with
respectlve parameters o and 3. The sequences of moments given in (i) are those of
V and W respectively. Moreover, from the beta—gamma algebra (see Exercise 4.2),
we have

7' ZyaZy and Z''E Zy 4 17,
consequently, R o) Z1,0-121,-1, whose density is

t—r)i2

(a—=1)(B - 1)/Tl(1 - lf)az(tﬁ_1 dt, (0<r<1).

(ii) Here, the moments p(n) are those of V "=’ Z2: then the duplication formula for
the gamma function translates probabilistically as: Z2 "=’ 2Z N2 (see Exercise 4.5).
Hence, since W "2’ Z, we get R "=’ aN2 ') ANY

(law)

(iii) Now, the moments p(n) are those of V' '=" Z3 and the moments v(n) are those

of W "=’ Z2. From the discussion in Exercise 4.21, and more particularly (4.21.2)
2
for p = %, we find that R = (2/3> is a desired solution. Note that, here, following

the comment (b) in Exercise 1.11, the law of Z? is not moments determinate!



Chapter 5

Convergence of random variables

“Overhead”

e A sequence of random variables { X,,, n € IN} may converge in a number of different

ways, i.e.

(X, %50 = (X, 20 = ()2

)
(X2}

e Important additional assumptions are necessary to obtain implications in re-
verse order. Adequate references may be found in most of the books cited in the
References.
e The most well-known examples of almost sure convergence occur with the Law of
Large Numbers (LLN), whereas the Central Limit Theorem (CLT) involves conver-
gence in distribution. See Jacod and Protter [40] for a “minimalist” discussion.
e To a large extent, the “universal character” of the LLN and the CLT make them
the “two pillars” of Probability Theory.
e None of our exercises (with the exception of Exercise 5.6) discuss an impor-
tant complement to the LLN and the CLT, namely the LDT: the Large Devia-
tions Theorem of Cramer, and its many extensions due to Donsker—Varadhan and
Freidlin-Wentzell, among others. We recommend the nice succession of exercises in
Letac ([52], Exercises 408, 409 and 410), which constitutes a self-contained proof of
Cramer’s LDT Theorem.
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*5.1 Around Scheffé’s lemma

Throughout this exercise, we consider a sequence (X,,) of positive, integrable, ran-

dom variables such that ?)

X, — X

)

with F(X) < oco.
Then Scheffé’s lemma asserts that

lim £(|X, — X|) =0 if and only if ,}LIEOE(XH) = F(X).

n—oo

In this exercise, we provide a statement from which Scheftfé’s lemma is easily derived.
Let us also consider Y € L.

1. Prove that if lim, .., E(X,) = E(X), then
EHXn - YH
converges to F[|X — Y], as n — oc.
2. Derive Scheffé’s lemma.

* 5.2 Convergence of sums of squares of independent
Gaussian variables

Let (X,,n € IN) be a sequence of independent Gaussian variables, with respective
mean /i,, and variance o2.

1. Prove that 3, X? converges in L' if, and only if:
Sa(ps +02) < 0o. (5.2.1)

2. Prove that, if the condition (5.2.1) is satisfied, then: 3, X? converges in L?,
for every p € [1, 00).

3. Assume that u, = 0, for every n. Prove that:
if $,02 = oo, then P(2,X? = 00) = 1. (See complements after Exercise 5.17).

* 5.3 Convergence of moments and convergence in law
Let (X,,n € IN) be a sequence of r.v.s which take their values in [0, 1].

1. Prove that, if for every k € IN, E(X) k) pny <, then the sequence (X,,) con-
verges in law; identify the limit law.

2. Let a > 0. Solve the same question as question 1 when =+ +1 is replaced by .
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Comments and references. The result of this exercise is a very particular case (the
X,s are uniformly bounded) of application of the method of moments to prove
convergence in law; precisely, if u, is the law of X,,, and if there exists a probability
measure j such that:

(i) the law p is uniquely determined by its moments [z* du(x), k € IN; (this is
the case if [ exp(alz|) du(z) < oo for some o > 0),

(ii) for every k € IN, [ ¥ du,(z) (= E[X*]) converges to [ x* du(x),

then the sequence (X,,) converges in distribution to u (see Feller [28], p. 269).
This is also discussed in Billingsley [7], Theorem 30.2, in the 1979 edition.

* 5.4 Borel test functions and convergence in law

Let (X,,) and (Y,,) be two sequences of r.v.s such that:

(i) the law of X, does not depend on n;

(i) (X, V)2 (X, 7).

1. Show that for every Borel function ¢ : IR — IR, the pair (¢(X,,),Y,) converges
in law towards: (¢(X),Y).

2. Give an example for which the condition (ii) is satisfied, but (i) is not, and
such that there exists a Borel function ¢ : R — IR for which (¢(X,,),Y,) does
not converge in law towards (¢(X),Y).

Comments and references. For some applications to asymptotic results for function-
als of Brownian motion, see Revuz and Yor [75], Chapter XIII.

* 5.5 Convergence in law of the normalized maximum of
Cauchy variables

Let (X1, Xs,...,X,,...) be a sequence of independent Cauchy variables with pa-
rameter a > 0, i.e.
adx

Show that % (sup X, | converges in law towards %, where 7' is an exponential vari-
i<n

able, the parameter of which shall be computed in terms of a.
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Comments and references: During our final references searches, we found that this
exercise is in Grimmett and Stirzaker [38], p. 356!

* 5.6 Large deviations for the maximum of (Gaussian vectors

Let X = (X,...,X,) be any centered Gaussian vector.

1. Prove that for every r > 0:

[N

T

P(max X; > E[max X;| +or) <e 7, (5.6.1)

1<i<n 1<i<n
where o = max, <;<, E[X2].
Hint. Use Exercise 3.11 for a suitable choice of a Lipschitz function f.

2. Deduce from above that:

1 1
lim —logP(max X; >7r)=——. (5.6.2)

r—+4o0 2 1<i<n 202

Comments and references.
As in Exercise 3.11, the above results may be extended to continuous time processes.

The identity (5.6.2) is a large deviation formulation of the inequality (5.6.1) and
aims at investigating the supremum of Gaussian processes on a finite time interval,
such as the supremum of the Brownian bridge, see Chapter 6.

R. AzencotT: Grandes déviations et applications. Fighth Saint Flour Probability
Summer School-1978 (Saint Flour, 1978), 1-176, Lecture Notes in Mathematics,
774, Springer, Berlin, 1980.

M. LEDOUX: Isoperimetry and Gaussian analysis. Lectures on Probability Theory
and Statistics (Saint Flour, 1994), 165-294, Lecture Notes in Mathematics, 1648,
Springer, Berlin, 1996.

*5.7 A logarithmic normalization
Let r > 0, and consider 7, (du) = r sinh(u)e" =" Y duy, a probability on IR,
Let X, be an r.v., with distribution 7 ,.

1. What is the law of %cosh X7

2. Prove that: log(cosh X,,) —logn % Y. Compute the law of Y.
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1 h X,) (P Xn (P
3. Deduce therefrom that: og(cos ) (P) 1, and then that: —— *>< ) 1.
logn n—00 0g 7N n—oo
4. Deduce finally that X, — logn 751%2 Y + log Z. Give a direct proof of this

result, using simply the fact that X, is distributed with 7y ,,.

Comments and references.

(a) The purpose of this exercise is to show that simple manipulations on a seem-
ingly complicated sequence of laws may lead to limit results, without using
the law of large numbers, or the central limit theorem.

(b) The distribution , occurs in connection with the distribution of the winding
number of planar Brownian motion. See: M. YOR: Loi de l'indice du lacet
Brownien, et distribution de Hartman-Watson. Zeit. fir Wahr. 53 (1980),
pp. 71-95.

* 5.8 A y/nlogn normalization

1. Let U be a uniform r.v. on [0, 1], and ¢ an independent Bernoulli r.v., i.e.
Ple=41)=Ple=-1)=1/2.

Compute the law of X = 5/\/U

2. Let X1, Xs,...,X,,...beasequence of independent r.v.s which are distributed
as X. Prove that:
X1 +Xo+ -+ X, (law)

(nlogn)l/? e

where N is Gaussian, centered, with variance 1.

3. Let a > 0, and let X, Xs,...,X,,... be a sequence of independent r.v.s such
that:

dy
P(X; € dy) = CWH{IZJIZI}

for a certain constant c.

Give a necessary and sufficient condition on a deterministic sequence (p(n),n €
IN) such that: ¢(n) — oo, as n — oo which implies:

X1++Xn (lﬂz N

p(n)  nos

Y

where N is Gaussian, centered. (See complements after Exercise 5.17.)
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Comments and references. As a recent reference for limit theorems, we recommend
the book by V.V. Petrov [68]. Of course, Feller [28] remains a classic.

*5.9 The Central Limit Theorem involves convergence in law,
not in probability

1. Consider, on a probability space (£2,.4, P), a sequence (Y,,,n > 1) of indepen-
dent, equidistributed r.v.s, and X a Gaussian variable which is independent of
the sequence (Y,,,n > 1). We assume moreover that Y7 has a second moment,
and that:

ElY\]=E[X]=0; B[Y}]=E[X*] =1.
Define: U, = ﬁ(Yl +--+Y,).
Show that: lim E [|U, — X|] exists, and compute this limit.

Hint: Use Exercise 1.4.

2. We keep the assumptions concerning the sequence (Y,,n > 1).
Show that, for any fixed p € IN, the vector
(Y1,Y5, ..., Y, Uy)

converges in law as n — o0o. Describe the limit law.

3. Does (U,,n — o0) converge in probability?

Hint.  Assume that the answer is positive, and use the results of questions 1
and 2.

4. Prove that: N, 0{Y},Y,41,...} is trivial, and give another argument to answer
question 3.

Comments. See also Exercise 5.12 for some related discussion involving “non-
convergence in probability”.

**5.10 Changes of probabilities and the Central Limit
Theorem

Consider two probabilities P and ) defined on a measurable space (£2,.4) such that
Q=D-P, for De Ll (Q A P), ie Q is absolutely continuous w.r.t. P on A.

Let X1, X5, -+, X, - be asequence of i.i.d. r.v.s under P, with second moment;
we write m = Ep(X)), and 0? = Ep((X; — m)?). Prove that, under @, one has:
(law)

J\l/ﬁé(Xi—m)—d\f

where N denotes a centered Gaussian variable, with variance 1.
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Comments and references:

(a) This exercise shows that the fundamental limit theorems of Probability
Theory: the Law of Large Numbers and the Central Limit Theorem are valid
not only in the classical framework of i.i.d. r.v.s (with adequate integrability
conditions) but also in larger frameworks. A sketch of the proof of this re-
sult can be found in P. Billingsley [7], although our proof is somewhat more
direct.

Of course, there are many other extensions of these fundamental limit
theorems, the simplest of which is (arguably) the case proposed in this
exercise.

(b) This exercise is also found, in fact in greater generality, in Revuz ([73], p. 170,
Exercise (5.14)).

(c¢) (Comment by J. Pitman.) The property studied in this exercise gave rise to
the notion of stable convergence, as developed by Rényi (1963) and Aldous—
Eagleson (1978).

*5.11 Convergence in law of stable(;) variables, as y — 0

Let 0 < p < 1, and T}, a stable(u) variable whose Laplace transform is given by
exp(—A"), A > 0.

1. Prove that, as 4 — 0, (7),)" converges in law towards %, where Z is a standard
exponential variable.

o
2. Let T be an independent copy of T),. Prove that (;’,) converges in law
I3

towards %, where Z and Z' are two independent copies.
3. Prove that: % (o) % — 1, where U is uniform on (0, 1), and prove the result of

m
question 2, using the explicit form of the density of (;’j) as given in formula
yn
(4.23.3).

Comments and references. A full discussion of this kind of asymptotic behaviour for
the four-parameter family of stable variables is provided by:

N. CRESSIE: A note on the behaviour of the stable distributions for small
index a. Z. Wahrscheinlichkeitstheorie und Verw. Gebiete, 33, no. 1, 61-64 (1975/
76).
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**5.12 Finite-dimensional convergence in law towards
Brownian motion

Let Ty, T5,...,T,,... be a sequence of positive r.v.s which have the common distri-

bution:
dt 1
dt) = ex <—)
p(dt) 57 P (g

[Before starting to solve this exercise, it may be helpful to have a look at the first
three questions of Exercise 4.17.]

1. Let (g;;1 > 1) be a sequence of positive reals.

Give a necessary and sufficient condition which ensures that the sequence:
1 n

— Z efTZ- , nelN,

Nz

converges in law. When this condition is satisfied, what is the limit law?

Hint. The limit law may be represented in terms of pu.

2. We now assume, for the remainder of this exercise, that e; = 1/2v/i (i > 1).
We define: S, = & Y €275
=1

(a) Prove that the sequence (.5,),en converges in law.

(b) Let k € IN,k > 1. Prove that the two-dimensional random sequence:

(S(k—l)na Skn)

converges in law, as n — oo, towards (o171, 51} + v13), where «a, 3, are
three constants which should be expressed in terms of k.

(c) More generally, prove that, for every p € IN, p > 1, the p-dimensional
random sequence

(Sna SZ’IL) ey Spn)

converges in law, as n — oo, towards an r.v. which may be represented
simply in terms of the vector (11,7, ...,T,).

(d) Does the sequence (.S,,) converge in probability?

3. We now refine the preceding study by introducing continuous time.

[nt?

(a) Define S’ (t) = L S £2T;, where [z] denotes the integer part of z.
=1

T on &
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Prove that, as n — oo, the finite-dimensional distributions of the process
(S (t),t > 0) converge weakly towards those of a process (T}, ¢ > 0)
which has independent and time-homogeneous increments, that is: if ¢; <
ty < --- <tp, the variables T} , T, — T,,...,T;, — T;,_, are independent,
and the law of T}, , =T}, depends only on (¢,41—t;). The latter distribution
should be computed explicitly.

(b) Now, let X, Xs,...,X,,... be a sequence of independent r.v.s, which

are centered, have the same distribution, and admit a second moment.
[nt]
i

Define: &,(t) = ﬁ > X

=1
Prove that, as n — oo, the finite-dimensional distributions of the pro-

cess (§,(t), t > 0) converge weakly towards those of a process with inde-

pendent and time homogeneous increments which should be identified.

Comments and references:

(a) If (B, t > 0) is the standard Brownian motion, then the weak limit of the
process (&,(t),t > 0), introduced at the end of the exercise, has the same law
as (oBy, t > 0), where 02 = F[X?], in (b) above. In this setting, the process
(T, t > 0) may be defined as the first hitting time process of 0B, that is,
for any t > 0, T, = inf{s > 0,0B, > t}. Since 0B has independent and
time homogeneous increments, the same properties hold for the increments of
(T}, t > 0) and the results of questions 3 (a) and 3 (b) follow.

(b) We leave to the reader the project of amplifying this exercise when the T;s are
replaced by stable(u) variables, i.e. variables which satisfy

Elexp(=AT;)] = exp(—=\"), X >0,

for some 0 < p < 1 (the case treated here is p = 1/2).

**5.13 The empirical process and the Brownian bridge

Let Uy, Us,... be independent r.v.s which are uniformly distributed on [0,1]. We
define the stochastic process b on the interval [0,1] as follows:

b (t) = /n (i Z o 4 (Uk) — t) . telo,1]. (5.13.1)

1. For any s and ¢ in the interval [0, 1], compute E[b™ ()] and Cov[b™ (s), b(™) (¢)].

2. Prove that, as n — oo, the finite-dimensional distributions of the process
(b (t),t € [0,1]) converge weakly towards those of a Gaussian process,
(b(t),t € [0,1]), whose means and covariances are the same as those of b(").
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Comments and references. The process b™ is very often involved in mathematical
statistics and is usually called the empirical process. For large n, its path properties
are very close to those of its weak limit (b(¢),¢t € [0,1]) which is known as the
Brownian bridge. The latter has the law of the Brownian motion on the time
interval [0, 1], starting from 0 and conditioned to return to 0 at time 1. Actually,
the convergence of b™ towards b holds in much stronger senses. This is the well-
known Glivenko—Cantelli Theorem which may be found in the following references.

G.R. SHORACK: Probability for Statisticians. Springer Texts in Statistics, Springer-
Verlag, New York, 2000.

G.R. SHORACK AND J.A. WELLNER: FEmpirical Processes with Applications to
Statistics. Wiley Series in Probability and Mathematical Statistics: Probability and
Mathematical Statistics, John Wiley & Sons, Inc., New York, 1986.

See also Chapter 8, p. 145, of Toulouse [93].

*5.14 The functional law of large numbers

Let {X,,n > 1} be a sequence of i.i.d. real-valued random variables such that
E(|X1|) < co. Define Sy =0 and S,, = >j_; Xj, for k> 1.

Prove that, almost surely, the continuous time stochastic process
(nfls[m]’ t 2 O)

converges uniformly on every compact, towards the drift (E[X;]-¢, ¢ > 0), when n
tends to +o0o. (Here [z] denotes the integer part of the real x.)

Comments and references. This fact is often invoked in discussions about invariance
principles for functionals of sequences of converging random walks. It was used, for
instance, in the proof of the convergence of the local time at the supremum, of a
sequence of converging random walks in:

L. CHAUMONT AND R.A. DONEY: Invariance principles for local times at the
maximum of random walks and Lévy processes. Ann. Probab., 38, no. 4, 1368—
1389 (2010).

See Theorem 2 there.

**5.15 The Poisson process and Brownian motion

Let ¢ > 0, and assume that (Nt(c),t > 0) is a Poisson process with parameter c.

Define: X\ = N9 — ct.
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Show that, for any n € IN*, and any n-tuple (¢;,...,t,) € IR}, the random
vector %(Xt(f), . ,Xt(f)) converges in law towards (G, .., 03, ), as ¢ — oo, where
(B, t > 0) is a Gaussian process. Identify this process.

Comments. The processes (Nt(c),t > 0) and (0, t > 0) belong to the important class
of stochastic processes with stationary and independent increments, better known
as Lévy processes. The Poisson process and Brownian motion may be considered as
the two building blocks for Lévy processes.

**5.16 Brownian bridges converging in law to Brownian
motions

Define a standard Brownian bridge (b(u), 0 < u < 1) as a centered continuous
Gaussian process, with covariance function

Eb(s)b®)] =s(1—1), 0<s<t<1. (5.16.1)

1. (a) Let (B, <t <1) be a Brownian motion. Prove that
b(u)=B, —uB;, 0<u<l (5.16.2)

is a standard Brownian bridge, which is independent of B;. This justifies
the following assertion.

Conditionally on B; = 0, (B,, 0 < u < 1) is distributed as (B, —uBj, 0 <
u<1).

(b) Prove that (b(1 —u), 0 <u <1)"2 (b(u), 0 < u < 1).

From now on, we shall use the pathwise representation (5.16.2) for the Brow-
nian bridge.

2. Prove that, when ¢ — 0, the family of processes indexed by (u, s, t)

{(b(u), w<1); (\}Eb(cs), 0<s< i) : (\}Eb(l Cet) 0<t< i)} |
(5.16.3)
converges in law towards
{(b(w), u<1); (Bu 5> 0); (Bt > 0)} | (5.16.4)

where b, B and B’ are independent and B, B’ are two Brownian motions.
3. Prove that the family of processes
(VAb(exp(~t/))), t > 0)

converges in law, as A — 400, towards Brownian motion.

173
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Comments and references. These limits in law may be considered as “classical”;
some consequences for the convergence of quadratic functionals of the Brownian
bridge are discussed in

G. PeEccATI AND M. YOR: Four limit theorems for quadratic functionals of Brow-
nian motion and Brownian bridge. In: Asymptotic Methods in Stochastics, Amer.
Math. Soc., Comm. Series, in honour of M. Csérgd, 44, 75-87 (2004).

*5.17 An almost sure convergence result for sums of stable
random variables

Let X1, Xs,...,X,,... be iid. stable r.v.s with parameter o € (0,2], i.e. for any
n>1,

nw S, X (5.17.1)
where S, = >} Xj. Prove that for any bounded Borel function f,
1 X1
log kz::l %f (k:_iS;J — E[f(X1)], almost surely as n — +o0. (5.17.2)

law

Hint. Introduce the stable process (S;);>¢ which satisfies S} = X, and apply the
Ergodic Theorem to the re-scaled process Z; = e_iSet, and to the shift transforma-
tion.

Comments and references. In the article:

P. ERDOS AND G.A. HUNT: Changes of sign of sums of random variables. Pac.
J. Math., 3, 673687 (1953)

the authors proved a conjecture of P. Lévy (1937), i.e. for any sequence of partial
sums S, = X +---+ X, of i.i.d. r.v.s (X,,) with continuous symmetric distribution,

1 1 1

li —1 == 8.
ngéolog]\/'k;vk 5i>03 = 5 s

This almost sure convergence result has been later investigated independently in

P. SCHATTE: On strong versions of the central limit theorem. Math. Nachr., 137,
249-256 (1988)

and

G.A. BROSAMLER: An almost everywhere Central Limit Theorem. Math. Proc.
Camb. Philos. Soc., 104, no. 3, 561-574 (1988).

where the authors proved that any sequence of i.i.d. r.v.s (X)) with E[X;] = 0 and
E(1]|X,]*"%) < oo, for some § > 0 satisfies the so-called “Almost Sure Central Limit
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Theorem”:

1
ZE]I

k<N

1
lim

N—m@ {S—qu} =¢(x), as., forall z € 1R,

NG

(¢ is the standard Gaussian distribution function). It was shown slightly later that
the constant 6 may be assumed to be zero.

Many further developments have been made on this topic. The later ones concern
for instance: r.v.s which are in the domain of attraction of a stable law (our exercise
is a particular case), continuous time semi-stable processes, etc. An exhaustive
survey on the topic is done in

I. BERKES: Results and problems related to the pointwise central limit theorem.
Asymptotic Methods in Probability and Statistics (Ottawa, ON, 1997), 59-96, North-
Holland, Amsterdam, 1998.

Comments on Exercises 5.2 and 5.8:

(C.2) Question 3 of Exercise 5.2 may be completed as follows:

(i) If a sequence of independent variables (Y;,) satisfies:

Y, "= 62V, with Y > 0, E[Y] = 1, then ©,02 < oo if and only if 22,,Y,, <
00, a.s.

(ii) Exhibit a sequence (Y},) of independent R, -valued r.v.s such that E[Y,] =1
(hence: 3, E[Y,] = o), but P(%,Y, < o0) =1
Solution: P (Y, = ;) = 1= %; P(Y, =n>—1) = L.

(C.8) Question 3 of Exercise 5.8 may be completed as follows:

Let o > 1, and let X7, X5, ..., be a sequence of independent r.v.s such that: P(X; €
dy) = C\Zlili' {ly| > 1}, for a certain constant c. Give a necessary and sufficient
condition on a deterministic sequence (p(n),n € IN) such that: ¢(n) — oo, as

n — 0o, which implies:

Xi+---+X, (law)
(1) n — 00

Z,

where Z is [3-stable, for some 3 € (0, 2).

Solution: a € (1,3); take p(n) =n'/*"', 3 =a — 1;
a=3; p(n) = (nlogn)'’?, § =2
a>3;¢(n)=v/n, f=2.
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Solutions for Chapter 5

Solution to Exercise 5.1

1. Write

E[|X, =Y = E[(X, =Y)"]+ E[(X, = Y)7]

=FEX, -Y]+2E[(X,-Y)"]

= FE[X, - Y]+2E[(Y — X,,)"].

From Lebesgue’s theorem of dominated convergence, the last term converges towards

2E[(Y — X)*], which allows us to conclude since, by the assumption, the term
E[X, — Y] converges to E[X — Y] = E[|X - Y| - 2E[(Y — X)"].

2. This follows from question 1 by taking ¥ = X.

Solution to Exercise 5.2

1. The sum of r.v.s 3°; X? converges in L' if and only if:

ZEX2 —Z(a +u}) <

2. We show that under assumption (5.2.1), 3, X? belongs to LP. First observe
that we can write X; as 0;Y; + u;, where Y; is a sequence of independent, centered
Gaussian variables with variance 1. Therefore we have:

IIZXQIIp < IIZUQYZIIM IIZQUZMLYH;%ZMZ
< IIYQIIpZU + ||Y1||p22lfwz| +Zuu

which is finite thanks to the inequality 2|o;u;| < 02 + p?. Thus, 37 | X? converges
in L? towards >.3°, X2, by Lebesgue’s dominated convergence.
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3. Let Y be a centered Gaussian variable with variance 1. For every n, we have:

B[ S| [T B o) = [10 +200) %
i=1 i=1
Since 37, 20 < [[",(1 + 20?), when n — oo, E {e‘ 2 sz} converges towards 0.
This proves that P(lim, ., Y1y X? = +00) > 0. But the event
{lim,, ., o >, X? = +o0} belongs to the tail o-field generated by (X, n € IN),
which is trivial, so we have P(lim, o >y X? = +00) = 1.

Solution to Exercise 5.3

1. Since 7 = Ji duu®, it follows that E[f(X,)] converges towards [, du f(u) for
any polynomial function f defined on [0,1]. Then, the Weierstrass Theorem allows
us to extend this convergence to any continuous function on [0,1]. So (X,, n > 0)

converges in law towards the uniform law on [0, 1].

2. We may use the same argument as in question 1. Another means is to consider

the Laplace transform ¢y, of X,,. For every A > 0, ¢x, (\) converges towards

(=N a
k! a+k

(="
k!

E[X"] = Ele™],

>

k>0

-y

k>0

where X is an r.v. whose law has density: az® ' T,e1)3. So (X,, n > 0) converges
in law towards the distribution whose density is as above.

Solution to Exercise 5.4

1. It suffices to show that for any pair of bounded continuous functions f and g,

lim E[f(o(Xn))g(Yn)] = E[f(¢(X))g(Y)].

n—oo

Let g, be a uniformly bounded sequence of Borel functions which satisfies:
E[g(}/!b) |Xn] = Udn (Xn) .

From the hypothesis, X,, converges in law towards X. Since the law of X,, does not
depend on n, this law is the law of X. So, we can write:

E[f(e(Xn)gn(Xn)] = E[f(£(X))gn(X)] .



178 Exercises in Probability

Set h = f o and let (h,) be a sequence of continuous functions with compact
support which converges towards & in the space L'(IR, By, vx ), where vy is the law
of X. For any k and n, we have the inequalities:

|E[h(X)gn(X) = H(X)g(Y)]| < E[[M(X)gn(X) —
+[Elhi(X)g.(X)] = E[hk(X)g(Y)H
+ E[[he(X)g(Y) = h(X)g(Y)]]
< BE[[M(X) — hi(X)]]
B (X)gn (X)] = Bl (X)g(Y)]]
+ BE[|h.(X) = h(X)]],

where B is a uniform bound for both g and g,, that is |g| < B and |g,| < B, for all
n. Since h is bounded and continuous, and from the hypotheses of convergence in
law, we have for every k:

lim | B[ (X)g, ()] Ell (X)g(¥)]| = lim B[y (X,)g(Ya)]~ Elhe (X)g(V)]] = 0.

n—oo

Finally, since hy(X) converges in L'(Q, F, P) towards h(X), the term E[|hy(X) —
h(X)|] converges towards 0 as k goes to oco.

2. To construct a counter-example, we do not need to rely on a bivariate sequence
of r.v.s (X,,,Y,). It is sufficient to consider a sequence (X,,) which converges in law
towards X and a Borel discontinuous function ¢, such that ¢(X,,) does not converge
in law towards ¢(X).

A very simple counter-example is the following: set X,, = a + 717, with a € IR and
n > 1. Define also p(z) = lj,<4}, € IR, then X, converges surely, hence in law,
towards a, although ¢(X,) =0, for all n > 1. So, it cannot converge in law towards

p(X) = pla) = 1.

Solution to Exercise 5.5

Let F,, be the distribution function of ; (sup2<n X, ) For every z € IR, F,, is given
by:

i<n
_ 1_/°°ady '
N ne 7T((12+y2>

If z < 0, then since P(X; < nx) decreases to 0 as n — oo, F,(z) converges to 0.

Fy(z) =P (; (SUP Xz') < :r:) = P(X; <na)"

o0 ady

- W)’ as n — +00, and since

Suppose x > 0. In that case, F,(x) ~ exp (—n
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foo ady — foo nadz
ne m(a?+y?)

v wlatiniE) We have

. © qdz a
Jim ) = o (= [ 25 <o (<)

To conclude, we check that the function F' given by F(x) = limn_m F,(x) =
exp (—%) L0, 00)(2), for all > 0, is the distribution function of 7., where T is
an exponential r.v. with parameter ¢ = £:

(-2) (=) =r(h <)

Comments on the solution. The law of (Ti) is a particular case of the Fréchet

distributions (with distribution function: exp(—az~®), a > 0, a > 0), which are
themselves a special class of limit laws for extremes. See, for example:

P. EMBRECHTS, C. KLUPPELBERG AND T. MIKOSCH: Modelling Extremal Events.
For Insurance and Finance. Applications of Mathematics, 33, Springer-Verlag,

Berlin, 1997.

Solution to Exercise 5.6

1. Let M be a matrix such that K = MM and set
f(z) = max (Mz),.

1<i<n

Then we can check from Cauchy—Schwarz inequality, that f is Lipschitz with:

1
n 2
_ 2 215 _
||f||Lip - (fgﬁg}%; Mi,j) o E?%%LE[X ]2 — Y
hence question 3 of Exercise 3.11 implies:

1<i<n

P<11r£1a<xX > E[maXX]+UT> <e 7.

2. Question 1 yields the inequality

1
hmsup 5 log P( max X >r) < ——.
r—-+00 T 202

To get the other inequality, it suffices to note that for any ¢ = 1,.

P(maxX>r)2P(Xi2r):1_(D<r> exP( T)

i<i<n o)~ \/ﬁ( ) ’
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where 0; = E[X2]2 and @ is the distribution function of the centered Gaussian law
with variance 1. Hence,

1
hﬂgfﬁ log P(maxX >r)> “397

for all 1 < n.

Solution to Exercise 5.7

1. Let f be a bounded Borel function defined on IR,. We have

1 oo 1 1 1 — cosh
E {f ( costh)] :/ f ( coshu) — sinh u exp <COSU> du .
n 0 n n

n

With the change of variables x = }Lcosh u, we obtain du = \/%, and

E [f (i costhﬂ = /;O f(z)exp (1 —nn:c> dx ,

which shows that the law of 1 ~cosh X, has density exp ( ) 1 (z>11-

—n

2. From above, the r.v. %(cosh X, — 1) follows the exponential law with parame-
ter 1, thus "OSh cosh X, converges in law towards the exponential law with parameter 1.
Consequently, log C%h coshXn converges in law towards Y = log X, where X follows the
exponential law Wlth parameter 1, that is

Elf(log X)] = [~ e flloga)dr = [ " erf(y)dy

— 00

3. Since log(cosh X)) — logn converges in law towards Y < oo, a.s., the ratio

logleosh Xu) _ 1 converges in law (and thus in probability) towards 0.

logn
.. log(cosh X,) _ X,  log(+e=¥n)—log2 q : . ox,
Write: =505 = 2 + oz n . Since X, is a.s. positive, log(1 + e )
log(14+e~2Xn)—log 2

is a.s. bounded by log 2 and

from above that: 1())(” P, .
gn n—oo

Togn converges a.s. towards 0. We conclude

4. From the preceding question, we know that

1 —2Xn aw
log (eX" <+e>> log nu Y,

2 n—oo

from which we deduce: "

X, — (logn) — log o)y,
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A direct proof of this result may be obtained by writing:

1 foo ,
E[f(X, —logn)] = ﬁ/ (sinh(v + log n))er (1-cosh(vHloam) £ () gy,

—(log n)

for a bounded function f on IR, and letting n tend to 400

Solution to Exercise 5.8

1. For any bounded Borel function f, we have:
€ 1 1 —1
el (7)) =2 (=1 () + 21 ()
1 /1 1 —1 o0 dx
5l () o (Gh) o= [T+ s 5,
hence, the law of X has density: ﬁﬂ{\flzl}'

2. The characteristic function of X is given by:

0= (7l ()| o0 (7))

:E[cos\/%l :2t2/toocosmf§, telR.

When t goes towards 0, px (t) —1 is equivalent to t* log ¢, so when n goes towards oo,
Xi+--+X,

n
. . . . t . .
the characteristic function of oan that is (cp X (m)> , t € IR is equivalent
to

t2 1 1 !
1+ (logt—logn—loglogn) , telR.
nlogn 2 2

2
When n goes to oo, the latter expression converges towards e_tT, for any t € IR,

which proves the result.

3. Let € and U be as in question 1. We easily check that the law of X = eU™ 77 has
the density which is given in the statement of question 3. Its characteristic function
is E[e"*] = (24 a)t*™* [ cosz %+ and is equivalent to 1 — £-%¢* when ¢ goes
to 0. Therefore, if ¢*(n) — +oo, as n — oo, then the characteristic function of

X1+"'+Xn, _ 2+ tQ
e(n) 2a ¢ (n)

is asymptotically equivalent to ( )n, for any ¢t € IR, as n — oo.

2
. . _t= . . .
This expression converges towards e~ 7 if ¢?(n) is equivalent to Q:Qn, as n — 00.

Note the important difference between the setups of questions 1 and 3; in the
latter, the classical CLT assumptions are satisfied.
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Solution to Exercise 5.9

1. First we show that (|U, — X|, n > 1) is uniformly integrable, which follows from
the fact that this sequence is bounded in L? (see the discussion following Exercise
1.3). Here are the details. Indeed, for every n > 1:

E(U, - X") < (B[U2)* + E[X]3)’ .

But E[UZ] = : T4, E[V?] = 1, so that, E[|U, — X[] < (1+ E[X*)})". Now, from
the Cauchy—Schwarz and Bienaymé—Tchebychev inequalities, we have for any a > 0:
aE\|U, — X|Ij, —x>a1) < E[(U, — X)?]. Hence

1 1\2
E“Un - X|]I{\Uan\>a}] S a (1 + E[X2]2) 5
50 limy—s 00 SUP,en E[|Un — X| g, x5y} = 0 and (U, — X|,n > 1) is uni-
formly integrable. Moreover, applying the Central Limit Theorem, we obtain that
(U, — X|, n > 1) converges in law towards |Y — X|, where Y is an independent

copy of X, (recall that (U,) is independent from X). From the result of Exercise
1.3, we conclude that:

Tim B[U, - X[] = Y — X|] = jE . (5.9.0)

The last equality follows from the fact that X — Y is a centered Gaussian variable
whose variance equals 2 (see Exercise 3.8).

2. From the independence between the r.v.s Y,, we can write, for any bounded
continuous function, f, defined on IRP*':

E[f(Y17"’7}/p7Un):|
1 1
= mpE[f <y1"--’yp’\/ﬁ(y1+'-'+yp)+\/ﬁ(Y;zHJr'--JrYn)ﬂ
XP()/I Edyla-'waEdyp),

The Central Limit Theorem ensures that for any (yi,...,y,) € IR?,

lim, oo E [f (yl,...,yp,\/lﬁ(yl +--+y,)+ \}ﬁ(ypﬂ +"'+Yn,)>]
= E[f(y1,- - ¥p X)],

where X is a centered reduced Gaussian variable. Finally, from above and since f

is bounded,
lim E[f(Y1,...,Y,,U,)] = E[f(Y1,....Y,, X)].

n—oo
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Hence, when n goes to oo, (Yi,...,Y,,U,) converges in law towards (Y1,...,Y,, X),
where X is a centered reduced Gaussian variable which is independent of (Y;,...,Y,).

3. If U,, would converge in probability, then it would necessarily converge towards

an r.v. such as X defined in the previous question. Let us assume that when n
P . . . . .

goes to oo, U, AP, X, where X is a centered Gaussian variable with variance 1,

independent of the sequence (Y,,, n > 1). Since from question 1, |U, — X|, n > 1
is uniformly integrable, the convergence in probability implies that U, x. But,

from (5.9.a) E[|U, — X]|] converges towards %, which contradicts our hypothesis.
So U,, cannot converge in probability.

4. Set Goo = Myo{Y,, Y,i1,...}. It follows from the hypothesis that for any n > 1
and m > 1 such that n < m, o{Y},...,Y,} is independent of o{Y} : K > m}. Since
for any m > 1, G, C o{Y} : k > m}, the sigma-fields o{Y7,...,Y,} and G, are
independent for any n > 1. An application of the Monotone Class Theorem shows
that o{Y1,...,Y,,...} and G are independent. Since G, C o{Y},...,Y,,...}, the
sigma-field G, is independent of itself, so it is trivial.

Now assume that U, converges in probability. It is well known that hence the
limit would be measurable with respect to G,. According to what we just proved,
this limit must be constant, but this would contradict the Central Limit Theorem.

Comment on the solution. Actually, the property proved in solving question 4,
is valid for any sequence of independent random variables and is known as Kol-
mogorov’s 0—1 law.

Solution to Exercise 5.10

Set S,, = ﬁ > (X; —m) and let N be a Gaussian, centered r.v., with variance 1

(defined on an auxiliary probability space). Our goal is to show that for any bounded
continuous function f with compact support on IR,

Eqlf(S,)] — E[f(N)], asn— oo. (5.10.a)

For k > 1, put Dy, = Ep[D| Gy, with Gy = 0{X1,..., Xi}. Since we deal only with

variables X1, Xs,...,X,,..., we may assume, without loss of generality, that D is
measurable with respect to Goo = limy1oo G- We then write:

Eqlf(Sn)] = Ep[(D — D) f(S,)] + Ep[Dy f(S,)] - (5.10.b)

Applying the result of Exercise 1.6, together with the inequality:

|Ep[(D — Di) f(Sa)ll < Ep[|D — Dil] | fll ,
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we see that the first term of (5.10.b) converges towards 0, as k goes to oo, uniformly
in n. It remains to show that for any £ > 1,

Ep[Dyf(S,)] — E[f(N)], asn— occ. (5.10.c)

To this aim, put Sy, = ﬁ S . (X; —m) and note that, since Sy, is independent
of G and Ep[D;] = 1, one has

Ep[Dyf(Skn)] = Ep[f(Skn)] — E[f(N)], asn — oo. (5.10.d)
Since f is uniformly continuous and |S;,, — S,| — 0 a.s., as n — +o0,

by Lebesgue’s Theorem of dominated convergence. This finally leads to (5.10.c), via
(5.10.d) and (5.10.¢).

Solution to Exercise 5.11

1. This follows easily from the Mellin transform formula:

I(1—5s)

E[(T,)"] = m )

for s < 1,

which was derived in Exercise 4.19 (cf. formula (4.19.4)). Hence, lim,,_, E[(T},)"*] =
['(1 — s), which proves the result.

2. This follows from question 1, since:

n

loﬂ =pulogT, — ulogT"

g<T,> pulog Ty, — plog T
1

converges in law towards log Z — log Z'.

3. The identity in law: % ) % — 1 follows, e.g., from the beta—gamma algebra,

since (Z,2') "2 (U,1—=U)(Z + Z') (use question 1 of Exercise 4.2). Passing to the
limit in formula (4.23.3), as u — 0, one obtains, as y — 0:

() =
T, (y+1)°

and the right hand side is the law of & — 1.




5. Convergence of random variables — solutions 185

Solution to Exercise 5.12

1. Question 3 of Exercise 4.17 allows us to write

oo Canan)| = e o ()] =en (-5 50).

for every A € IR. This shows that the sequence % ", e2T; converges in law if

and only if ﬁ >oi, €; converges towards a finite real value, say €. In this case, the

Laplace transform of the limit in law is: 6—\/557 A > 0. We deduce from question 3
of Exercise 4.17 that this limit is the law of £27.

n dx

2. (a) The series Y1, 23/ may be compared with the integral [ 57, so it is

equivalent to \/n and in this case, f >, €; converges to 1. Applying question 1,
we see that S, converges in law to pu.

(b) First write Sy, = 22851y, + = X8 (htyns1 € Ti- Tt is clear from question 1

that the first term on the rlght hand side converges in law to TTl' The Laplace
transform of the second term is

)\2 kn )
exp 5 /{jn Z +182

—(k—1)n

E

A i 1
= exXp — |-
2k (S Vi
It converges to exp (— WA\/TU> , asn goes to 0o, so the sequence ﬁ Zfﬁ(kfl)nﬂ e2T;

. 1 . .
converges in law to ng, as n goes to co. Since both terms in the above

decomposition of S, are independent, we can say that (S(._1)n,Skn) converges in
law to (71, %Tl + mﬂ), as n goes to oo.

(c) The p-dimensional sequence (.S, Sap, - . -, Spn) may be written as *-1pt

1 2n 1 n 1 pn
ZgZTZ,—Z2T+— e, ..., —> ehi+-+— > &)
i=1 2n i=n+1 s pn i=(p—1)n+1
Since for each k < p, the variables - Z‘m (-1 2Ty, 5 = 1,2,...,k are inde-

pendent and converge respectively in law to %(J 7 ﬁ)T], the limit in law of
(Sn, Sony -y Spn) 18

1 1 L 1 P g 1
Ty, =T + L S NN | ——
(121 RNV ;k‘]Jr\/j\/]—l)J ;p(3+\/j\/J—1) J)

(d) From above, we see that when n goes to oo, Sy, — S5, converges in law towards
o ITQ Tl which is non-degenerate. This result prevents S, from converging in
probablhty
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3. (a) The p-dimensional sequence (5j,,5,,...,S5; ) may be written as
[t n] 1 [t3n] [t n] 1 [tén]
—25271,*252T+— > 5?7},...—252T—|— > e
i=[t2n]+1 TL i=[t2_ n]+1

For each k < p, the Laplace transform

[ti n]

/\2
Elexp(— (5£k Sy N =FElexp |-~ > &1,
i=[t2 _ n]+1
A g

= exp

2y/n i=[t2_ n]+1 Vi

A > 0, converges towards E[exp(—2- 5 (1, — T, )] = exp (= A(tr — tr—1)). It follows
from the independence hypothesis that the r.v.s (S’ — 5}, )1<k<p are independent,
hence so are the increments (T3, — T3, | )1<k<p-

In conclusion, the finite-dimensional distributions of the process (S/(t),t > 0)
converge weakly towards those of a process with independent and time homogeneous
increments. The increments, T, — T3, _,, of the limit process are such that (t; —
te—1)"%(T}, —T,,_,) has law p. This process is the so-called stable (1/2) subordinator.

(b) The increments of the process (&,(t), t > 0) at times t; < --- < t, are

1 [nt1] 1 [nta] 1 [ntp]
LN Y Keep S

i=[nt1]+1 [nt,—1]+1

Put ty = 0 and call 02 the variance of the X;s and v their characteristic function.

For each k =1,...,p, we can check that \lf > m‘ntk 41 X; converges in law towards

a centered Gaussian variable with variance o (tk —tx_1) as n goes to +oo. Indeed,
[ntr]
i=[ntp_1]+1

t [ntk]—[ntk,l] 0_2 1 [ntk]—[m&k,l]
W)=y — =(1-—¢t () telR.
onlt) = <\/ﬁ> ( 2n to n ) ’ <

t2o2

When n tends to +oo, ¢,(f) converges towards exp (_T(tk - tk,1)>. Finally,
note that the increments of the process (&,(t), t > 0) at times t; < --- < t, are
independent. So, we conclude as follows.

the characteristic function of the r.v. f > X is equal to:

The finite-dimensional distributions of the process (&,(t),t > 0) converge weakly
towards those of a process with independent and time homogeneous increments. The
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increments of the limit process at times ¢; < --- < t, are centered Gaussian variables
with variance o?(t, — ty_1), k = 2,...,p. Hence, the limit process is (0B, t > 0),
where (B, t > 0) is a Brownian motion.

Solution to Exercise 5.13

1. Let s and ¢ belong to the interval [0, 1], and write b (¢) = ﬁ Sor (Mg, (Ug)—t).

We have -
—= > (P(Uy <t)—1t)=0.

n,4

B (0] =
Suppose that s < t; from the independence between the r.v.s Uy, we obtain:

1 n
Covlp™(5), 0 (B)] = — > Cov(ljpy(Us), T, (U))
k=1
= s—st,
so that for any s and ¢,

Cov[b™(s),b™ (1) = s At — st. (5.13.a)

2. Let \; >0 and t; € [0,1], 1 =1,...,7, for any integer j > 1 and write:

Z)\b ) 1i(zm[m]vk Zm). (5.13.b)

k=1 \i=1

From (5.13.b) and the Central Limit Theorem, we see that 37 A\;b()(¢;) converges
in law towards a centered Gaussian variable with variance:

J J
ar (Z )\i]I[(J,ti](Uk)) = Z )\12('[51 — t?) + Z >\i)\i’(ti VAN ti/ — titi/) .
i=1 i=1 1<i#i’ <j

), - (M) (¢;)) converges in law towards a centered Gaussian

It means that ( ) (t
t;)) Whose covariance matrix is given by:

vector (b(t1),...,b(t;
COV(b(ti), b(tll)) =1; Nty — ity ., i,i/ = 1, ce ,j s

which allows us to reach our conclusion.

Solution to Exercise 5.14

First from the strong law of large numbers,

lim S _ E[Xy], as.
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Therefore, almost surely, for all real ¢ > 0,

lim 201l E[X)]-t.

n—oo n

Then since t — E[X;] -t is continuous and increasing and ¢ — = is right continu-

ous, the result follows from a Dini lemma type argument for deterministic functions.

Solution to Exercise 5.15

The Poisson process with parameter c, (Nt(c) ,t > 0), is the unique (in law) increasing
right continuous process with independent and stationary (or time homogeneous)
increments, such that for each ¢ > 0, Nt(c) has a Poisson distribution with parameter
ct. It follows that the process (X,fc),t > 0) also has stationary and independent
increments. Set ty = 0 and let (¢,...,t,) € IR} be such that t; <ty < --- < t,,
then the r.v.s (X\7, X\ — X ... X\ — X\” ) are independent and for each
k=1,...,n, Xt(kc) — Xt(kc),l has the same distribution as Xt(,f)—tk,l- Let us compute
the characteristic function of %Xt(kp )_tk—l' For any A € IR, we have:

E [exp (f/)\EXt(kC)_tk_l>]
— exp (—z’)\(tk — ti1)VE — cty — tkq)) i (c(ty — tr1))" .

n=0

— exp (—c(tk ) (1 — V) — (e — t“)\ﬁ) .

When ¢ — oo, the latter expression converges towards exp (—%(tk — tk_1)), which
is the characteristic function of a centered Gaussian variable with variance t, —t;_1.

This shows that, when ¢ — oo, the random vector ﬁ(Xt(f), Xt(;) — Xt(f), . ,Xt(f) —

Xt(:)_l) converges in law towards a random vector whose coordinates are independent
centered Gaussian r.v.s with variances t; — t,_1, k = 1,...,n. So, we conclude
that the random vector ﬁ(Xf(f ) ,Xt(f)) converges in law towards (3;,,..., 05, ),
as ¢ — 0o, where (;,t > 0) is a centered Gaussian process which has stationary
and independent increments. The latter property entirely characterizes the process
(B, t > 0), which is known as Brownian motion and has already been encountered in
question 3 (b) of Exercise 5.8. From above, one may easily check that the covariance
of Brownian motion is given by:

E[ﬁsﬁt]:S/\ta SatZO‘

Comments on the solution. As an additional exercise, one could check that the
process (Nt(c),t > () may be constructed as follows.
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Let (X)r>1 be a sequence of independent exponential r.v.s with parameter c. Set
Sy =>1_1 Xk, n>1, then

(N( c) t > O (law) (Z ]I{Sn <T}7t > 0>

n=1

Solution to Exercise 5.16

1. (a) This follows immediately from the Gaussian character of Brownian motion,
and the fact that
Eb(u)B] =u—u=0.

(b) It suffices to write b(1 —u) = By_, — (1 — u)B; = uB; — (By — Bi_,), and to
use the fact that (—(B; — B1—,),0 < wu < 1) is a Brownian motion.

2. We first write (ib(cu), 0<u< %) and (

7 b(1 — cu), 0§u<l) in terms of B

Ve — ¢
1 1

%b(cu) = %Bw — cubBy,
1 1
%b(l —cu) = 7 (Bi—ew — (1 = cu)By),

and it follows that this question may be reduced to showing the result: for fixed
U, S, T >0, the process

1 1
<u<U)|——= <u<S);
(Bu,0_u_U),<\/EBcu,0_u_S>,<

7(B17(;u - Bl>> 0 S u S T
NG

(5.16.a)

converges in law towards (B, (3, 3'), a three-dimensional Brownian motion. This
follows from the fact that the mixed covariance function F [Bu \[B } converges

towards 0 as ¢ goes to 0, and that each of the three families which constitute (5.16.a)
is constant in law (i.e. its law does not depend on c).

3. By writing VA b(e %) = v Ab(1— (1 —e 7)) and using the time reversal property
of the Brownian bridge, it suffices to show that \/Xb(l — e’i") converges in law
towards Brownian motion. Now, using the representation of b as b(u) = B, — ubB,
u < 1, we can replace b in v Ab(1 — e‘i’) by B, a Brownian motion.

Finally, we can restrict ourselves to t < T', for T fixed and then with the help of the
% — ¢ Holder property of the Brownian trajectories (B,, u < T'), we have

Sup\/X B (1 —e_i’) - B (t>

t<T A

s

as A — 0o. Now the result follows from the scaling property.
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Solution to Exercise 5.17

Let (S¢)i>0 be the stable process which satisfies S} (zw) X1, that is a continuous
time cadlag (i.e. right continuous and left limited) process with independent and
stationary increments satisfying the scaling property

t_(ITSt (IHZW) Sl UQ]) X1 . (517&)

The process Z defined from S by the Lamperti transformation 7, = e w S, t>0
is stationary, i.e.

for any fixed s, (Zpys, t>0) = (€0 Spen, t 20) "= (2, £ >0),

has independent increments. Hence the tail o-field Nyo{Z, s, s > t} is trivial and
from the Ergodic Theorem,

t/ W) du — Ef(Zy)], as., ast— oo.
From the change of variables v = e" and the scaling property of S, we obtain:

tl g
logt/ Sy)dv — E[f(S1)], as., ast— oo.

Finally, the result in discrete time easily follows from the above.

Comments on the solution. Lamperti’s transformation is a one-to-one transformation
between the class of Lévy processes (i.e. processes with stationary and independent
increments) and semistable Markov processes (i.e. non-negative Markov processes
satisfying a scaling property such as (5.17.a)). This transformation (and more on
semistable processes) is presented in:

P. EMBRECHTS AND M. MAEJIMA: Self-similar Processes. Princeton University
Press, Princeton, NJ, 2002.



Chapter 6

Random processes

What is a random process 7

In this chapter, we shall consider on a probability space (£, F, P), random (or
stochastic) processes (X;, t > 0) indexed by t € IR, that is applications (¢,w) —
Xi(w) assumed to be measurable with respect to By, ® F, and valued in IR (or C,
or IRY).

In the early stages of developments of stochastic processes (e.g. the 1950s, see
Doob’s book [24]), it was a major question to decide whether, given finite-dimensional
marginals. Kolmogorov’s Existence Theorem (for a projective family of marginals;
see, e.g., Neveu [62]) together with Kolmogorov’s continuity criterion

E[| X, — X, "] < Ot —s|*™, t,5>0,

for some p > 0, ¢ > 0, and C' < oo, which bears only on the two-dimensional
marginals, often allows us to obtain at once continuous paths realizations. It has also
been established (Meyer [60]) that on a filtered probability space (2, F, (F¢)i>0, P),
with (F;)i>0 right continuous and (F, P) complete, a supermartingale admits a
“cadlag” (i.e. right continuous, with left limits) version. As a consequence, many
processes admit a cadlag version, and their laws may be constructed on the corre-
sponding canonical space of cadlag functions (often endowed with the Skorokhod
topology). Once the (fundamental) question of an adequate realization solved, then
the probabilistic study of a random process often bears upon its Markov (or lack
of Markov!) property, as well as upon all kinds of behavior (either local or global),
and also upon various transformations of one process into another.

191
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Basic facts about Brownian motion

In this chapter, we draw more directly on research papers on Brownian motion,
(and more generally stochastic processes). Thus, the reader will see how some of
the random objects (random variables, etc.) used in the previous chapters ap-
pear naturally in the Brownian context. Also, a few times, we have given less
details in the proofs, and have simply referred the reader to the original
papers.

Among continuous time stochastic processes, i.e. families of random variables (X;)
indexed by t € IR, , Brownian motion — often denoted (B;, ¢ > 0) — is one of the
most remarkable:

(i) It is a Gaussian process: for any k-uple t; < to < ... < t;, the random vector
(B, By, ..., By,) is Gaussian, centered, with:

(ii) It has independent and stationary increments: for every t; < to < ... < ty,
B, ,By, — By,,..., B, — By, _, are independent, and B;, — B,, | is distributed as
B(ti—ti—l)'

(iii) Almost surely, the path: ¢ — B; is continuous; more precisely, it is locally
Hélder of order (1 — ), for every € € (0, 1).

(iv) It is a self-similar process of order 1, i.e.
for any ¢ > 0, (By, t > 0) "2 (\/eB,,t > 0).

(Note that the previous chapter just ended with a reference to self-similar processes.)

(v) It is the unique continuous martingale (M, t > 0) such that:
for any s < t, E[(M; — M,)* | F] =t — s,

a famous result due to Lévy. (For clarity, assume that (F;) is the natural filtration
associated with (M;).)

Note also that property (i) on the one hand, and properties (ii) and (iii) on the
other hand, characterize Brownian motion.

These facts are presented in every book dealing with Brownian motion, e.g.
Karatzas and Shreve [46], Revuz and Yor [75] and Rogers and Williams [77], etc.
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A discussion of random processes with respect to filtrations

The basic notions of a constant (respectively increasing, decreasing, affine, differ-
entiable, convex, etc.) function f (which we assume here to be defined on IR,
and taking values in IR) have very interesting analogues which apply to stochastic
processes (X;);>o adapted to an increasing family of o-fields (F;);>o:

e an (F;) conditionally constant process (for s < ¢, E[X;|Fs] = X;) is a (F)
martingale;

e an (F;) conditionally increasing process (for s < t, E[X; | F,| > X;) is a (F)
submartingale;

e conditionally affine processes are studied in Exercise 6.24; their probabilistic
name is harnesses;

e conditionally convex processes have been shown to play some interesting role in
mathematical finance. See:

P. BANk anND N. EL KARrROUIL: A stochastic representation theorem with appli-
cations to optimization and obstacle problems. Ann. of Prob., 32, no. 1B, 1030—
1067 (2004).

A fundamental result of Doob—Meyer is that every conditionally increasing process
(i.e. submartingale) is the sum of a conditionally constant process (i.e. martingale)
and an increasing process.

*6.1 Jeulin’s lemma deals with the absolute convergence of
integrals of random processes

1. Let (R, t > 0) be an R, -valued process such that
(i) for every t > 0, the law of R; does not depend on t;
(i) 0 < E[Ry] < oc.

The aim of this question is to show that if p(dt) is a random, nonnegative, o-
finite measure on (0, 1], (which may be infinite), then there is the equivalence:

/ p(dt) Ry < oo, as. & p(dt) < oo
(0,1] (0,1]

(a) First show the implication

/ pu(dt) < oo = p(dt) Ry < oo, a.s.
(0,1] (0,1]

193



194 Exercises in Probability

(b) Show that, for any measurable set B,

> /M u(dt) / " du (B[] — P(R: < u))" .

0

E [HB / Ryp(dt)
(0,1]

Hint. Use the elementary inequality P(BNC) > (P(B)— P(C°))* where
C° denotes the complement of C' in (2.

(c) Set
BN:{ Rtp(dt)SN},
(0,1]
then with the help of the assumption (i), show that
N2 p(0,1] [ du(B[lp,] — P(Ry <w)" .
0

(d) Assume that [y p(dt) Ry < oo, a.s. and show that one can choose N,
so that

/OOO du(E[lp, ] — P(Ry < u))* > 0.

Then conclude that (0, 1] < oco.
2. Let (By,t > 0) denote a one-dimensional Brownian motion issued from 0.

(a) Prove that the process g, = B; — fg %BS, t > 0, is a one-dimensional
Brownian motion.

(b) Prove that FP = F V o(B,).
3. Let f e L*([0,1]).

(a) Prove that lim._ [ % f(t)B, exists a.s.

3

(b) Apply question 1 to show the following:

dt atlf (1)
/0?|f(t)||Bt|<oo<:>/0 <

Give an example of a function f € L?([0,1]) such that:

Ldt
| U@ =0, as

Comments and references. Jeulin’s Lemma is presented in detail in:

T. JEULIN: Sur la convergence absolue de certaines intégrales. Séminaire de Prob-
abilités X VI, Lecture Notes in Mathematics, 920, Springer, Berlin-New York, 1982.

T. JEULIN AND M. YOR: Inégalité de Hardy, semimartingales, et faux-amis.
Séminaire de Probabilités XIII, 332-359, Lecture Notes in Mathematics, 721,

Springer, Berlin, 1979.
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M. CsORGO, L. HORVATH AND Q.M. SHAO: Convergence of integrals of uniform
empirical and quantile processes. Stochastic Process. Appl., 45, no. 2, 283-294
(1993).

Jeulin’s Lemma has been quite useful in a number of discussions about finiteness of
integrals of square of Brownian motion as in (i), (ii) and (iii) below.

(i) J. PitMAN AND M. YOR: A decomposition of Bessel bridges. Z. Wahrsch.
Verw. Gebiete, 59, no. 4, 425-457 (1982).

(ii) J. PITMAN AND M. YOR: Some divergent integrals of Brownian motion. Adwv.
in Appl. Probab. suppl., 109-116 (1986).

(iii) P. SALMINEN AND M. YOR: Properties of perpetual integral functionals of
Brownian motion with drift. Ann. Inst. H. Poincaré Probab. Statist., 41, no. 3,

335-347 (2005).

X.X. XUE: A zero-one law for integral functionals of the Bessel process. Séminaire
de Probabilités XXIV, 137-153, Lecture Notes in Mathematics, 1426, Springer,
Berlin, 1990.

H.J. ENGLEBERT AND W. SCHMIDT: 0-1 Gesetze fiir die Konvergenz von Integral
funktionen gewisser Semi-martingale. Math. Nachrichten, 128, 177-185 (1985).

D. KHOSHNEVISAN, P. SALMINEN AND M. YOR: A note on a.s. finiteness of
perpetual integral functionals of diffusions. FElectron. Comm. Probab., 11, 108-117
(2006).

Finally our latest reference on this subject is:

A. MATsuMOTO AND K. YANO: On a zero-one law for the norm process of tran-
sient random walks. Séminaire de Probabilités XLIII, Lecture Notes in Mathematics,
2006, Springer, 2011.

*6.2 Functions of Brownian motion as solutions to SDEs; the
example of p(z) = sinh(z)

Let (By, t > 0) denote a one-dimensional Brownian motion starting from 0.

1. Prove that the SDE

t 1 st
X, = / J1+ X2 dB, f/ X.d 6.2.1
L=+ i + X2 +2 i s ( )

admits a unique strong solution, for every x € R.

2. Now fix 2 € R and let (5;) and () denote two independent Brownian motions
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starting from 0. Prove that

o= exp(@) (4 [ exp(=0)dn) L 120
solves equation (6.2.1) for a certain Brownian motion B. Conclude that
(Y;, t > 0) "2 (sinh(a + B,), t > 0),
where a = argsinh x.

3. We now put the preceding in a more general context.

(a) Show that if ¢ : R — R is a C*> homeomorphism of R, then ®; = ¢(B;)
solves

B, :go(O)—l—/OtU(CI)S) dBS+/Otb(<I>S) ds, (6.2.2)

with o(z) = (9" 0 p™!)(z) and b(z) = 3(¢" 0 ¢™")(2).

(b) Conversely, if 0,b : R — R are Lipschitz functions, then there is only
one solution to (6.2.2). Under which condition on (o, b) can we solve the
system

¢'(y) = o(e(y)), and ;w”(y) = b(e(y)) (6.2.3)

so that the solution to (6.2.2) is ®; = p(B;)?

Comments and references. This exercise has been partly inspired by the book:

P.E. KLOEDEN AND E. PLATEN: Numerical Solutions of Stochastic Differential
FEquations. Applications of Mathematics, 23, Springer, 1992,

and even more so by:

H. Doss: Liens entre équations différentielles stochastiques et ordinaires. Ann.
Inst. H. Poincaré, Sect. B (N.S.), 13, no. 2, 99-125 (1977).

* 6.3 Bougerol’s identity and some Bessel variants

We keep the same notation as in the previous Exercise 6.2.

1. (a) Prove Bougerol’s identity in law, i.e. for fixed ¢

aw ¢ aw) ~
sinh(B,) = /0 exp(B,) dv, "= 5 [ exp(28)ds ? (6.3.1)

where 7 is a Brownian motion independent from (.
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(b) Prove that the two processes featured on both sides of (6.3.1) are not
identical in law.

2. Let M, = sup,, By, and let (L;, t > 0) denote the local time at 0, for (B;, t >
0). Likewise, let y; = sup,<; 7y, and let ()\;, ¢ > 0) denote the local time at 0
of (v, t > 0). Prove the following identities in law: for fixed ¢ > 0,

. (law)
Slnh(Mt) - ’uﬁ:du exp(26u)

. (law)
SlIlh(Lt) - Af(; du exp(28y)
3. Prove the particular case of Lamperti’s representation applied to exp(f;),
t>0:
exp(ﬁt) = Rjg du exp(206y)’ £=20,

where (R,, u > 0) denotes a two-dimensional Bessel process issued from 1.

4. Putting the previous results together, prove that, for fixed I,
H, "= 70, (6.3.2
where (7,, v > 0) denotes a stable 1/2-subordinator independent from H, =

o &, u >0, and a(l) = argsh(l).

Comments and references. (a) The result (6.3.2) has been exploited systematically
by S. Vakeroudis in his PhD thesis (Paris VI, April 2011).

(b) It follows from

J. BERTOIN AND M. YOR: Retrieving information from subordination. To appear
in a Festschrift volume for Y. Prokhorov (2012)

that (6.3.2) does not hold at the process (in [) level.

c) Further identities alongside (6.3.2) are developed separately by S. Vakeroudis and
also in:

J. BERTOIN, D. DUFRESNE AND M. YOR: Some two-dimensional extensions of

Bougerol’s identity in law for the exponential functional of linear Brownian motion.
Reprint arxiv: 1201.1495.

* 6.4 Doléans—Dade exponentials and the Maruyama—
Girsanov—Van Schuppen—Wong theorem revisited

Recall that if (X;, t > 0) is a continuous semimartingale (on a filtered probability
space (2, F, (F;), P), then the equation:

t
Z, =1+ / Z, dX, (6.4.1)
0
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admits a unique solution given by:

de ]-
&zwumﬁékmmm—igmg,tzo, (6.4.2)

which is usually called the Doléans-Dade exponential associated with X (here, we
assume Xy = 0).

From now on, in this exercise, all semimartingales will be assumed to be continuous.

1. Prove the multiplicativity formula:
EX)EY)=EX+Y +(X,Y)) (6.4.3)

for every pair X, Y of semimartingales. Extend formula (6.4.3) by expressing
7, £(X;), for Xi,...,X,, n semimartingales, as £(Z), for a certain semi-
martingale 7.

2. Deduce from (6.4.3) that

EY) ' =E&(-Y +(Y)). (6.4.4)

3. (a) Prove that the application X — &(X) is injective.

(b) Let Y and Z be two (given) semimartingales. Solve the equation:

4. Let o € IR and X be a given semimartingale. Prove that there exists a unique
semimartingale, which we denote by X () such that £(X)* = £(X(). Give
an explicit formula for X(®. Deduce from the multiplicativity formula that
X 4 x0) = xleth) _ o3 (X).

5. (Application to Girsanov’s Theorem.)

(a) Consider M and Y, two continuous local martingales. Find all processes
V' with bounded variation such that (M +V)E(Y') is a local martingale.

(b) Assume that Y is such that: (£(Y);, t > 0) is a (P, (F;)) martingale.
Define a probability measure @ as follows: Q. = &E(Y) P, .

Prove that if (M;) is a (P, (F;)) local martingale, then (M, —(M,Y),, t >

0) is a (Q, (F;)) local martingale.

Hint: Prove that (X;) is a (@, F;) local martingale if and only if £(X) is

a (Q, F;) local martingale.

Comments and references. The title of our exercise indicates that it is the result
of a long evolution. The result of question 5(b) is the general form of Girsanov’s
theorem, as stated in:
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J.H. VAN SCHUPPEN AND E. WONG: Transformation of local martingales under
a change of law. Ann. Probability, 2, 879-888 (1974).

Formula (6.4.3) and similar formulae presented in this exercise originate from:

M. YOR: Sur les intégrales stochastiques optionnelles et une suite remarquable
de formules exponentielles. Séminaire de Probabilités X, 481-500, Lecture Notes in
Mathematics, 511, Springer, Berlin, 1976.

A thorough study of Girsanov’s Theorem and absolute continuity relationships be-
tween the Wiener measure and Brownian motion with “direct” or “indirect” drifts
is undertaken in:

A.S. USTUNEL AND M. ZAKAI: The change of variables formula on Wiener space.
Séminaire de Probabilités XXXI, 24-39, Lecture Notes in Mathematics, 1655,
Springer, Berlin, 1997.

** 6.5 The range process of Brownian motion

Let (B, t > 0) be a real valued Brownian motion, starting from 0, and (F;,¢ > 0)
be its natural filtration.

Define: S; = sup B,, I; = ug By, and, for ¢ > 0, 0. = inf{t : S; — I, = c}.

s<t
1. Show that, for any A € IR,

Nt
M; = cosh (A(S; — By)) exp -5

is an (F;) martingale.

2 1

T 1t cosh(A¢) — cogh? (/\é) '

2. Prove the formula: F {exp (—A2 9(;)}

2

Comments and references. The range process (S; — Iy, t > 0) of Brownian motion is
studied in:

J.P. IMHOF: On the range of Brownian motion and its inverse process. Ann. of
Prob., 13, no. 3, 1011-1017 (1985),

P. VarrLois: Amplitude du mouvement brownien et juxtaposition des excursions
positives et négatives. Séminaire de Probabilités XX VI, 361-373, Lecture Notes in
Mathematics, 1526, Springer, Berlin, 1992,

P. VaLLo1S: Decomposing the Brownian path via the range process. Stochastic
Process. Appl., 55, no. 2, 211-226 (1995).
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* 6.6 Symmetric Lévy processes reflected at their minimum
and maximum; E. Csaki’s formulae for the ratio of Brownian
extremes

1. Let X = (X;, t > 0) be a symmetric Lévy process and define its past minimum
and past maximum processes as [; = inf,<; X, and S; = sup,; X. Prove the
following identity in law, for a fixed ¢

(S = X0, X = 1, X0) "= (=1, 81, X0) "= (Sp, =1, =X,) . (6.6.1)
Hint. Use the time reversal property of Lévy processes, that is
(Xi = Xy — u <) "= (X, u<t). (6.6.2)

2. As an application, prove that

Sy — Xy (law) Sy
S, — I S, —1,°

3. In this question, X denotes a standard Brownian motion and T an exponential
. . 2 .
time with parameter %, independent of X. Prove that, for x,y > 0

P(ST <uz, —Ir < Y, Xr € da) = (663)
Q eflal _ _ sinh(fy) g~flo—al _ _ sinh(fx) el ) da
2 sinh(0(x + y)) sinh(f(x + y))

P(ST — XT S x, —IT +XT S y) = P(ST S Z, —IT S y) (664)
_ sinh(fz) + sinh(fy)

sinh(0(z + y))
As an application, prove that the distribution function of the ratio slsi a admits
both the following continuous integral and discrete representations:
S 1— 00 inh
P( ! §a> - - ¢ d:pw (6.6.5)
S1— 1L 2 Jo cosh (g)

= (1-a) <2a e, ma

n=1

- 1) . (6.6.6)

n+a  sin(wa

4. Check that these formulae agree with Csdki’s formulae for the same quantity:

Sl B 00 (_1)71,—1n
a 1 a m 1
=all—a) <¢ <1 * 2) —Y <2 i 2) i sin(ra) a> . (668
where 1(z) = <L (logT'(x)) is the digamma function.
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Comments and references. Formulae (6.6.7) and (6.6.8) are due to E. Csaki (reference
below), who deduced them from classical theta series expansion for the joint law of
(Si, I, Xy), (see e.g. Revuz and Yor [75], p.111, Exercise (3.15)). In the same paper,
Csaki also obtained variants of these formulae for the Brownian bridge; these have
been interpreted via some path decomposition by Pitman as Yor.

E. CsAkI: On some distributions concerning maximum and minimum of a Wiener
process. In: Analytic Function Methods in Probability Theory, 43-52, Collog. Math.
Soc. Jdnos Bolyai, 21, North-Holland, Amsterdam-New York (1979).

J. PITMAN AND M. YOR: Path decompositions of a Brownian bridge related to
the ratio of its maximum and amplitude. Studia Sci. Math. Hungar., 35, no. 34,
457-474 (1999).

* 6.7 Infinite divisibility with respect to time

1. Let (X, t > 0) be a real valued Lévy process, with X, = 0. Prove that, for
every n € IN,

(X, t20) ™2 (x4 X2+ 4+ X" t>0) (6.7.1)

where, on the right hand side of (6.7.1), the processes X, i =1,2,...,n are
independent copies of X.

2. Give some examples of processes (X¢, t > 0) which satisfy (6.7.1), but are not
Lévy processes.

Hint. Consider X, = [* du (X, /u), where X is a Lévy process.

From now on, we shall call a process which satisfies (6.7.1) an IDT process (i.e.
Infinitely Divisible with respect to Time).

3. Prove that if X is an IDT process, then the random variable X ‘= (X,, t > 0)
taking values in path space is infinitely divisible.

4. (a) Show that the Gaussian processes B] = [ f(t/u) dB, are IDT processes.

(b) More generally, describe the centered Gaussian processes which are IDT.

5. Give an example of a random variable X = (X;, ¢ > 0) with values in path
space (i.e. C(R,,R)), which is infinitely divisible, but does not satisfy (6.7.1).

6. Assume that X is an IDT process, where (3, X) = [ dtf(t)X;. Is it possible
to characterize the Lévy measure of X, i.e. the measure N which satisfies

E (exp—(f, X)) =exp <—/N(dw)(1 — e_(f’w>)) ?



202

Exercises in Probability

More generally, give a form of the Lévy—Khintchine representation of the IDT
processes.

The aim of this question is to give examples of processes (X;, t > 0) (apart
from Lévy processes) such that for all £ > 1 and all 1, s, ..., #:

Xostre " XD+ X4 X0 (672)
where, on the right hand side, X', X?) . X®) are i.i.d. copies of X.

(a) Prove that if (Y;, t > 0) has the same one-dimensional distributions as a
Lévy process, then Y satisfies the above property.

(b) Prove that if X satisfies (6.7.2), then for every given ¢, the law of X; is
infinitely divisible.

(c¢) Let (&) be a Lévy process, and Fi(x) = P(& < z). Prove that if U is
uniformly distributed on [0, 1], then

Y, =FU) = g,

where F, ' (u) = inf{z : F;(x) > u}. Hence, Y; satisfies (6.7.2).

8. Is there a process which satisfies (X4, s, > 0) ) (XM + Xt(Q), s,t>0)7

Comments and references. ID'T processes have been introduced in:

R. MANSUY: On processes which are infinitely divisible with respect to time,
arXiv:math/0504408v1 (2005)

and their study is developed in:

K. Es-seBA1Y AND Y. OUKNINE: How rich is the class of processes which are
infinitely divisible with respect to time? Statist. Probab. Lett., 78, no. 5, 537-547
(2008).

* 6.8 A toy example for Westwater’s renormalization

Let (B, t > 0) be a complex valued BM, starting from 0.

1. Consider, for every A > 0, and z € C\ {0}, the equation

Zds
Zs|*

t
0

Identify the process (|Z:|,t > 0).
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Show the representation:
Zy = | Z| exp(ivy,) , (6.8.2)
where H;, = f 7 |2 , and 7y is a process which is independent of |Z|. Identify ~.

. Define P to be the law on C(IR,, C) of the process Z, which is the solution
of (6.8.1).

Show that the family (PA zeC\ {0}) may be extended by weak continuity
to the entire complex plane €. We denote by P the limit law of P}, as z — 0.

We still denote by (Z;) the coordinate process on C(IR, C), and Z; =oc{Z;, s <
t}.

Show that, for every z # 0, and every t > 0, P} and P° are equivalent on

z z

the o-field Z;, and identify the Radon-Nikodym density dP;}'/dPP.

. Show that, for every continuous, bounded functional F : C ([0,1],C) — IR,

the quantity
1
A2 ds
F(Z ——
( )eXP( 7 J |Zs|2)

L
exp ——
2o

converges, as z — 0, but z # 0. Describe the limit in terms of Py

1
iy
A7

where

EO
A, =F;

. Let (R;,t > 0) be a Bessel process with dimension d > 2, starting from 1.
Define the process (¢,,u > 0) via the equation:

tds

log Ry = pp,, where Hy = 2
0 S

(a) Identify the process (p,,u > 0).

b) Prove that —— H, converges in probability towards a constant which
logt &
should be computed.

(c) Prove the same result with the help of the Ergodic Theorem by consid-
ering: f RZ’ as n — 0o, for some fixed a > 1.

(d) Assume now that (R, t > 0) is starting from 0.

ds

in probability as ¢ — 0.
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(e) Show the convergence in law, as ¢ — 0, and identify the limit of:
WG(EJ), where 6. 1) is the increment between ¢ and 1 of a con-
Ogcj

tinuous determination of the angle around 0 made by the process Z,
under the law Py

Comments and references. This is a “toy example”, the aim of which is to provide
some insight into (or, at least, some simple analogue for!) Westwater’s renormal-
ization result which we now discuss briefly.

First, consider a two-dimensional Brownian motion (B, ¢t > 0) and let f,(z) =
n?f(nz), where f : IR* (~ €) — IR, is a continuous function with compact support,
such that

/da:dyf(x,y) =1.

It was proved originally by S. Varadhan (1969) [this result has then been
reproved and extended in many ways, by J.F. Le Gall and J. Rosen in particu-
lar] that, if we denote {X} = X — E(X) for a generic integrable variable X, the
sequence:

Al ds Al dt{f,(B, — B.)}

converges a.s. and in every L*, as n — oo towards what is now called the renormal-
ized local time of intersection 7.
Moreover, for any k € IR, the sequence of probabilities:

1 1
W7§k) def Cp €XP (—k/o ds/o dt{ f,(B; — BS)}) -P|G<Bs’s§1)

converges weakly to cexp(ky) - Plo(p, s<1)-

Westwater’s renormalization result is that for the similar problem involving now
the three-dimensional Brownian motion (B,,s < 1), the sequence (W*) n > 1)
converges weakly towards a probability W®*)  which is singular w.r.t. WO =
P|ys(B,,s<1)- In other words, Varadhan’s LP-convergence result does not extend to
three-dimensional Brownian motion, although a weak convergence result
holds.

Further studies were made by S. Kusuoka, showing that, under W®*) | the reference
process still has double intersections. Thus, both for d = 2 and d = 3, the objec-
tive (central in Constructive Quantum Field Theory) to construct in this way some
kind of self avoiding Brownian motion could not be reached. Intensive research on
this subject is presently being done, by G. Lawler, O. Schramm, W. Werner, using
completely different ideas (i.e. a stochastic version of Loewner’s equation on the
complex plane).
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6.9 Some asymptotic laws of planar Brownian motion

1. Let (y,t > 0) be a real-valued Brownian motion, starting from 0.

(a) Let ¢ € IR. Decompose the process (7 u > 0) as the sum of a contin-
uous martingale, and a continuous process with bounded variation.

(b) Show that the continuous process:

(% / dys exp(icys); u > 0)

0

which takes its values in IR x C converges in law as ¢ — oo towards

1 / /)
wy ==Y, +17,);u >0,
(v ﬁ(v V) )

where 7,7/, +" are three real-valued independent Brownian motions, start-
ing from 0.

2. Let (Z;,t > 0) be a complex-valued Brownian motion, starting from Z; = 1.

Show that, as t — oo,

t
1 Z,
d S
logto/ WAL

converges in law towards a limit, the law of which will be described.

Comments and references. A much more complete picture of limit laws for planar
Brownian motion is given in:

J.W. PITMAN AND M. YOR: Further asymptotic laws of planar Brownian motion.
Ann. Prob., 17, (3), 965-1011 (1989).

See also D. Revuz and M. Yor [75], Chapter XIII and

Y. Hu AND M. YOR: Asymptotic studies of Brownian functionals. In: Random
Walks, 187-217, Bolyai Soc. Math. Stud., 9, Janos Bolyai Math. Soc., Budapest,
1999.

The following articles on asymptotic distributions and strong approximations for
diffusions are also recommended:

A. FOLDES: Asymptotic independence and strong approximation. A survey. In:
Endre Csdki 65. Period. Math. Hungar., 41, no. 1-2, 121-147 (2000)
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E. Csak1, A. FOLDES AND Y. Hu: Strong approximations of additive functionals
of a planar Brownian motion. Prépublication 779, Laboratoire de Probabilités et
Modeles Aléatoires (2002).

** 6.10 Windings of the three-dimensional Brownian motion
around a line

Let B = (X,Y, Z) be a Brownian motion in IR?, such that By ¢ D = {x = y = 0}.

Let (6;,t > 0) denote a continuous determination of the winding of B around D,
which may be defined by taking a continuous determination of the argument of the
planar Brownian motion (X, +14Y,,u < t) around 0 = 0+40. To every Borel function
f IRy — IR, we associate the volume of revolution

M ={(z,y,2): (a* + y")"/* < f(l2])} € R?.

t
Denote 9{ = [dO,1p,crs).
0

1. Show that,
1 A 29f | T
lf Og f( ) a 5 then L ﬂ) / d’Yu ]‘(Bu <(lSu)
log A A—oo logt ¢t — o0 -

where (f3,7) is a Brownian motion in IR?, starting from 0,

S, =supfs, and o =inf{u:p, =1}.

s<u

2. Show, by a simple extension of the preceding result, that, if a > 1, then:
—— 0 .

Show, under the same hypothesis, that, in fact:

0, — 6{ converges a.s., as t — 00.

Comments and references. The aim of this exercise is to explain how the wanderings
of B in different surfaces of revolution in IR?, around D, contribute to the asymptotic

law . .
12?15 (law) Yy, as t — o0o. For a full proof and motivations, see:

windings:

J.F. LE GALL AND M. YOR: Enlacements du mouvement Brownien autour des
courbes de 'espace. Trans. Amer. Math. Soc., 317, 687722 (1990).
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*6.11 Cyclic exchangeability property and uniform law
related to the Brownian bridge

Let {b;, 0 <t <1} be the standard Brownian bridge and F the o-field it generates.
Define the family of transformations ©,, u € [0,1], acting on the paths of b as
follows:

by — by ift<l1l—u,
©u(0) _{ bt,(lfu)—bu, ifl—u<t<l1

This transformation consists in re-ordering the paths {b;, 0 <t < u} and {b;, u <
t < 1} in such a way that the new process is continuous and vanishes at times 0 and 1.
For a better understanding of the sequel, it is worth drawing a picture.

1. Prove the cyclic exchangeability property for the Brownian bridge, that is:
0,(b) "= b, for any u € [0,1].
Let Z(C F) be the sub-o-field of the events invariant under the transformations ©,,
u € [0,1], that is:
for any given uw € [0,1], A€ Z, ifandonlyif T4(b) =1L400,(b), P —as.
An example of a non trivial Z—measurable r.v. is given by the amplitude of the
bridge b, i.e. supg<,<; by — info<y<i by.
2. Prove that for any functional F(b) € L*(P),
1
E[F(b)|T)] = / duF 0 0,(b). (6.11.1)
0
Hint. Prove that for every u,v € [0,1], ©,0, = Oy}, where {x} is the
fractional part of x.

3. Let m be the time at which b reaches its absolute minimum. It can be shown
that m is almost surely unique. Hence, m = inf{t : b, = inf,co1)bs}. Prove
that m is uniformly distributed and is independent of the invariant o-field Z.

Hint. First note that {m o ©, +u} =m, as.

4. Let Ay = [ du I;5, <oy be the time that b spends under the level 0. Prove that
Ayp is uniformly distributed and independent of the invariant o-field Z.

Comments and references. The uniform law for the minimum time and the time
spent in IR, (or IR_) by the Brownian bridge has about the same history as the
arcsine law for the same functionals of Brownian motion and goes back to

207
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P. LEVY: Sur certains processus stochastiques homogenes. Compositio Math., 7,
283-339 (1939).

By now, many proofs and extensions of this uniform law are known; those which
are presented in this exercise are drawn from:

L. CHAumMONT, D.G. HOBSON AND M. YOR: Some consequences of the cyclic
exchangeability property for exponential functionals of Lévy processes. Séminaire
de Probabilités XXXV, 334-347, Lecture Notes in Mathematics, 1755, Springer,
Berlin, 2001.

The identity in law between the time at which the process reaches its absolute
minimum and the time it spends under the level 0 is actually satisfied by any process
with exchangeable increments, as shown in

F.B. KNIGHT: The uniform law for exchangeable and Lévy process bridges. Hom-
mage a P.A. Meyer et J. Neveu. Astérisque, 236, 171-188 (1996)

L. CHAUMONT: A path transformation and its applications to fluctuation theory.
J. London Math. Soc., (2), 59, no. 2, 729-741 (1999).

This property admits an analogous version in discrete time and may be obtained as
a consequence of fluctuation identities as first noticed in

E. SPARRE-ANDERSEN: On sums of symmetrically dependent random variables.
Scand. Aktuar. Tidskr., 26, 123138 (1953).

**6.12 Local time and hitting time distributions for the
Brownian bridge

Let P, be the law of the real valued Brownian motion starting from a € IR and
P® be the law of the Brownian bridge with length ¢, starting from a and ending at

a—x

x € IR at time ¢. Let (X, u > 0) be the canonical coordinate process on C(IR,IR).
The density of the Brownian semigroup will be denoted by py, i.e.

pi(a,b) = \/%exp (— (a ;tb> ) . (6.12.1)

1. Prove that P\Y) may be realized as the law of the process
<a+ (Bu —?Bt> —i—%az, u§t> .

2. We put, for any y € IR, T, = inf{t : X; = y}. Prove the reflection principle
for Brownian motion, that is, under Fy, the process X¥ defined by

Xty:Xty on {tSTy}7 XEJZQy_Xta on {t>Ty}7
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has the same law as X. Let S; = sup,., X,. For x <y, y > 0, prove that
Py(S; >y, Xy <x) = B(Xy <x—2y), (6.12.2)
and compute the law of the pair (X;, S;) under F.
3. Deduce from question 1 that for any a,y € IR,
P,(T, € dt) = ‘;ypt(y,a)‘ dt = ly/;ﬂ_g exp (—(y ;ta)2> dt, t>0.
(6.12.3)
(Note that when a =y, P,(7, =0) =1.)
4. Let (L,,u < 1) be the local time of X at level 0. Using Lévy’s identity:
(S—X,5)"= (|X|,L), under P,
prove that under Py, (X;, L;) has density:
(2;3); (|z| + v) exp (—W) , z€IR,y>0. (6.12.4)

Deduce from the preceding formula an explicit expression for the joint law
of (Xi, L), for a fixed ¢t < 1, under the law Po@o of the standard Brownian
bridge.

Comments and references. A detailed discussion of the (very classicall) result stated
in the first question is found in:

D. LAMBERTON AND B. LAPEYRE: [Introduction to Stochastic Calculus Applied to
Finance. Chapman & Hall, London, 1996. French second edition: Ellipses, Paris,
1997.

We may also cite D. Freedman’s book [32] which uses the reflection principle an
infinite number of times to deduce the joint law of the maximum and minimum of
Brownian motion, a result which goes back to Bachelier!

L. BACHELIER: Probabilités des oscillations maxima. C. R. Acad. Sci. Paris, 212,
836-838 (1941).

Further properties of the local times of the Brownian bridges are discussed in

J.W. PrtMmaN: The distribution of local times of a Brownian bridge. Séminaire
de Probabilités XXXIII, 388-394, Lecture Notes in Mathematics, 1709, Springer,
Berlin, 1999.
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**6.13 Partial absolute continuity of the Brownian bridge
distribution with respect to the Brownian distribution

We keep the same notation as in Exercise 6.12.

1. Prove that, under the Wiener measure P, the process

U U
—_ — — 1 <
{a(l t)—l—t:v%—uX(u_i),u t}

has law P{) . In particular, the family {P{*) :a € IR,z € IR} depends con-
tinuously on a and z.

Hint. Use the Markov property and the invariance of the Brownian law by
time inversion.

Deduce therefrom the law of T, under P*)

a—x)

when a # 0.

Hint. Take for granted the following result for a nice transient one-dimensional
diffusion (X;)
P,(L, € dt) = Cp(a,y)dt,

where L, is the last passage time at y € IR by (X;) (i.e. L, =sup{t >0: X, =
y}), and py(a,y) denotes the density of the semigroup of (X;) with respect to
Lebesgue measure dy. See the reference in the comments below.

2. Prove the following absolute continuity relation, for every s < t:

—s (X,
EY [F(X,,u<s)=E, [F(Xu, u< S)M] , (6.13.1)
pt(a7 13)
where F': C([0, s],IR) — IR, is any bounded Borel functional.
3. More generally, show that for every stopping time S and every s < t,
_s(X
B0, s F(X,u < )] = E, [H{SQ}F(Xu,u < SVW] .
pt(aa x)
(6.13.2)
4. Prove the equality: for every s < t,
POT, < ) = B |Tgg, oy P80 | 6.13.3
omr(Ty < 9) s pe(a, x) ( )
Then, using question 2 of Exercise 6.12, prove that for every s < ¢,
0 Pr—s(y, )
PY (T, € ds) =ds |—p, a| 6.13.4
a x( Y ) 8yp (y ) pt(a, .Z') ( )

and check that when y = 0, it agrees with the result found in question 1.
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5. Using the symmetry property of Brownian motion, prove that:
PO (T <s) = POV p0 o >0, (6.13.5
aﬂx( 0 8) p,g(Cl,CU) a— l( 0 8)7 z,a ) ( )
PO (T <) = 2B g (6.13.6)
pi(a, z)

Comments and references. We have just seen how the time inversion property of
Brownian motion (which is shared by only a few diffusions!) allows us to express a
Brownian bridge in terms of Brownian motion. This is further exploited in Exercise
6.18. See also related discussions in:

S. WATANABE: On time inversion of one-dimensional diffusion processes.
Z. Wahrscheinlichkeitstheorie und Verw. Gebiete, 31, 115-124 (1974/75)

J. PITMAN AND M. YOR: Bessel processes and infinitely divisible laws. In: Stochas-
tic integrals (Proc. Sympos., Univ. Durham, Durham, 1980), 285-370, Lecture Notes
in Mathematics, 851, Springer, Berlin, 1981.

*6.14 A Brownian interpretation of the duplication formula
for the gamma function

Recall (see (4.5.2)) that the duplication formula is:

r(2z) = \/12_Wz2z—ér(z)r (z + ;) .

1. Prove that (4.5.2) is equivalent to the identity in law

AR NV (6.14.1)

where Z, denotes the standard gamma variable with parameter a, and Z; and
Zy /5 are assumed to be independent.

Remark that (6.14.1) may also be written as

Z, "=\ )27, N, (6.14.2)

where N denotes a standard Gaussian variable with variance 1, independent
of Z;. (The identity (6.14.2) is, in fact, the identity (4.8.1).)

2. Let (B;,t > 0) denote standard Brownian motion starting from 0, and let
x > 0. Define T, = inf{t > 0: B; = x}. Prove the following formulae:

P(T, < Zy) = exp(—V/2z), (6.14.3)
P(T, < Zy) = P(z < VZ,|N)) (6.14.4)
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where, on the left hand sides, T, and Z; are assumed to be independent and
on the right hand side, Z; and N are independent.

3. Deduce from (6.14.3) and (6.14.4) that (6.14.2), hence (6.14.1), are satisfied.

**6.15 Some deterministic time-changes of Brownian motion

Consider a linear Brownian motion (B;,t > 0) starting from 0, and two regular
functions u,v: IRy — IR. We assume that wu satisfies u(0) = 0, and is strictly
increasing, and is C'. Assume also that v(t) # 0, for every ¢t > 0, and that v has
bounded variations.

1. Prove that the process X; = v(t)By), t > 0 is a semimartingale (in its own
filtration) and that its martingale part is:

t
/U(S)dBu(s) s t Z 0.
0

2. Prove that the martingale part of X is a Brownian motion if, and only if:
v (s)u/(s) = 1.

3. We denote by (L;¥) and (LP?) the respective local times at 0 of X and B. Prove

the formula:
u(t)

LX = /v(u*l(s)) dLE. (6.15.1)

4. If B is a Brownian motion, and g € IR, # # 0, the formula:
1 — —20t
U, = "B <e> t>0
20
defines an Ornstein—Uhlenbeck process with parameter [, i.e. (U;) solves the

SDE:
dUt = d’}/t + ﬂUt dt,

where ~ is a Brownian motion.

Apply the formula in the preceding question to relate the local times at 0
of U and B.

5. If (b(t),t <1) is a standard Brownian bridge, it follows from question 1 of
Exercise 6.13 that the process

t
B =(1+t)b|—— t>

is a Brownian motion.
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Prove that, if (L;,t > 0), resp. (f,,u < 1), is the local time of B, resp. b,
at 0, then:
t
dL
— =/ t>0). 6.15.2
[ () (t>0) (6.15.2)
0 1+t

t
. - . dL,
Give an explicit expression for the law of Of s, for fixed ¢.

Hint. Use the result obtained in Exercise 6.12, question 3.

*6.16 A new path construction of Brownian and Bessel
bridges

Let X be any selfsimilar process of index a > 0 with Xy = 0, i.e. X satisfies the
scaling property

(law)

(X5, 8s>0) = (KX, s >0), forany k> 0.

1. Show that if for any @ > 0, P(X; > a) > 0 and if the o-field Ny=go{ X}, s < t}
is trivial, then %
lim sup —at = 400, almost surely.
t10
2. Let B be standard Brownian motion. For a > 0, we define the last hitting time
of the curve t — ay/t by B before time 1, i.e. g, = sup{t < 1: B, = a\/t}.
Prove that the process

0 = (g, By, 0 <t < 1)

is the standard bridge of Brownian motion from 0 to a.
Hint. Think of the time inversion property of Brownian motion and use Ex-
ercises 6.12 and 6.13.

Comments and references. Actually, using the time inversion property is not neces-
sary to prove question 2. In fact the result presented here is valid for any selfsimilar
Markov process, with index o > 0, provided it attains the curve t — at®, almost
surely, infinitely often as ¢ — 0. In particular, it provides a construction of bridges
of Bessel processes of any dimension. See:

L. CHAUMONT AND G. URIBE: Markovian Bridges: weak continuity and pathwise
constructions. Ann. Probab., 39, no. 2, 609-647 (2011).

Other relevant references are:

L. Ariut AND P. PATIE: On the first crossing times of a Brownian motion and a
family of continuous curves. C. R. Math. Acad. Sci. Paris, 340, no. 3, 225-228
(2005).
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L. BREIMAN: First exit times from a square root boundary. 1967 Proc. Fifth
Berkeley Sympos. Math. Statist. and Probability (Berkeley, California 1965/66),
Vol. II: Contributions to Probability Theory, Part 2, 9-16, University of California
Press, Berkeley, California.

L.A. SHEPP: A first passage problem for the Wiener process. Ann. Math. Statist.,
38, 1912-1914 (1967).

*6.17 Random scaling of the Brownian bridge

Let (Bi,t > 0) be a real valued Brownian motion, starting from 0, and define
A =sup{t>0:B, —t=0}.

1. Prove that 1
VA" N (6.17.1)

where N is Gaussian, centered, with variance 1.

2. Prove that: ;
(B, —t,t < A) "2 <\/Kb <A> < A) , (6.17.2)

where, on the right hand side, A is independent of the standard Brownian
bridge (b(u),u < 1).

3. Let p € IR. Prove the following extension of the two previous questions:

(i) 2
A== (6.17.3)
o]

(i)
Bi—ptt<A)"™ (ap(-) . t<a,) 6.17.4
/ 1 A /
1

where, on the right hand side, A, = sup{t > 0 : B; — ut = 0} is indepen-
dent of the standard Brownian bridge (b(u),u < 1).

Deduce from the identity (6.17.4) that conditionally on A, = A, the process
(B; — pt,t < A) is distributed as a Brownian bridge of length A.

Comments and references:

(a) One can also prove that for any p € IR, the law of the process (B, — pu,u < t),
given B;—put = 0 does not depend on p and is distributed as a Brownian bridge
with length ¢. This invariance property follows from the Cameron—Martin
absolute continuity relation between (B, — pu,u < t) and (B,,u < t). There
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are in fact other diffusions than Brownian motion with drifts which have the
same bridges as Brownian motion. See:

I. BENJAMINI AND S. LEE: Conditioned diffusions which are Brownian
bridges. J. Theoret. Probab., 10, no. 3, 733-736 (1997),

P. FirzsiMmMONs: Markov processes with identical bridges. FElectron. J.
Probab., 3, no. 12, 12 pp. (1998).

(b) It is often interesting, in order to study a particular property of Brownian
motion, to consider simultaneously its extensions for Brownian motion with
drift. Many examples appear in:

D. WiLriaMs: Path decomposition and continuity of local time for one-
dimensional diffusions I. Proc. London Math. Soc., 28, (3), 738-768 (1974).

*6.18 Time-inversion and quadratic functionals of Brownian
motion; Lévy’s stochastic area formula

Let Pa(”_l,)o denote the law of the Brownian bridge with duration m, starting at a, and
ending at 0.

1. Prove that, if (B;,t > 0) denotes Brownian motion starting at 0, then the law
of the process

1 1
1+¢)B - 0<t<
(o0 (1 )+ ozr=n)

conditioned by {B (1 — ﬁ) = a} is p™)

a—0"

Hint. Use the Markov property and the invariance of the Brownian law by
time inversion.

2. Let m > 0, and consider ¢ : [0,m] — IR a bounded, Borel function. Prove
that, if (B;,t > 0) denotes Brownian motion starting at 0, then the law of
o' dtp(t) B2, conditioned by {B,, = a} is the same as the law of

- ds B? S0((1+m)5> |

o (I+4s)4 1+s

conditioned by {Bm =av1+ m}.

Show that, consequently, one has:

E [exp —)\/ dt B | B, = a]
0

m  ds B2
:E[exp—)\(l—i-m)Q/O (1—1—5)4

B,, = av1+ m]

for every A > 0.
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Set A = % Prove that this common quantity equals, in terms of a,b and m:

m

(&nﬁ?linz)) ' exp <—2a(bm coth(bm) — 1)) . (6.18.1)

Comments and references. This exercise is strongly inspired by:

F. B. KNIGHT: Inverse local times, positive sojourns, and maxima for Brownian
motion. Colloque Paul Lévy, Astérisque, 157—158, 233-247 (1988).

The expression (6.18.1) of £ [exp (—b; [dt BE) | B, = a] is due to P. Lévy (1951).
0
It has since been the subject of many studies; here we simply refer to

M. YOR: Some Aspects of Brownian Motion. Part I. Some Special Functionals.
Lectures in Mathematics ETH Ziirich. Birkhauser Verlag, Basel, 1992, p. 18, for-
mula (2.5).

Note that in Exercises 2.14 and 2.15, we saw another instance of this formula in
another disguise involving time spent by Brownian motion up to its first hit of 1.

#6.19 Quadratic variation and local time of semimartingales

Consider, on a filtered probability space, a continuous semimartingale X; = M, +V,
for t > 0, such that: X, = M, =V, =0, and

E|(M)_ + (7!&/3!) < 0. (6.19.1)

(Recall that (X), the quadratic variation of X does not depend on V', i.e. it is equal
to (M).)

1. Prove that (X;) satisfies:
E[(X7)?] = E[(X),] (6.19.2)
for every stopping time T if, and only if:
Lix,20)|dVs] =0, as. (6.19.3)

2. Prove that (X;) satisfies (6.19.2) if and only if (X;") and (X, ) satisfy (6.19.2).

3. (i) Show that if (M;) is a square integrable martingale, with M, = 0, then
Xy =—M, + SM, where SM = sup,, M, satisfies (6.19.2).
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(ii) Show that if (M;) is a square integrable martingale, with M, = 0, then
X; = M+ LM satisfies (6.19.2) if and only if LM = 0, which is equivalent
to M; = 0.

4. Prove that if (L;) denotes the local time of (X;) at 0, then (X;) satisfies:
E[|Xr]] = ElLq] (6.19.4)
for every stopping time 7 if, and only if (X;) is a martingale.
Comments. This exercise constitutes a warning that the well-known identities (6.19.2)

and (6.19.4), which are valid for square integrable martingales, do not extend to gen-
eral semimartingales.

** 6.20 Geometric Brownian motion

Let (B, t > 0) and (W3, t > 0) be two independent real-valued Brownian motions.

Prove that the two-dimensional process:
t
(XY, t>0) % (exp(Bt),/eXp(Bs)dWs,;t > 0) (6.20.1)
0

which takes values in IR* converges to oo as t tends to oo, (i.e. X? +Y? — oo, as
t — 00).

Hint. Consider the time change obtained by inverting:

t
A = /dsexp(ZBs) )
0

Comments and references. The process (6.20.1) occurs very naturally in relation
with hyperbolic Brownian motion, i.e a diffusion in the plane with the infinitesimal

2 2 2
y 0 0
generator - (—(w + 97 ) -

J.C. GRUET: Semi-groupe du mouvement brownien hyperbolique. Stochastics and
Stochastic Rep., 56, no. 1-2, 53-61 (1996).

For some computations related to this exercise, see e.g.

M. YOR: On some exponential functionals of Brownian motion. Adv. in Appl.
Probab., 24, no. 3, 509-531 (1992).

The following figure presents the graphs of the densities of the distributions of A, for
some values of . We thank K. Ishiyama (Nagoya University) for kindly providing
us with this picture.
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*6.21 0-self similar processes and conditional expectation

Let (X, u > 0) be 0O-self similar, i.e.
(X, u>0) "2 (X,, u>0), foranyc¢> 0 (6.21.1)

and assume that F[|X;|] < co.

Prove that, for every t > 0,
E[X: | Xi] = X, (6.21.2)
where X; = %fg ds X,.

Comments and references:

(a) Let C be a cone in IR", with vertex at 0 and define:

Xy = Ip,ecy

where (B;) denotes the n-dimensional Brownian motion. Then formula (6.21.2)
yields:

1 t
E ]I{BtEC}lt/O dsyp,eccy =a| =a,
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a remarkable result since the law of f(f ds yp,ecy is unknown except in the
very particular case where C' = {z € IR" : x; > 0}. See the following papers
for a number of developments:

R. PEMANTLE, Y. PERES, J. PITMAN AND M. YOR: Where did the Brow-
nian particle go? Electron. J. Probab., 6, no. 10, 22 pp. (2001)

J.W. PitMAN AND M. YOR: Quelques identités en loi pour les processus de
Bessel. Hommage a P.A. Meyer et J. Neveu. Astérisque, 236, 249-276 (1996).

(b) In the paper:

N.H. BinGHAM AND R.A. DONEY: On higher-dimensional analogues of the
arc-sine law. J. Appl. Probab., 25, no. 1, 120-131 (1988)

the authors show that in general, time spent in a cone (up to 1) by n-
dimensional Brownian motion (e.g. in the first quadrant, by two-dimensional
Brownian motion) is not beta distributed, which a priori was a reasonable
guess, given Lévy’s arc-sine law for the time spent in IR, by linear Brownian
motion.

*6.22 A Taylor formula for semimartingales; Markov
martingales and iterated infinitesimal generators

Let (Q, F, (F;), P) be a filtered probability space. We say that a right continuous
process, (X;,t > 0) which is (F;) adapted is (F;) differentiable if there exists another
right continuous process, which we denote as (X]), such that:

(i) M X, - Jyds X! is an (F;)-martingale.
(i) B[|IX:|] < 00 and E [fj ds | X!]] < oo.

1. Prove that if (X}) is (F;) differentiable, then its (F;) derivative, (X7), is unique,
up to indistinguability.

2. Assume that (X;) is (F;) differentiable up to order (n+1) and use the notation:
X" = (X') and by recurrence X™ = (XYY n > 3. Then prove the

formula:
/ t? " ntn (n)
Xt—tXt+§Xt +-- 4+ (-1) ﬁXt (6.22.1)
bs" (n+1) X ! X’ n bs" X ()
:/ 5 XD gs 1 M —/deg +oe (=) /—dMs .
o n! 0 ' 0o n!

Hint: Use a recurrence formula and integration by parts.
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3. Let (B, t > 0) denote a real valued Brownian motion. Define the Hermite
polynomials Hy(z,t), as:

BE=1) 4

Hy(z,t) = 2" — ¢ 5 (6.22.2)
2 k(k—1)(k—2)(k -3
L EMEZ 1 > JE=3) iy (6.22.3)
+ (=) 2 ok —1) -~ (k — 2[k/2] + ka_m/z]
[k/2]! oI/ '

Prove that (Hy(B;,t), t > 0) is a martingale.

4. Give another proof of this martingale property using the classical generating
function expansion:

a’t < gk
oxp | ar — == :Zka(x,t), a€R, (z,t) e R x R, .
k=0 """

Comments and references. The sequence of Hermite polynomials is that of orthog-
onal polynomials with respect to the Gaussian distribution; hence, it is not as-
tonishing that the Hermite polynomials may be related to Brownian motion. For
orthogonal polynomials associated to other Markov processes, see:

W. SCHOUTENS: Stochastic Processes and Orthogonal Polynomials. Lecture Notes
in Statistics, 146, Springer-Verlag, New York, 2000.

In particular, the Laguerre polynomials, resp. Charlier polynomials are associated
respectively to Bessel processes, and to the Poisson and Gamma processes.

**6.23 A remark of D. Williams: the optional stopping
theorem may hold for certain “non-stopping times”

Let Wy =0, Wi, Ws, ..., W,,... be a standard coin-tossing random walk, i.e. the
variables Wy, Wo — W4, ..., W, — Wj_q,... are independent Bernoulli variables such
that P(W, — Wy—y = +1) = 5, k=1,2,.... For p > 1, define:

o(p) = inf{k > 0: W, = p}, = sup{k < o(p) : W, = 0},
m = sup{Wy, k <n}, v=inf{k >0: W, =m}.

It is known (see the reference below) that:

(i) m is uniformly distributed on {0,1,...,p — 1};

(ii) Conditionally on {m = j}, the family {W,, k <~} is distributed as {W}, k <

a(j)}-



6. Random processes 221

Take these two results for granted. For n € IN, denote by F,, the o-field generated
by W(),Wl,. . -7Wn-

Prove that for every bounded (F,,),>o martingale (M, ),>o, and every j € {0,1,...,
p — 1}, one has:

E M, 1—py] = E[My] P(m = j).
In particular, one has: E[M,] = E[M].

Comments and references:

(a) (i) and (ii), and more generally the analogue for a standard random walk of
D. Williams’s path decomposition of Brownian motion {B;, t < T,}, where
T, = inf{t : B; = p} were obtained by J.F. Le Gall in:

J.F. LE GALL: Une approche élémentaire des théoremes de décomposition
de Williams. Séminaire de Probabilités XX, 1984/85, 447-464, Lecture Notes
in Mathematics, 1204, Springer, Berlin, 1986.

Donsker’s Theorem then allows us to deduce D. Williams’ decomposition re-
sults from those for the random walk skeletons.

(b) In turn, D. Williams (2002) showed the analogue for Brownian motion of the
optional stopping result presented in the above exercise.

Our exercise is strongly inspired from D. Williams’ result, in:

D. WiLLiAMS: A “non-stopping” time with the optional stopping property.
Bull. London Math. Soc., 34, 610-612 (2002).

(c) It would be very interesting to characterize the random times, which we might
call “pseudo-stopping times”, for which the optional stopping theorem is still
valid.

*6.24 Stochastic affine processes, also known as “Harnesses”

Note that given three reals s < t < T, the only reals A and B which satisfy the
equality
f(t) = Af(s)+ Bf(T)

for every affine function f(u) = au+ 3, (o, 5 € IR) are:

T—t¢ t—
and B = i

A= )
T—5s"' T —s

Now assume that on a probability space (£2, F, P), a process (®;, t > 0) is given such
that: E[|®:]] < oo, for each t > 0. We define the past—future filtration associated
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with ® as Fyr = o{®, : u € [0,s] U [T,00)}. We shall call & an affine process if it

satisfies T .
B | Forl= =" P Uat)

s P, t<T. .24.1
T—s ° T—5 © s<bs (6 )

1. Check that (6.24.1) is equivalent to the property that for s < ¢ < ¢ < u, the

quantity
P, — Py
E [t* | F. u} : (6.24.2)
t—t '
does not depend on the pair (¢,t'), hence is equal to %.

2. Prove that Brownian motion is an affine process.

3. Let (X;, t > 0) be a centered Gaussian process, which is Markovian (possi-
bly inhomogeneous). Prove that there exist constants a,;r and (,;r such
that

EX | Fsr| = asirXs + Bsrr Xr .

Compute the functions o and 3 in terms of the covariance function K (s,t) =
E[XX;]. Which among such processes (X;) are affine processes?
4. Let (X;, t > 0) be a Lévy process, with E[|X;|] < oo, for every t. Prove that

(X;) is an affine process.

Hint. Prove that for a < b, and for every A € IR:

Ela™ X, exp (iAX})] = E[b~' X, exp (i X})].

5. Prove that, although a subordinator (7}, ¢ > 0) may not satisfy E[T}] < oo,
nonetheless the conditional property (6.24.1) is satisfied.

Hint. Prove that, for a < b, and every A > 0,

E ﬁ;ﬂ exp(—)\Tb)} =F H;b exp(—)\Tb)} .

6. Prove that if an affine process (X;) is L'-differentiable, i.e.

Xt+hh_XtL_l>y;’ as h — 0,

then for every s, t, P(Y; = Y;) = 1, and (X;) is affine in the strong sense,
ie. X; = at + 3, for some random variables o and ¢ which are Fy V G-
measurable.

7. We now assume only that (X;, ¢ > 0) is a process with exchangeable incre-
ments, which is continuous in L!. Prove that it is an affine process.
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Comments and references:

(a) The general notion of a Harness is due to J. Hammersley. The particular case
we are studying here is called a simple Harness by D. Williams (1980), who
proved that essentially the only continuous Harnesses are Brownian motions
with drifts. In the present exercise, we preferred the term affine process. In
his book [98], D. Williams studies Harnesses indexed by Z, and proves that
they are only affine processes in the strong sense.

(b) Without knowing (or mentioning) the terminology, Jacod and Protter (1988)
showed that every integrable Lévy process is a Harness. In fact, their proof
only uses the exchangeability of increments, as we do to solve question 7. In re-
lation with that question, we should recall that any process with exchangeable
increments is a mixture of Lévy processes. (See the comments in Exercise 2.6,
and the reference to Aldous’ St-Flour course, Proposition 10.5, given there).

(¢) As could be expected, Lévy was first on the scene! (See Lévy’s papers referred

to below.) Indeed, he remarked that, for & a Brownian motion, the property
(6.24.1) holds because

T —t¢ t—s
b, — b, ()
! <T—s ‘+T—8 T)

is independent from F; p.

(d) If (&; = %, t > 0) is the gamma subordinator, then with the notation in

(6.24.2), ii:qg: is independent from F; ,, which implies a fortiori that (®;) is

a Harness.

(e) The arguments used in questions 4 and 5 also appear in Bertoin’s book ([67],
p. 85), although no reference to Harnesses is made there.

P. LEVY: Un théoreme d’invariance projective relatif au mouvement Brown-
ien. Comment. Math. Helv., 16, 242-248 (1943).

P. LEVY: Une propriété d’invariance projective dans le mouvement Brownien.
C. R. Acad. Sci., Paris, 219, 377-379 (1944).

J.M. HAMMERSLEY: Harnesses. Proc. Fifth Berkeley Sympos. Mathematical
Statistics and Probability, Vol. III: Physical Sciences, 89117, Univ. California
Press, Berkeley, CA, 1967.

J. JACOD AND P. PROTTER: Time reversal on Lévy processes. Ann. Probab.,
16, no. 2, 620-641 (1988).

D. WILLIAMS: Brownian motion as a Harness. Unpublished manuscript,
(1980).

D. WILLIAMS: Some basic theorems on Harnesses. In: Stochastic Analysis,
(a tribute to the memory of Rollo Davidson), eds: D. Kendall, H. Harding,
349-363, Wiley, London, 1973.
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*6.25 More on Harnesses

Recall from Exercise 6.24 that every integrable Lévy process (X;) is a Harness, with
respect to its past-future filtration F;, = o{X,, h < s, X}, k > u}, s <uw, ie.
X(] - Xc o Xb - Xa

E|l——|F,p| =
‘}—’b b—a

6.25.1
e (6.25.1)

We now assume only that we are dealing with a Harness (it is not necessarily a Lévy
process).

1. Let T > 0 be given. Prove that there exists (M), t < T), a (Fir, t < T)
martingale such that:

t Xy — X,
X, :MF)JF/ ds L2
0 T

— (6.25.2)

2. Conversely, assume that the property (6.25.2) is satisfied for every ¢, T, with
t <T. Prove that (X;, ¢ > 0) is a Harness.

Comments and references. Formula (6.25.2) has been obtained by Jacod-Protter
for Lévy processes, see e.g. Protter’s book [71]. Here we show that this formula is
equivalent to the Harness property. For a developed discussion, see:

R. MANsuy AND M. YOR: Harnesses, Lévy bridges and Monsieur Jourdain.
Stochastic Process. Appl., 115, no. 2, 329-338 (2005).

*6.26 A martingale “in the mean over time” is a martingale

Consider a process (a(s), s > 0) that is adapted to the filtration (Fj)s>0, and

satisfies: for any ¢ > 0, Ef|a(t)|] < oo and E [fg du |a(u)|} < 00. Prove that the two
following conditions are equivalent:

(i) (a(u), w>0)is a (F,) martingale,

(ii) for every t > s, E [i Jrdha(h) |.7:5] = a(s).
Comments and references. Quantities such as on the left hand side of (ii) appear very
naturally when one discusses whether a process is a semimartingale with respect to

a given filtration by using the method of “Laplaciens approchés” due to P.A. Meyer.
For precise statements, see

C. STRICKER: Une caractérisation des quasimartingales. Séminaire de Probabilités
IX, 420424, Lecture Notes in Mathematics, 465, Springer, Berlin, 1975.
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*6.27 A reinforcement of Exercise 6.26

Consider a process (H(s), s > 0) not necessarily adapted to the filtration (Fj)s>o,
which satisfies:

(i) for any s > 0, E[|H(s)|] < oo.

(ii) for any s, the process t — F [%

.7:8}, (t > s) does not depend on ¢.

We call the common value afs).

1. Prove that (a(s), s > 0) is an (F;)-martingale.

2. Assume that (H(s), s > 0) is (F;) adapted and that (a(s), s > 0) is measur-
able. Prove that (H, t > 0) is of the form

t
H, = M, +/ a(u) du,
0
where (M;, t > 0) is a (F;)-martingale.

Comments. For a general discussion on Exercises 6.22 to 6.27, see the comments
at the beginning of this chapter.

*6.28 Some past-and-future Brownian martingales

(def)

For 0 <a <b,let: o, = o{B,:u<a}Vo{B,:v>b}. The aim of this exercise
is to find as many (F,;).<» martingales as possible in the Brownian setup.

1. Let o = (p_, 1) € (L(Ry, ds))2 and consider the two parameter process:
M,, = / w_(s)dBs +/ 0 (s)dBs +Cop(By — B,), 0<a<b<oo,
0 b

where C,; is a family of reals. Find conditions on this family so that (M,)
is a (F,,) martingale.

2. Let p € L*(R,,ds); show that

Blew ([T o) dn,) | 7]

~ exp (/O o(s) dB, + /b o(s)dB, + C%,(By — Ba) + D(f’b> .

Give explicit formulae for CY, and Dy ,.
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3. Let ¢ = (¢—, ) be as in question 1. Do there exist two families of reals, le b
and nyb, such that:

£ oo (["o-(9)aB,+ [ o) B, + €O (B, — B+ D)
is a (F,,) martingale? If yes, then compute C'(fb and Dib.

Comments and references. Past-and-future (sub)-martingales are presented in
greater generality in section 5.2 of:

CH. PROFETA, B. ROYNETTE AND M. YOR: Option prices as probabilities. A New
Look at Generalized Black—Scholes Formulae. Springer Finance, Springer-Verlag,
Berlin, 2010.

*6.29 Additive and multiplicative martingale decompositions
of Brownian motion

Let (B, t > 0) denote a one-dimensional Brownian motion starting from 0. Let
k>1,keN.

1. (a) Prove that k independent martingales M) ... M®) such that Mél) =
(k)

... = My~ = 0 satisfy the identity in law
MY 4 M 4o B B (6.29.1)
if and only if their joint law may be expressed as:

(MW, M®) ) (/ m® dBW . / m® dB“”)
0 S S Y ? 0 S S ?

where (B, ..., B®) are k independent Brownian motions, and m"),
..,m%) are k deterministic functions such that:

SmP)? =1, ds—ae.

(b) Note that a particular case may be obtained from a partition II =
(MW, ... TI™) of R, as one considers the k-dimensional martingale:

(1n) ! :
M :(/0 ]Inm(s)st,z:1,2,...,k>, £>0.
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2. The vector-valued martingale (Mt(n)) presented in question 1(b) obviously sat-

isfies (with the notations introduced in question 1(a)):
mIm) =0, fori#j. (6.29.2)

(a) Give an example of martingales (M), M?)) satisfying (6.29.1), but not
(6.29.2).
Hint. Consider MY = (WU + W®)/2 and M® = (WL — Ww®)/2,

where W) and W) are two independent real-valued Brownian motions.

(b) In order to understand better, in the general framework of question 1,
when (6.29.2) is satisfied, let us consider the Kunita-Watanabe orthogo-
nal decompositions:

A t »
M :/ ug’)dBS+Nt(’)7 i=1,2,... .k,
0
where B, ‘&’ >r Mt(i)7 and (B, N@) = 0. Then compute (N, NU)) in
terms of p, u9), for i # j.

3. We now consider the strictly positive martingale which is geometric Brow-
nian motion: exp (Bt — %) Characterize the strictly positive martingales

(Lgl), ce Lik)) such that:

G) LY=1, i=1,2.. .k,
(ii) LW,...,L™ are independent, (6.29.3)
(ifi) exp (B, — &) =TI, LO().

o 4. Are there other pairs of continuous independent martingales (<I>£1), CI>§2)) such

that
B, = oY ol? (6.29.4)
than “the obvious solutions”
1
q)IEl):Ca q)IEQ):aBty tZOa

for any C' # 0. We make the conjecture that the answer is NO!

Comments and references. (a) Had we assumed M@, i = 1,... k to be only semi-
martingales, then a very large family of k-tuples is available. Indeed, there are many
examples of semimartingales (3;, t > 0) in a given filtration (F;) that turn out to be
Brownian motions. These are the so-called non-canonical representations of Brow-
nian motion, e.g. G, = By — fot %BS, which we already encountered in Exercise
6.1.
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(b) We may ask the same problem when B is replaced by the compensated Poisson
process: (NV;—t, t > 0). This seems to be a natural question since, as the reader shall
see, we begin our proof of (6.29.1) with the help of Cramer’s theorem for Gaussian
variables. Now there is also the analogous Raikov’s theorem for Poisson variables,
see Stoyanov [86], Section [12]. See also Lukacs [55].

¢) So far, we have not completely solved (this is a euphemism!!) question 4, but we
conjecture that the only solutions are:

1
MY =C and MP = b

for some C' # 0 (and, of course, vice versa, with the roles of M) and M inter-
verted!).
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Solutions for Chapter 6

In the solutions developed below, (F;) will often denote the “obvious” filtration in-
volved in the question, and F' = F(X,,u < t) a functional on the canonical path
space O(IR,,IR?), which is measurable with respect to the past up to time ¢.

Solution to Exercise 6.1

1. (a) By assumption, (R;, t > 0) is a positive process, so it follows from Fubini
theorem that

E l /M Rt,u(dt)] - /M W(dt)E[Ry] .

Then we derive from the assumptions (i) and (ii) that E [R;] = E [R;] < oo, so that
if fio.1) p(dt) < oo, then E [f(m] Rtu(dt)} < o0, and hence [ ;) Rypu(dt) < oo, a.s.

(b) Applying Fubini theorem, we obtain that for any measurable set B,

E lnB /M Rtu(dt)] — /(O’l]u(dt)E[]IBRt]

— ,u(dt)E []IB / du]I{Rt>u}}
(0,1] 0

_ (0,1]u(dt)/0 duP (BN {R; > u}) .

Then the inequality follows from the hint.

¢) By definition of the set By, we have N > E |1, Ryp(dt)|. Moreover, the
= N J(0,1]
assumption (i) implies that

/(0’1] M(dt)/o du(E[lg,]— P(R; <u)) :/L(O,l]/o du (E[lp,]— P(R <u))".

Then we conclude thanks to the inequality of question 1(a).
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(d) If figqy p(dt) Ry < 00, a.s., then limy o P(By) = 1. Let us exclude the trivial
case where Ry = 0, a.s. So we can choose N sufficiently large and ¢ > 0 sufficiently
small to have E[lp, ] — P(R, < wu) > 0, for all u € (0,¢], from which we derive that

/OOO du(E[lg,] — P(Ry < u))* > 0.

Then we deduce that (0, 1] < oo from the inequality of question 1 (c).

2. (a) Let us compute E(G;5;) = E [( — LB ) <BS - %Bhﬂ, for s < t.
First we note that

0* dh /f dh/th /dB (/t dh) /dB log(t/s),

so that 3, = [i dB, (1 —log(t/s)), and

B(3,5) = [ dh (1~ log(s/)) (1~ log(t/h) =

The process (3 is clearly a continuous centered Gaussian process. Moreover, as we
have just proved, its covariance function is given by E(8,0s) = s A t, s,t > 0, hence
[ is a standard Brownian motion

(b) Fix t > 0 and set By, = B, — B,_;, and Bh = By — Bi_p,, for h < t and let us write
Bt — Br—w = (Bt — Bi—u) — [y %Bt_h. This identity may be expressed as
A N v dh N
Bu = Mu / — (B — Bz .
Bu+ 0o t— h( ! )

Then considering the above equation as a linear differential equation whose solution
exists and is (B, u < t), we see that B can be written as

By = ®(nh < u, By).
for some measurable functional ®, hence F2 C F V o(By).

3. (a) From the expression of § defined in the previous question, we may write for

all € € (0,1),
/ dB/ dﬁs+/—f

Since the integrals of f with respect to B and 3 are well defined a.s. for all f €
L*([0,1]), the result follows by making € tend to 0 in the above identity.

(b) The process R; = |B;|/V/t clearly satisfies the assumptions (i) and (ii) of
question 1. By setting u(dt) = | f(t)|dt/\/t, we see that the equivalence

i !t f (1)
J, TUOIBI <o s [0
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follows from this question. Using the process R, = |B;|/+/t and applying question 1
again, we see that [j %|f(t)||B,| = oo, a.s. for all f € L2([0, 1]) such that f, % =
oo. For instance, the function

(—Int)~
ft) = /7 Luewa)

satisfies these (non) integrability properties for L € (1/2,1).

Solution to Exercise 6.2

1. The coefficients of the SDE (6.2.1) satisfy the Lipschitz condition: [/1+ y?> —
V1+ 22|+ 3|y — 2| < 3|y — z|, so from the general theory of stochastic differential
equations, this equation admits a unique strong solution, for every x € R.

2. Itd’s formula yields

t 1 t
}/; = +/ <eﬁs dﬁé + 5655 dS) e_ﬂs}/; +/ eﬁse_ﬂs d%
0 0
t 1 t
:x+%+/ stﬁﬂr—/ Y. ds

_I+/\/1+Y dB+ Yds

for a certain Brownian motion (B, t > O) This proves that Y satisfies equation
(6.2.1). From question 1, we have (Y;, t > 0) "=’ (sinh(a + By), t > 0).

3. (a) This follows immediately from It6’s formula.

(b) Considering the system (6.2.3), we differentiate the first identity, which yields:

©"(y) = o' (pW)¢'(y) = (o) (w(y)) -

Hence, the pair (o,b) must satisfy: 3(0’0) = b, i.e. o*(x) = [“dyb(y). Now, if b is
Lipschitz and bounded, we associate with it the function o(x) =/ [* dy b(y), which
satisfies

lo(x) —o(2')] < Cy/lw — 2|,

and there is only one strong solution.

Solution to Exercise 6.3

1. (a) We take v = a = 0, and we may write: Y; = [i exp(3; — f3;) d7,. Then, using
the time reversal s = ¢ —w on [0, ¢] and the fact that 8, — 5,_, and v, —,_, are two
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independent Brownian motions, we obtain, for fixed t:

aw ¢
y, ' /0 exp(By) dy -

The second identity in law follows from the Dambis-Dubins-Schwarz representation
of the martingale (f; exp(83,) dv.).

(b) It suffices to note that the right hand side of (6.3.1) is a martingale, whereas the
left hand side is not.

As another proof, note that the quadratic variations of both sides (as processes) are,
respectively: [i[cosh(f,)]? ds and [} ds exp(2/3,). These two processes have different
laws. Indeed, [cosh(f,)]* and exp(20;) have different expectations, since, on the one

hand
2 Lo os, | 28 1 23 1 2
Eleosh®(,)] = JEe + e 2] = (2+2E[*™]) = 51+ e™)
and, on the other hand, E[e?%] = e%.
2. We easily deduce from (6.3.1) that, for fixed t,

(law)

sinh(|B]) "

7|f0t du exp(26u) *

Next, since M; "= |B,| and |y, "=, ="y, for fixed ¢ and fixed h (by the
symmetry principle), we obtain the desired result.

3. This is a consequence of the use of It6’s formula and time changing for the process
(exp(f), t > 0).

4. We proceed by passing to the inverse process, i.e.
(H,, <a) = (n<A,)
(I <Aa,)
"2 (1 < sinh(L,))
= (a(l) < La)
n <«

— (nup <a)

Solution to Exercise 6.4

1. The covariation application: (X,Y) — (X,Y") is a symmetric and bilinear form,
hence: (X +Y) = (X)+(Y)+2(X,Y) and the formula follows. Now we can prove
the second part of the question. For i = 3, one has
E(X)E(X)E(X3) = E(Xy + Xo + (X1, X2))E(Xs)
= E(X1+ Xo + X3+ (X1, Xo) + (X1, X3) + (X3, X3)).
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By iteration, we easily deduce the general case:

", &( (ZX+§:&J(>

1<]

2. We obtain the result by taking X = —Y + (Y) in the formula of question 1.

3. (a) The injectivity follows from the formula:

e,
T hoEX),

(b) Questions 1 and 2 imply
EX)=EZ) V) ' =8 E(-Y +Y)=EZ~-Y —(Z-Y,Y)).

Then from the injectivity of X — £(X), we deduce that X =Z-Y —(Z -Y)Y) =
Z—Y —(Z,Y)+(Y).

4. Since £(X)ff = exp(aX; — § (X),), we are looking for a semimartingale (X))
such that (X)), = exp(aX, — §(X),), ie. X[ = 1(X@) = aX, - §(X),

2
But this last equation gives <X (a)> = o (X) and proves the uniqueness of Xt(a> =

aX, + 5% (X)

-
Then from the multiplicativity formula established in question 1, we obtain:
BT = (E(X))""7 = EXEK )

= £ (X 4+ XO 4 (X, X)) |

Hence, X9 = X + X 4 (X©@ XF) But X = aX + M%(X} Hence
(X X)) = aB(X, X), so that:

X0 = x4 X 4 ap(X, X).

5. (a) First recall that from equation (6.4.1)
:1+K8Y
&M+V%:1+;5MLHOMMﬁ—;&M+V%MQ
so that from It6 formula
M+ VYEW) = 1+ [ EOM +V),E(), Y, + [ €M +V).E(¥), dM,

+A%mwwmamwm+£aM+wgw%aMy>

s
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Thus E(M + V),E(Y); is a local martingale if and only if f; (M + V), E(Y), d(V +
(M,Y))s =0, for any ¢t. Hence, the only continuous processes with bounded varia-
tion such that Vi = 0 and which satisfy this property are given by V = ¢ — (M,Y),
where ¢ is any constant.

(b) Note that E(M — (Y, M)) is a (Q, F;) local martingale since from question 5(a),
E(M — (Y, M))E(Y) is a (P,F;) local martingale. But it is clear from equation
(6.4.1) that £(X) is a local martingale if and only if X is a local martingale (and
this property does not depend on the probability measure). Hence, M — (M,Y") is
a (@, F;) local martingale.

Solution to Exercise 6.5

1. Let F : IR x IR? — IR be the function defined by F(z,y,2) = cosh(A(y —

x))exp (—%z) This function satisfies:

1 2
fg—F(:c,y,z) + 2F’(J[:,y,,z) =0,

0
ZF _ )
28(152 82 (er?z) 07 (x,y,Z) E]RXIR,+

dy
(6.5.a)
Thanks to the first part of (6.5.a) and the fact that (S;, ¢ > 0) is an increasing
process, 1t6’s formula applied to the semimartingale: (F'(By, S, t), t > 0) gives:

F(B,,Si,t) = F(0,0,0) +/—FB S,,u) dB, +/—FBU,S w)dS, .

Now observe that B, = S,, for each time u at which S increases. This remark
and the second part of (6.5.a) show that the integral f; a%F(Bu, Sy, u) dS, vanishes,
hence

F(B:, Si,t) = 1 +/ 9 F(B., Sy, u)dB
which proves the result.
2. Since the distribution of Brownian motion is symmetric, we can replace in ques-
tion 1, St — Bt by Bt — It and St by [t, so that
Nt
Nt = cosh ()\(Bt — [t)> exp —7

is a (F;) martingale. Observe that 6, is a (F;) stopping time and that the martingales
(M;ipg,) and (Nipg,) are bounded, therefore, we may apply the optional stopping
theorem which yields:

E[M()c] = 1, and E[Ng(] =1. (65b)
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Note also that almost surely, either My, — By, = cand By, —Iy, =0, or My, — By, =0
and By, — Iy, = c, so that

20,
My, + Ny, = exp (—2> (cosh()\c)]I{Mec_B%:C} + Tynsy, By, =0}

+ cosh(Ac) ]I{Bec ~Ip,=c} T ]I{Bec —Ieu:[)})

= exp (—/\2200> (cosh(Aec) + 1) .

The result now follows from equations (6.5.b).
Comments on the solution: The result of this exercise implies that
(law) o
96 = Tg + T% ,

where T, and T, are two independent copies of inf {t : |B,| = a}. This follows from
the fact that cosh(AB;)exp (—%) is a (F;) martingale.

Solution to Exercise 6.6

The solutions to questions 1 and 2 are immediate from the Hint; as an example,

Sy — Xy et SUP<X(t—u)f - Xt) ) —1I;.

u<t
3. First note the following identities for x > 0 and y > 0
P(STS.CL’, —Ir <y, XTGda):P<T§TI,T§T_y,XT€dQ)
=P(T<T,NT_,, Xy € da)

=F {(1 — ]I{TT/\T—;UST}) I[{X'peda}}
6 :
= P(XT S da) - §E [/I“-AT ei%tﬂ{XzEda} dt]

= P(XT € dCL)
62 020 a7 0o 42
— 5E [62 e Ny EXu AT_, (/0 677U]I{Xu €da} du)

Now, identity (6.6.3) is easily deduced from the following well-known facts.

P(Xr € da) = Ze‘“' da

-5 ] sinh(Qy)
E 2 Ty NT—y ]I _
[6 {Ty<T-, }_ sinh(0(z + y))
7 ] Slnh(egp)
E 3 Ty NT—y ]I _
‘ FEE T sinh(0x + )
% 9 i )
Ex |:A 6_97U]I{Xu Gda} du = ge_a‘a—.ﬂ da ,
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where E, denotes the expectation with respect to P,, the law of Brownian motion
starting at z, (P = Fy). The identity (6.6.4) follows from both question 1 and
integration with respect to the law of X7 in (6.6.3).

Finally, we deduce the results (6.6.5) and (6.6.6) by using the scaling property of
Brownian motion so that
51 (law) ST
Sy—1I  Sp—Ir
4. Cséki’s formulae (6.6.7) and (6.6.8) can easily be recovered from respectively

(6.6.6) and (6.6.5). For the latter, one may use the following integral representation
due to Gauss of the digamma function.

oo (o7 e~
o = [T - o) o=

see Theorem 1.6.1, p. 26, in [1]; see also Lebedev [51].

Solution to Exercise 6.7

1. Since both sides of the identity in law (6.7.1) involve Lévy processes, i.e. processes
with homogeneous (in time) and independent increments, it suffices to prove the
identity for a fixed time ;. But the latter is true since

Xnto - th + (X2t0 - Xto) + ... + (Xnto - X(’IL—I)to)
is identical in law with X, + ... + X"

to

2. We write X; = f(f %" ut, hence X, = f(j’ %“Xunt. It now remains for us to apply
the identity (6.7.1) for X, =" X)) + X&' + - + X1}, where the identity holds
as processes in ut. We also need to prove that X is not a Lévy process. But note
that, for ¢ > 0, X is differentiable on the right, i.e.

. 1, . 5 th Xat
lim =~ (X, . — X,) = b= —
ali% g( s t) bt “ at
1
- ;(th - Xat) )

which cannot hold for a continuous Lévy process that differs from a pure drift.

3. This is immediate from identity (6.7.1), since, if X is an IDT process, then
X 7(/17)1 + 7(27)1 +...+ 7,(72, where the X""s are independent copies of X.

4. (a) It suffices to write
nt
Bl = [ f(nt/u)aB,
0

~ [ 1¢/v) B,
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and to use (6.7.1) for B. Note that this construction of IDT processes also holds
when replacing B by any Lévy process (recall that any Lévy process is a semimartin-
gale).

(b) If c(t,s) = E(X:X;) is the covariance of our Gaussian process, then we must
have

c(nt,ns) = nc(t, s). (6.7.a)

For example, if (X;) is a fractional Brownian motion with index «, then (¢'/27%X,,
t > 0) satisfies the desired property (6.7.a).

5. Squares of Bessel processes are nice sources of examples of processes that are
infinitely divisible, but not IDT. For instance, let X = (R%(t), t > 0) be a squared
Bessel process with dimension N, and X, i = 1,...,n be independent copies of
X. Then we have the identity in law

X+ XM > 0) "2 (R (1), > 0).
On the other hand, it follows from the scaling property of X that
(Ry(nt), t > 0) "= (nRy (1), t > 0).

We then have to compare the laws of (nR%(t), t > 0) and (R?y(¢), ¢ > 0). Let
us denote by 7, a Gamma variable with parameter a. On the one hand, we have

law

nR%(t) "= 2ntyy )y and on the other hand we have R2 (1) "=’ 2tv,y/2. In particu-

lar, for t =1 and n = N = 2, we have nR% (1) "= 4y, and R2, (1) "2’ 24, and the
laws of 29, and ~, differ.

6. We can write the Lévy—Khintchine representation as follows (for, say, X > 0):

E [exp <—/,u(dt) Xt>] = exp [— /C(R+7R+) N(dw) (1 — exp <—/u(dt)w(t))>] :

where p(dt) is a nice positive measure on R, . Taking u(dt) = f(t) dt and using the
definition of an IDT process, we obtain the identity:

E {exp <—/dtf(t)xmﬂ -y [exp (- / d?;“f (Z) X)]
— exp l— /C(M” N(dw) (1 _exp (- / ‘fj f (Z) w(u)))] .

On the other hand, this expression is equal to

exp [— /c?(&,&) nN (dw) (1 — exp <—/dtf(t)w(t)))] :

237
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Hence N is the Lévy measure of an IDT process if and only if it satisfies m,,(N) =
nN, where m,, is the transformation of C(R,,R) which is defined by m,(w)(t) =
w(nt).

7. (a) First we observe that any Lévy process X satisfies this property. It is a direct
consequence of the independence and stationarity properties of the increments of
Lévy processes. Then, since the law of each side of (6.7.2) depends only on one-
dimensional distributions of the process X, it follows that if Y has the same one-
dimensional distributions as a Lévy process, then Y also satisfies this property.

(b) As a consequence of (6.7.2), we have for any integer n > 1,
X X))+ X0+ X, (6.7.b)
which shows that X; is an infinitely divisible random variable.

(c) Tt is a straightforward consequence of the following well-known property: for any
real random variable ¢ with distribution function F, if U is uniformly distributed
on [0,1] and for u € [0,1], F~'(u) = inf{z : F(x) > u}, then the random variable
F~1(U) has the same law as &.

8. Suppose that a process X satisfies (X ¢, s,¢ > 0) "= (XM 4 X st > 0).
Then this identity for s = ¢ = 0 shows that X, = 0, a.s. On the other hand, applying
this identity to the sum of r.v.s X(gl) +Xt(2) and then to the sum of r.v.s Xt(l) —i—XéQ)
we obtain:

Y

(X, X)) "2 (x§V + x2 x + xPy = (x P, xMy,

so that

The last equality, means that the random variable Xt(l) is independent of itself.
Hence it is almost surely constant. So, the only measurable processes satisfying the
identity of the statement are linear and deterministic.

Solution to Exercise 6.8

1. Applying Itd’s formula to |Z;|* = Z;Z;, we obtain:
d(ZtZt) = Zt dZt —|— Zt dZt —|— 2 dt
= (Z,dBy + Z;dB;) + (2\ + 2) dt
= 2|Z;| dp; + (2X + 2) dt,

where, from Lévy’s Characterization Theorem, d3; = Re(Z; dB;)/|Z;| defines a real
valued Brownian motion. Hence, |Z;|* satisfies the equation of the square of a Bessel
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process with dimension § = 2(A + 1). Thus, (Z;, t > 0) does not take the value 0,
a.s.

Let X and Y be the real part and imaginary parts of Z, respectively. Using It6’s

formula again, we can now check that Z; = zexp ( fg dZZ: ), hence

t Z,dZ, ' Z,dB,
Zy = zexp </0 7P > = zexp <A Z. —I—)\Ht>

tdg, [t g,
- A, / ,
zexp(0 \Zu|+ T ; \Zu|>

where, from Lévy’s Characterization Theorem, df; = Re(Z;dB;)/|Z;| and d§; =
Im(Z; dBy)/|Z;| define two independent real-valued Brownian motions. Finally we
obtain the representation (6.8.1) by time changing with the inverse of (H;). Then
(74) is a Brownian motion independent of |Z].

2. Clearly, assuming that P exists, it should satisfy the following properties:

(i) under P, the law of (Z;, t > 0) is left invariant by any deterministic rotation;

(ii) (]Z:]?, t > 0) is the square of a § = 2(\ + 1) Bessel process starting from 0.

Following this intuition, we can now show the existence of P

For ¢ > 0, we set B) = B,,. — B.. Let Py be the law under which B is a
Brownian motion, and the coordinate process (Z;, t > 0) is such that Z, = 0, a.s.
and for every € > 0, the process Z*) = (Z,,., t > 0) satisfies the equation

t
79 =7 + B9+ A/
0

76 d
s ; (6.8.2)

©
|28

Moreover, we assume that the law of Z. is radial, (i.e. it is invariant by rotation),
and that |Z.| is distributed as \/ep, where p is the value at time 1 of a Bessel pro-
cess with dimension 4, starting from 0. With the help of Kolmogorov’s Consistency
Theorem, the probability measure Py is now well defined and under Py, the process
(|Z¢|*, t > 0) is the square of a Bessel process of dimension § = 2(\ + 1), starting
from 0, so Z. converges Pj-almost surely towards 0, as € — 0. Moreover, from the
above equation, under P, conditionally on Z., the process Z () has law P_. This
shows the weak convergence of (P, z > 0) towards Py

An application of Girsanov’s Theorem shows that for every ¢, the absolute conti-
nuity relationship holds for every z # 0:

\ Z | A2 ortods
P = ’ | exp ( : /0 |Zs’2> P (6.8.h)

Z |7

239
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3. From (6.8.b), we have, for every bounded, continuous functional F' which is 2,

measurable:
1
2 ds 1 1
F(ZQ)exp|-%= | =—= || = —F——FE | F(2)— | ,
() p( 2 J \Zs|2) EQ(lZ}P) < ( >|zm>

and from the weak convergence established in the previous question, together with
the nice integrability properties of | —+, under the {P"} laws, we obtain that the

above expression converge towards (E/\ <|Zl|A )) Ep) (F(Z)W>’ as z — 0.

7E0
A7

4. (a) Recall that R satisfies the equation

d— t ds
R=1+Bi+—— | —
t t 92 R
where B is a standard Brownian motion, so that since R does not take the value 0,
a.s., we obtain, from It6’s formula:

vdB, -2 ftds
R, 2 Jo R?

IOg Rt =

Changing time in this equation with the inverse H~! of H (which is equal to the

quadratic variation of [ di *), we obtain:
d—2
log Ry = B + W
where (G, = fOH“_l % is a standard Brownian motion. This shows that ¢, = 3, +
d—2 ’
2.

2

(b) First, we deduce from the scaling property of R (i.e. R, "=’ t'/2R;) that
1
—log Ry — 5, as t — oQ.

From the scaling property of Brownian motion, we obtain:

1 1
By =W (———H
logtﬁH‘ VV((logt)2 t) ’

where (W, = logzﬁ((logt) ), s > 0)is a standard Brownian motion. Then we
verify from the scaling property of R, that ) ;E[H;] — 0, as t — oo, hence

%4 <(1Og o Ht> converges towards 0 in probablhty. Then we deduce from above and
the representation of log R; established in the previous question that
1 P
—H; — —— as t — oo.
logt

d—2’
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(c) For the following argument, it suffices to assume that R starts from 0. Then, the
a ds 1d_W) a”
R an—1 Rz 9

Since the scaling transform of R (: R — % e, ¢ # 1) is ergodic, the Ergodic
Theorem implies:

@ ds 1 log a
7}3&52/@?1 — [/ Rglz(logaw[(}%%)]:d—f as.

n
hence, logla" fla j‘? converges almost surely towards d 2,

shown that ff g; converges almost surely towards

scaling property of R implies that [j for every positive integer n.

as n — o00. It is then easily

as t — oo.

logt d 27

(d) Again, it follows from the scaling property of R that
1 Lds a1 tdu
logl /o R2 1og§ 1 R2’

1ds > converges in probability

towards as € — 0.

d2’

(e) The representation proved in question 1 shows that

6 o (lﬂ /1 dS
(e,1) — VH, YH. i . |Z§|2 )

so that from the scaling property of ~v:

1 _% (law) 1 -1 %ds
log =) 6"~ (1 / .
(062) o= ((oe2) [ 15

We finally deduce from question (d) that the right hand side of the above equality
converges in law towards i /(4—2), as € — 0.

Comments on the solution. As an important complement to the asymptotic result

1 tds .. 1

— , ast— o0,
logt Jo Rg—)d—Q -
for R a Bessel process with dimension d > 2, we present the following

4 t ds (law)
(logt)? Jo R?

=inf{t: B, =1}, ast— oo, (6.8.c)

where R is a two-dimensional Bessel process starting from Ry # 0, and T is sta-
ble(1/2). See Revuz and Yor ([75], Chapter XIII) for consequences of (6.8.c) for the

asymptotics of the winding number of planar Brownian motion.
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Solution to Exercise 6.9

1. (a) It6’s formula allows us to write

t o e
et =1+ ic/ e dry, — —/ e du .
0 2 Jo
So the process (¢’ ¢ > 0) is the sum of the martingale (ic Leler dy,, t > 0) and
the process with bounded variation (1 — 7 t e du, t > 0)

u

(b) Define Z\9 = [dy,exp(icy,), u > 0, and consider the IR*-valued martingale
0
)

(7, Re(Z'9), Im(Z')
tingale, e.g. <'y, Re(Z! > = [ ds cos(cys), converge a.s., as ¢ — 00, towards those

The different variation and covariation processes of this mar-

of (7, ﬁv , ﬁv ), (this follows from the occupation time density formula). The
desired result may be deduced from this, but we shall not give the details.

2. Recall from question 1 of Exercise 6.8 (with A = 0), the following representation
of the complex Brownian motion

Zy = | Zi| exp (ivm,)

where H, = g | Zd“‘u and v is a standard Brownian motion which is independent
u

of |Z|. (This is known as the skew-product representation of complex Brownian
motion.) From obvious changes of variables, we obtain:

1

- 2o Loy =1 t/ "d log £)7) |
gt b T2 " logt b v exp iy, = log s exp (i(log t)7s)

where 7, = @’Y(logt)% Now, on the one hand, recall from question 1 (a) and (b)

that (% Jo ds exp(icys), u > O), converges in law towards (%(7& + i), u > 0), as
¢ — oo (7 and +” are independent Brownian motions). On the other hand, as
stated in the Comments and references of Exercise 6.8, ﬁ]—h converges in law

towards a 1/2 stable unilateral random variable, T', as ¢ — oo; in fact, from the
independence of v and |Z|, we may deduce that when ¢t — oo,

logt/

converges towards

logt/ " ds exp (i(logt)7s)

aw) 1
. (law) .
V2 (i +iniy) 2 75 O+

where T', v/ and 7" are independent. This independence and the scaling property of
Brownian motion allow us to write:

) (law)

! (vp +i ! 1( + i)
/L Y
\/5 Vr + 7 2% M + i



6. Random processes — solutions 243

with the help of question 1 of Exercise 4.17. Finally, from question 5 of Exercise
4.17, we derive the characteristic function of the above variable, which is exp (—%),

A € IR%

Solution to Exercise 6.10

1. For this question, we need to use the so-called skew-product representation of
the planar Brownian motion (X,Y’) (which in fact we have already proven in the
solution to question 1 of Exercise 6.8): put X; +iY; = R, expif;. Then there exists
a planar Brownian motion (3,~) such that

def tds

R, = |Bylexp (Bm,) , and 0, =6y +~vyy, , with H; = - (6.10.a)

Now, we may write 6’{ = fot dye, Wir,<(12,))}-

To proceed, we shall admit that, up to the division by logt, we may replace in the
definition of 0] , the process f(|Z,|) by s*.

So, in the sequel, we put 6/ = [ dyy, T Since u — [y dvexp(20,) is the

a .,
) {Br,<s2}
inverse of s — H,, we have

Ht
i a u .
STty LTS TR p—

logt
2

BU = %ﬂm, and 7, = %’}/}\zv, v > 0, are two independent Brownian motions. We
obtain:

Now, put A = make the change of variables u = M\?v, and use the fact that

1~ ot
f_ [ 5 3 Y _
Xet = /0 d,yU]I{ﬁﬂS%]og/\Q [ dh exp(22B) }

Now observe that the stochastic integral process |[; d%]l{[; < log N2 [ dh exp(23) }
17_2)‘ 0 1

converges in probability (uniformly on any interval of time) towards:  [j d7,

| {o<asup,c, s} This convergence holds jointly with that of Ht towards T =

inf{v : B, = 1}, which proves the desired result.

2. The same computation as above leads to

1 . (law)
0, — 0 /d S PP
logt< s t)f Yul(gy>as,) =

So that the convergence holds in probability.
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Solution to Exercise 6.11

1. For any u € [0, 1], let ©, be the transformation which consists in re-ordering the
paths {f(t), 0 < t < u} and {f(t), u <t < 1} of any continuous function f on
[0, 1], such that f(0) = 0, in such a way that the new function ©,(f) is continuous
and vanishes at 0. Formally, ©,(f) is defined by

ft+u) — f(u), ift<1—u,
G’u(f)(’f):{ Flt—(l—w)+ f(1) = f(u), ifl-u<t<l

Let By, t € [0, 1] be a real valued Brownian motion on [0, 1]. Since B has independent
and time homogeneous increments, for any u € [0, 1], we have
0.(B) "2’ B. (6.11.a)

law

Now we use the representation of the Brownian bridge as b, o) B, —tBy, t €0,1],
which is proved in question 5 of Exercise 6.13. For u € [0, 1], put B’ = ©,(B), then
it is not difficult to check that ©,(b); = B; —tBj, t € [0,1], and the result follows
from (6.11.a).
2. First note that ©,(b) = {bg4,y — by, 0 <t < 1}, So,
O, 00,(b) = O,({bg4v} — by, 0 <t <1}
= {b{ft+upo} — bpugo}, 0 << 1} = Oppy(0)

Let F € L'(P); we can check that [ F0®, du is Z-measurable. Indeed, from above
we have for any v € [0, 1],

1 1
(/ Fo@udu>o®v:/Fo@uo®vdu
0 0

1 1
= / FoOgy4p) du = / FoO,du.
0 0

On the other hand, from question 1, for any A € Z, and any u € [0, 1], we have
E[F1,] = E[F 0 ©,14]. Integrating this expression over [0,1] and using Fubini’s
Theorem, we obtain:

1
E[FI) = E [/ duF 00,1,
0

)

which proves the result.

3. Consider (G, a bounded measurable functional; the result follows from the com-
putation:

E[G(m)|T] = /0 ' G(m) 0 O, du
:/OmduG(m—u)+A:duG(1+m—u)

= /OldsG(s).
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The first equality above comes from (6.11.1), and the second one comes from the
relation {m o ©, + u} = m which is straightforward and may easily be seen on a
picture.

4. As in question 3, consider G a bounded measurable functional and write

E[G(A) 7] = /01 G(Ay 0 ©,) du

1 1
= du G (/ ds ]I{bs<bu}> .
0 0

Let (I7) be the local time of b, at time 1 and level x € IR. Applying the occupation
time density formula, we obtain:

1 1
E[G(AO)\I]:/O duG(/O ds]I{bsSbu})

“+00 1

=/ zm;(;( / ds]I{bSSx})
—00 0
—+00 x

:/ lfd;z:G(/ ffdy).

Making the change of variables: z = [*_ I{ dy in the above equality, we obtain
1
BG(A0)|T] = [ d=G(2),
0

which proves the desired result.

Solution to Exercise 6.12

1. This follows immediately from the Gaussian character of Brownian motion, as in
question 1.(a) of Exercise 5.16.

2. Note that (X7, ., —y,t > 0) = (=(X1,4+ — y),t > 0), hence from the Markov
property of Brownian motion at time T}, under P, (X%y +¢+—Y,t > 0) is independent
of (X7,t <T,)=(X;,t <T,) and has the same law as (X;,¢ > 0). This proves that
XY is a standard Brownian motion.

We prove identity (6.12.2) from the following observation:
{S; >y, Xy <z} ={X/>2y—2z}, P as.

which we easily verify on a picture. Then, differentiating (6.12.2) with respect to x
and y, we obtain the density of the law of the pair, (X, .S;) under Py:

2 \7 2y — x)?
(mB) (2y — ) exp (_(y%)> , <y, y>0. (6.12.a)
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3. Put z = y in (6.12.2), we obtain Fy(S; > v, X; < y) = FPy(X; > y). Since
Py(S; >vy) = Py(S; >y, Xy > y)+ B (S; >y, Xy < y), we deduce from the previous
identity that

Py(S; >vy) =2P(X; >y), y>0. (6.12.b)
Now, (6.12.b) together with the fact that Py(S; > y) = Py(T}, < t) imply Py(T, <
t) = 2Py(X; > y). Moreover, the homogeneity of the Brownian law (see 6.12.1
yields the equality Py(T),—, <t) = P,(T, < t), for any a < y, which finally gives

P,(T,<t)=2P(X;>y—a), y>0. (6.12.c)

Then equation (6.12.3), for any a < y, follows from (6.12.c) by differentiating with
respect to t. The general case is obtained from the symmetry property of Brownian
motion.

4. From Lévy’s identity, we have:
(St = Xi, ) "= (1G], L) 4
under Fy. This identity in law together with (6.12.a), yield the density of the law of

the pair (| Xy, L;):
2 \? (x +y)?
S RS2 >0.

To deduce from above the density of (X, L;), first write (Xy, L;) = (sgn(X¢)|X¢|, Ly).
Now, observe that since L; is a functional of (|X,|,u > 0) and sgn(X}) is independent
of (| Xy|,u > 0), then sgn(X}) is independent of (|X;|, L;). Moreover, sgn(X;) is a
Bernoulli symmetric random variable. Hence, the density of the pair (X;, L;) under
By is:

Ly (2] + 9

We may deduce from above and the absolute continuity relation (6.13.1), an explicit
expression for the density of the joint law of (X, L;), ¢ < 1, under the law of the

standard Brownian bridge, P(L)O:

R (el +y? o
(27T(1_t)t3> (|x|+y)exp<— m _2(1—75))’ z€R, y>0.

Solution to Exercise 6.13

L. For any a,u € IR, let P} be the law of the Brownian motion starting at p with
drift a, that is the law of (u + X + as,s > 0) under P. The invariance of the
Brownian law by time inversion may be stated as

[(SX%,S > 0) ,P/ﬂ = [(X,,s>0),P"].
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In other words, time inversion interchanges the drift and the starting point. From
the above identity, we have for any x € IR:

T

(5X05>0) P (-1, = )] = [(Xes > 0) PG| X =)
Applying the Markov property at time s = % to the process KSX 1,82 O) , Pﬂ gives

[(sX11,0<s<t),Pd| = [(X,,0 < s <H), PL(| Xy = )],

which is the first part of the question. Note that the law of the process on the right
hand side of the above identity does not depend on .
We now deduce the law of Ty under P*) . with the help of the hint, and of the

representation of the bridge in terms of Brownian motion with drift. Indeed, it

1 1

follows from these two arguments that under P*) . the r.v. 70 — 1 is distributed as

the last passage time at 0 of the process: (% + X, +as, s> 0), where (X, s > 0)
is a standard Brownian motion. Thus, from the hint, we deduce:

1 1
PY (T — € ds) = (cst) pl (?,0) ds, (6.13.a)
0

where p!) (x,7) is the density of the semigroup of Brownian motion with drift a. It

is easily shown that:

(“)(:c )—Lex — i(gv— )2+a(a:— )—i-@
ps 7y _\/% p 28 y y 2 9

so that, it follows from (6.13.a) that:

t 1 2%s x at/1 1

PO (Th e ds) = lalds | ——— exp— | =—— 2 4 o= (_)

el € o) = lalds 2w (t—s) <2t(t_8)+as+ 2 \s t
(6.13.b)

2. Let f be a generic bounded Borel function. It follows from the definition of P{*),
that

/IRE((QI[F(XU,U < 9)pe(a, z) f(x) de = E,[F(X,,u < s)f(X})]
= E,[F(Xu,u < s)Ex, [f(Xi—)]]
— /}R Eu[F(Xu,u < 8)pr_s(Xy, 2)] () dz

where the second equality is obtained by applying the Markov property at time s.
We obtain relation (6.13.1) by identifying the first and last terms of these equali-
ties, using the continuity in z for both quantities: E\) [F(X,,u < s)]p;(a,r) and

E.JF( Xy, u < 8)p_s(Xs, )], for F a bounded continuous functional.



248 Exercises in Probability

3. Relation (6.13.2) follows from (6.13.1) using the fact that (s — p;_s(Xs, ), s < ?)
is a P,-martingale, together with the optional stopping theorem.

4. We obtain (6.13.3) by taking S =T, and F' = Iz, 4 in (6.13.2).
We obtain (6.13.4) from (6.13.3) by writing:

8 pt—u(y7 I) P

PY (T, < s) =  as) (T, € du) .

Then, differentiate with respect to s and use (6.12.3).
Finally, it is immediate to recover the density of the law of Ty, given in (6.13.b)
from (6.13.3).

5. To prove (6.13.5), observe that p,(0,2) = p,(0, —z), for all u > 0, hence applying
(6.13.3), we have:

Pt—1, (Oa :L‘)

PY (T, <s)=E, [T,
a .’L( 0 S) {T(]<,} pt(a/7 —[,U)

By combining the above equality with (6.13.3), we obtain (6.13.5). In particular,
since Pa@,_I(TO < t) =1, we have (6.13.6).

Solution to Exercise 6.14

1. Recall that Z; and 2,/7; Z%, have the same law if and only if their real moments

coincide (see Exercise 4.3). For every z > 0, we have E[Z}*"'] = I'(22), on the one

hand and
_1 L1

E[(2\/2:2,)"7] :22Z‘1E{Zf Q}E[Z 2}

1

= 270z 4+ )P() () = 2T (=4 1)

on the other hand.
The identity (6.14.2) follows from: N2 "= 27, .

1
2

T, : :
2. It follows from (6.12.3) that 2,2 has a unilateral stable law with parameter 3.
x

So, we may write
P(T, < 7)) = /°° P(T, < t)e~tdt = Ele~"] = exp(—v/2z) .
0

The second formula follows from properties of Brownian motion which we now
recall. At first, observe that if B is the past maximum process of B, defined by
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By = supyc,<, By, then (6.14.4) can be written as P(T, < Z;) = P(z < By).
Secondly, it follows from the so-called reflection principle of Brownian motion that
B, "% |By|, for every ¢ > 0. Finally, the scaling property of Brownian motion
implies that B, "2’ t2 B, for every deterministic ¢, so that we have P(z < By, ) =

Pz < |B|) = Plz < VZi|Bi]) = Ple < VZiIN)).

3. With (6.14.3) and (6.14.4), we obtain P(z < /Zi|N|) = exp(—v/2z), which
precisely implies identity (6.14.2).

Solution to Exercise 6.15

1. The process (By(s),s > 0) is a martingale in its own filtration which is also that
of X, since v(t) # 0, for all t > 0. Hence, using Itd’s formula, we may write:

t t
X, = / v(s) dB,s) + / By dv(s), t>0.
0 0

The process ([ Bu(s) dv(s),t > 0) is adapted to the same filtration and has bounded
variation. This proves that (X;) is a semimartingale whose martingale part is

fg v(s) dBy(s).

2. According to Lévy’s Characterization Theorem, the martingale (fj v(s) dBi(s),
t > 0) is a Brownian motion if and only if its quadratic variation is ¢, that is

t
/ v?(s) du(s) =t, for every t > 0.
0

Since «’ and v are continuous functions, this is equivalent to v?(s)u/(s) = 1.

3. Tanaka’s formula applied to X gives
%) = [ o(s)sen(Buo) dBuy + [ 1Bugoldols) + L (6.15.2)
Thanks to the same formula, we also have
| Bus)| :/ sgn(Buy(s)) dBu(s) + Ly
which leads to
/Ot (5) d|Bugy)| = / v(3)sgn(Bu(s)) dBugs) +/ s)dL?,,

It follows from the above identity and the decomposition |X;| = v(t)|B,u| =
T 0(8) d|Bugs)| + [ | Bugs)| dv(s), that

t
| X =/ v(s)sgn(Bu(s)) dBus) +/ | Bus)| dv(s +/ s)dLY, .  (6.15.b)

249
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We obtain the result by comparing (6.15.a) and (6.15.b).

20t

4. With u(t) = 1_;; ,utl(t) = 25 Llog(1 — 23t), and v(t) = €, we have from
(6.15.1):

20t

o [T dLd
) V1—-208s"
5. We obtain this formula simply by applying (6.15.1) with u(t) = %, hence
u~(t) = 7 and v(t) =1t.

According to question 2 of Exercise 6.12, the density of the law of [; is

2

() = (M) [ (B2 o
) (m Et>t3>%‘”‘p <_yz> Jy e (_@; e 3y>2> ”
() [ () )

B ) 5o (7

where, in the last equality, ® is the distribution function of the centered normal

distribution with variance 1. Finally, from (6.15.2), the density of f; ! fLI is given by:

ho (y) = \/Zexp (—W) + 2yexp (-f) ) (-\%) .

Solution to Exercise 6.16

1. Let (t,) be any sequence of positive real numbers which tends to 0. From the
scaling property and the hypothesis, for any n, P(X;, /t2 > a) = P(X; > a) >
0. Therefore, P(limsup,{X;, /t® > a}) > P(X; > a) > 0. But since the event
limsup, { X, /t* > a} belongs to the o-field Mi=g0{ X, s < t} which is trivial, its
probability is 1. We deduce that for any a > 0, limsup,, X;, /t¢ > a, almost surely.

2. Since B satisfies the hypothesis of question 1, then limsup,, B/t = +o0,
almost surely, hence the random time g, = sup{t < 1: B, = a\/z} is almost surely
positive, P(0 < g, < 1) = 1. Now, set B = (tBy;,t > 0), By = 0, then from
the time inversion property of Brownian motion, B has the same law as B and
Go "= 771 where 7, ‘= inf{t > 1: B, = av/t}. We also have:

a a 7

(92 Byi, 0 <t < 1) "= (t7, 2B, 0 <t < 1),
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d(‘f)

Note that 7, is a stopping time in the filtration generated by B, so if we set B
(B, 4+t — a\/Ta, t > 0), then B is a standard Brownian motion and we have, from
above,

(9. ? By, 0 <t < 1) "= (47, [Broe,, +ay/7,], 0 <t < 1),
Note also that B is independent of 7,, so that from the scaling property,
(97/°Bg, 0 <t <1) = (t31 Ctat,0<t<1).

From Exercise 6.13, the process on the right hand side of the last equality is a
standard Brownian bridge from 0 to a.

Solution to Exercise 6.17

1. From the time inversion invariance property of Brownian motion, the process
> def . . .
B; = tB1i,t > 0 is a Brownian motion and we have

t

1 D, e
K:inf{u:Buzl}d—le

As is well known, and follows from the scaling property and the reflection principle
(see question 1 of Exercise 6.12), one has: T} "=’ B2, which gives (6.17.1).

It also appears in Exercise 5.12 that T} has a unilateral stable (1/2) distribution
(see the comments at the end). So, the result follows from question 1 of Exercise
4.17.

2. Reversing the time in (6.17.2), we see that this equation is equivalent to

(Bi—1,t>T) " <t\/_b< > D

Now, the proof of the above identity may be further reduced by making the changes
of variables t =7} + v and t = % + u, to showing:

£ (B = 1020] = [ (g () 220)]

Applying the strong Markov property of Brownian motion at time 77 and using
the fact that it has time homogeneous and stationary increments, this also may be

written as
- 1 1+ Au 1
/ > ldW - ( ) >
Ty, (B),u>0)] "= l/\< \/Kb Y ,u_oﬂ,
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where B’ is a standard Brownian motion which is independent of Ti. Finally it
follows from the scaling property of Brownian motion, and question 5 of Exercise

6.15 that the process
14+ Au 1
b( ) >0
( VA 1+ Au) "= )

is a standard Brownian motion which is independent of A. This proves the result.

3. (i) and (ii). The proofs of (6.17.3) and (6.17.4) are exactly the same as the proofs
of questions 1 and 2, once we notice that
1
A

m

=inf{u: B, = u}.

From the scaling property of Brownian motion, for any A > 0, the re-scaled process
(\/Xb (%) ,0<t< )\) is distributed as a Brownian bridge starting from 0, ending
at 0 and with length \. Hence, the second part of the question follows directly from
the first.

Solution to Exercise 6.18

1. First recall that the process B’ = (tB%, t > 0) has the same law as (B, t > 0).
Moreover, the process b = (B’ =Bl s€0,1+ m]) has the law of a standard

14+m
Brownian bridge PO( ™) From the Markov property of Brownian bridge applied at
time 1, conditionally on b; = a, the process

(bt € [0,m]) = ((1+4) (B —B_),t€[0,m])

1+m

has law PCHO Finally, we deduce the result from the identity in law

(+0 (B =B ) telom) "= (A+0) (B ) telom]).

1+m 1+t 1+m

2. From above, using the fact that if (X,, v < m) is distributed as p" Hm then
(Xim—u, u < m) is distributed as PCHO This leads to the identity in law:

</0mdtgp(t)Bf|Bm :a> () (/Omgo( — 1)1+ 1) B,

and from the change of variable 1~ = 1%# . +m in the right hand side, it follows:

m oy [T 1+m)s\ (m+1)>
dt t _B2 B’NL = ) “:) / ( _B2 s B m g .
(A 90( ) t | a 0 QO 1 + S (S + 1)4 i ‘ Ttm

Recall that from the scaling property of Brownian motion,

(Vm+1B_-_ 0<s<m)"= (B,,0<s<m),

. dt| B _a>,

+t 1+m L+m
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which yields, from above:
([ drewBt 1B, = a)
0

) <<1+m)2/"” s B?go((”m)s) | By, _am> .

o (s+1)4° 1+s

One means to compute the expression F lexp (—)\ f dt Bf) | B, = a], is to deter-
0

mine the Laplace transform

o b2 m
](x,b d:f E [exp <_a372n - E/ dt BE)] y
0

as a consequence of Girsanov’s transformation. One will find a detailed proof in the
book referred to in the statement of the exercise.

Solution to Exercise 6.19

1. First observe that from the condition (6.19.1), the semimartingale X converges
almost surely, so that X7 and (X),. are well defined for any stopping time 7" (taking
possibly the value o). We also point out that from It6’s formula, we have

t
X2 —(X), = 2/0 X, dX,
t t
— 2/ X, dM, +2/ X, dv,. (6.19.2)
0 0

Assume that (6.19.2) holds for every stopping time 7. Then it is well known that
the process (X} — (X),,t > 0) is a martingale. From (6.19.a) we deduce that
(J§ X,dVi,t > 0) is also a martingale. Since this process has finite variation, it
necessarily vanishes. This is equivalent to (6.19.3).

Assume now that (6.19.3) holds. Then the process (f; X, dV,t > 0) vanishes and
from (6.19.a), (X7 — (X),,t > 0) is a martingale. Therefore, (6.19.2) holds for every
bounded stopping time. If T is any stopping time, then we may find a sequence of
(bounded) stopping times T;,, n > 1 which converges almost surely towards 7" and
such that for every n > 1, X7,p, — (X),\;, t > 0, is a bounded martingale. Hence,

lim (X7 = (X)z, ) = X7 — (X)7, as., and (6.19.b)
E[X}]=E[(X)]. (6.19.c)

From the Burkholder—-Davis—Gundy inequalities, there exists a constant C' such that:

2
(SUP | X, !)
s>0

E <CE [(M)_ + (7|dvs|> , (6.19.d)
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hence we obtain (6.19.2) for 7" from (6.19.b), (6.19.c), (6.19.1) and Lebesgue’s The-
orem of dominated convergence.

2. X and X~ are semimartingales such that for any time ¢t > 0, (X™), + (X 7), =
(X), and (X;")*+ (X[ )* = X7, almost surely. Hence, if X' and X~ satisfy (6.19.2),
then so does X.

Suppose that X satisfies (6.19.2). From question 1, X also satisfies (6.19.3).
We will check that X* and X~ satisfy (6.19.1) and (6.19.3) (so that they satisfy
(6.19.2)), that is

o] 2 00 2
E[(M%) + (/|d1/;+>\) <oo, B [(MT)) + (/|d1/;>\) < o0
0 0
(6.19.¢)

where M and M) are the martingale parts of X* and X, respectively, and
V) and V() are thelr finite variation parts.
From Tanaka’s formula and (6.19.3), V(*) and V() are given by

V(+):/t]I dV+1/tdLX:1LX
! o TS T fy TR T g

G- 1 1/t LX:_/t]I lpx
Vi /0 <oy dVet o dL | Lx—opdVe+ 5L

where LY is the local time at 0 of X. Since V and L* have zero variation on the set
{t: X, # 0} which contains both {t : X, # 0} and {t : X;” # 0}, then V*) (resp.
V{=)) has zero variation on {t : X;" # 0} (vesp. {t: X;” # 0}). This proves (6.19.f).

Now we check (6.19.¢). Since L¥ = 2 (X;’ — Iix, >0y dVy — I Iix,~0) dMS>,
there exists a constant D such that

(igg!Xs|>2 +([Trav) + <M>oo} .

From (6.19.d), the right hand side of the above inequality is finite. Finally, we
have <M(+)>OO = Jo Lgxs0pd (M), < (M), and <MH>OO = Jo Lix,<oyd (M), <
(M) __, almost surely. This ends the proof of (6.19.e).

E((Ly)) < DE

3. (i) We easily check that the semimartingale X = —M + S satisfies (6.19.3),
hence it satisfies (6.19.2).

(ii) Developing the square of the semimartingale X = M + L™ we obtain:
E[X7] = E[M7 + 2Mr Ly + (L7')’]
= BE[M7] + E[(L7')’]
= B[(M);] + E[(Ly)*].
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Since (X), = (M), X satisfies (6.19.2) if and only if L} = 0, for all ¢; but since
E[|M;|] = E[LM] for every t, LM = 0 is equivalent to M; = 0.

4. Tanaka’s formula yields:
t
1| —Lt:/ sgn(X,) dX, .
0

If (6.19.4) holds for every stopping time 7" then (|X;| — L;) is a martingale and so
is X; = [1sen(X,)d(| X, — Ly).

If (X}) is a martingale, then (6.19.4) holds for every bounded stopping time. But
as in question 1, the condition (6.19.1) allows us to prove that (6.19.4) holds for
every stopping time.

Solution to Exercise 6.20

Let A; = [, ds exp(2B,). First we prove the identity

(exp(Bt), / exp(By)dW,; t > 0) — (R(A,), B(A): t > 0) (6.20.a)

where R is a two-dimensional Bessel process started at 1 and ( is a Brownian motion,
independent of R.

t
Since ( [exp(By)dWy;t > O) is a martingale, whose quadratic variation is A;, the
0

process [3 is nothing but its Dambis-Dubins-Schwarz (DDS) Brownian motion, and
the identity

(/eXp(Bs)dWs;t > 0) = (B(Ay);t = 0)

0
follows. To prove the other identity, write from It6’s formula:

t t
exp(2B;) =1+ 2 / exp(2B,) dB, + 2 / exp(2B,) ds. (6.20.b)

0 0
Changing the time on both sides of this equation with the inverse A, of A; we get

exp(2B,-1) =142 [ exp(B,-1)dys + 2u,

u () S
where 7 is the (DDS) Brownian motion defined by [j exp(B,)dBs = v(A;). This
shows that exp(2B,-1) is the square of a two-dimensional Bessel process started at
1 and the first identity of (6.20.a) is proved. The independence between R and [

follows from that of B and W: after time changing, ~, the driving Brownian motion
of R is orthogonal to 3, hence these Brownian motions are independent.
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Finally, since \/R% + (32 is transient (it is a three-dimensional Bessel process) and
lim; 400 Ay = 400, it is clear that the norm of the process (R(A;), 3(A;); t > 0)
converges almost surely towards oo as t — +00.

Note that instead of using equation (6.20.b), we might also have simply developed
exp(B;) with It6’s formula, and found R instead of R*.

Solution to Exercise 6.21

To present the solution, we find it easier to work with the process I; et fot ds X,
rather than with X, = f]f Let f be a real valued function defined on IR which is
C', with compact support. Differentiating f(I;) with respect to t gives & (f(]t))
th’([t) so that f(I;) = f(0) + [3 ds X, f'(I,), and

BI () = 10)+ B | [ asx,r1)]

On the other hand, using the scaling property of the process X, we obtain that for
fixed ¢, f(I,) "= f(tI,) = £(0) + fi ds f'(sI,)I;, hence:

BIF(I)] = 0) + [ ds B[ (s

Comparing the two expressions obtained for E[f(I;)] and again using the scaling
property of X, we get, for every s:

BIX.f(1)] = BILF(1)] = SEILF(1)]

which yields the result.

Solution to Exercise 6.22

1. Suppose that there exists another process (Y;, ¢ > 0) (rather than (X, ¢ > 0))
such that X, — [i dsY, is an F;-martingale. Subtracting X; — [i ds X!, we see that
Jids (X! —Y,) is an F;-martingale. Since [Ids (X! —Y,) has finite variations, it
necessarily vanishes. This proves that X, and Y; are indistinguishable.

2. It is clear that formula (6.22.1) holds for n = 1. Suppose that formula (6.22.1)
holds up to order n — 1. An integration by parts gives:

Cxm = [ ¢+/—JX
n! o(n—l
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Since dX (™ = dMX" + X["*1) ds, we have:
t Sn—l " t gn t gn
_1\n—1 (n) _(_1\n—1|Y y(n) < X 2 y(n+1)
(=1) /0 (n—l)!XS ds = (-1) {n!Xt /o n! aM; 0 n!XS ds} '
(6.22.a)

Plugging (6.22.a) into formula (6.22.1) taken at order n — 1, we obtain (6.22.1) at
order n.

3. We will prove a more general result. If (X;) is a Markov process, taking values
in (E,€), its extended infinitesimal generator L is an operator acting on functions
f+ E — IR such that f(X;) is (F;) differentiable, where F; = 0{Xs,s < t}. Then
one can show that (f(X;))" = g(X;), for some function g. One denotes g = Lf and
f € D(L). Now it follows directly from the previous question that if f € D(L"*1),
then:

t? o tg"
f(Xt)—th(Xt)+§L2f(Xt)+-~-+(—1)”EL”f(Xt)—/0 LX) ds
is a martingale.

The result of this question simply follows from the above property applied to
Brownian motion whose infinitesimal generator L satisfies Lf = 1 f”, (f € C?) and
to f(x) = a".

4. A formal proof goes as follows. Write, for s < ¢, the martingale property,

2t 2
E [exp (aBt - a2> ‘FS‘| = exXp (CLBS - 0128> )

and develop both sides as a series in a; the martingale property for each process
(Hi(By,t), t > 0) follows. Now, justify fully those arguments!

Comment. The notion of extended infinitesimal generator for a Markov process (X;)
which, to our knowledge, is due to

H. KuNiTA: Absolute continuity of Markov processes and generators. Nagoya
Math. J., 36, 1-26 (1969).

H. KuNiTA: Absolute continuity of Markov processes. Séminaire de Probabilités
X, 44-T7, Lecture Notes in Mathematics, 511, Springer, Berlin, 1976

is very convenient to compute martingales associated with (X}), especially when the
laws of X are characterized via a martingale problem, a la Stroock and Varadhan,
for which the reader may consult:
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D.W. STROOCK AND S.R.S. VARADHAN: Multidimensional Diffusion Processes.
Grundlehren der Mathematischen Wissenschaften, 233. Springer-Verlag, Berlin—
New York, (Second Edition), 1997.

Solution to Exercise 6.23

For every n € IN, there exists a function ¢, of (n + 1) arguments, such that M, =
©n(Wo, ..., W,). From (ii), we have:

EM,|m=j]=F [%(j)(Wo,Wb - -aWo(j))}
= E[M,(;)] = E[My],

where the last equality follows from the optional stopping theorem. Consequently,
we obtain:

B [M,Xj—py] = E [E[M, |m = j]L,,_;] = EMP(m = j).

Thus, a simple explanation of this result is that, once we condition with respect to
{m = j}, v becomes a stopping time.

Solution to Exercise 6.24

1. The equivalence between (6.24.1) and (6.24.2) is straightforward.

2. Since Brownian motion (which we shall denote here by X) is at the same time a
Lévy process, and a Gaussian process, we know that there exists, for fixed s, ¢, T,
two reals v and v such that

E[X, | For] = uXs +vXr,
which we write equivalently as
EX:— X | Forl = (u—1)+0) X, + v(Xr — X). (6.24.a)
From (6.24.a), we can deduce easily that

EX(X;—X)]=0=(u—1)+v
E[(X; — X)(Xr — Xy)] =t —s=0v(T —s),
which yields the right values of u and v.

3. Any centered Markovian Gaussian process may be represented as X; = u(t)8,(),
with § a Brownian motion and v and v two deterministic functions, v being a
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monotone. Call (B;) the natural filtration of 3 and assume that v is increasing (for
simplicity). Then from question 1, we have

EXy | For] = u@E[Buw) | Bus)on)
u(T) —o(t ) v(t) —v(s)
" <v<T> SO T e )
o(T) —v(t) X, v() —wv(s) X(T)
O (=it o = ()
which yields the right values of a and 3. Now, for X to be an affine process, we
should have

(%
v
(%

(T) —v
T) -

4

(
o

4. The identity presented in the hint is easily deduced from the following

Blexp (iAX, + pX,)] = exp(—at:(A + ) — (b— a)ib(n)) .

where ¢ denotes the Lévy exponent associated with X, and a < b, A\, u € IR. Then
we have

d
B[ X, exp(ipnXy,)] = aE[eXp i(AX, + X)), = —a' () exp(—bi () ,
which implies the desired result. It follows that
Xa ] Xb
E|=—/|F| ===,
[ a b | b
and with the help of the homogeneity of the increments of X, we obtain:
Xt - Xs ] XT - Xs
El—Fr| = —",
[ t—s ' ’T_ T—5s

which shows that X is an affine process.

5. The proof is the same after replacing the characteristic function by the Laplace
transform.

6. Assume that X is differentiable. By letting ' | ¢ in (6.24.2), we obtain E[Y; | F;.],
which does not depend on t € (s,u); but we also have Y; = lim._, i, in L
and the same is true for Y,. Thus Y; and Y, are F; ,-measurable, hence they are
both equal to X“ X = the proof of this question is now easily ended.

7. It is easily shown that the property (6.24.2) is satisfied for ¢ and ¢’ of the form
s+ %(u —s), 0 < k < n; hence, it also holds for all t,¢' € [s,u], using the L!
continuity of X.
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Solution to Exercise 6.25

1. We first compute E[M") | F, )] ‘=" m(u,t), for a <u <t < b:
Xi — X,
m(u,t) — { /d |]—"ab] XQ+E[XM—Xa|fa,b]
ElX X X,
d [ t 5|Fa,b]_/ dSE|: t |fab
0 t—s a
X, — X, a ds
=Xy ——F—(u— —/ X, — X
T (u—a) ; t—s(( )
v Xy — X
+E[Xt—Xa|fa_b —/ s =
b—a
a ds t—a
- X, / / X, - X,). 25,
ds——~ t—s 0 t—sb—a( b ) (6.25.2)

When ¢ = b, one easily checks that this expression is reduced to M")| so that (Mt(T))
is a martingale with respect to the variable t.

2. We want to show that, for s < s <t < T,

XT Xt - Xs
E|l— | F ] = —>= 6.25.b
|: t— ‘ o T T — S ( )
But it suffices to obtain:
Xy — Xy — X,
EF|l—— = — .25.
{ t s |F5T] T—s (6:25.¢)
Indeed, if (6.25.c) holds then for any triplet s <t < T', one can write
X X - Xs
E |:;_ | fsU T] - E % |f507T 5 (625d)
since Fy, v C Fsr. Then the right hand side of (6.25.d) is equal to:
XT_XS() X — XT_XS 1 S — Sy
Sl . I o e Bt 7 0 _ Xr — X,
T—s + [ — |}—°T] T—s T—s( T “)T—so
o XT - XSU
T — S0

which proves (6.25.b).

Now, we prove that (6.25.c) follows from the hypothesis of question 2. To this aim,
write:

X+ — X
X, — X, =M™ +/dT
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We deduce from this identity that:
t Xr—X,
BIX, = X, | For] = [ duB |S2="0 | Fop
s T—u )
t du
= Xr— X,
L T — u< g )
" pix, - X Fr] (6.25.¢)
- u — “\s s . .20.e
s T—u T

Fix s and T and put ®(t) = E[X, — X, | F, 7] and a(t) = (X7 — X,) [{ 7. From
(6.25.e), we have

du
T _

t
O(t) = alt) — / O(u) . (6.25.1)
s Uu
This is a first-order linear equation. Moreover, we have ®(s) = 0. Thus, the unique
solution is given by
XT - Xs

(1) = (t = 5)T—

(6.25.g)

Joint solution to Exercises 6.26 and 6.27

We note that it suffices to prove Exercise 6.27, since then Exercise 6.26 will follow,

by considering
t

H = | dua(u).

0

To prove Exercise 6.27, we consider s < t < u, and we write

ate) = | H=H0
o[ [t ] |-
= LU Bla(t)| £+ als)

Comparing the extreme terms, we obtain
a(s) = Ela(t) | Fsl.

To prove question 2 of Exercise 6.27, write a(s) = E [i [t duc, |.7-"S}, hence
E[H, — H,| F] = E[J! dua,|F.], which allows us to deduce that H, — [; dua,

is a martingale.
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Solution to Exercise 6.28

1. Let ¢ < a < b < d, then applying the Harness relation (6.25.1) which is recalled
at the beginning of Exercise 6.25, we obtain

b
M,y | Fou) = /(p dB+/ ¢+ (5) dB, + Cop—

\E ( [ e-(s)a,| fc,d) +E ( / " ou(s)dB, | m) |

Using the fact that 39 = B, — I5 du Bz’l:f”, s < d is a Brownian motion in the
filtration (F, V o(By)), we may write

(Bd—B)

E (/ o (s)dB, |f07d> _ E(/ o (s)ds B;:f*‘ ]fch(Bd)>
— (/jgo(s)ds) B;:CBC.

Doing the same for F (fbd 0. (s)dBs | fcd), we have

b—
My | Fea) = /90 ) dB, +/ @4 (s)dB, +Cabd

e ([ o) = ([t ds) .

So, for M, ; to be a F, ;-martingale we must have

“(B,-B.)

a d
(b=a)Cas+ [ o-(s)ds+ [ u(s)ds = (d = )Cuu.
This identity may also be written as follows
(b—a)Ca’bjL/O | o_(s) ds—i—/b wi(s)ds = (d—c)CQd—i—/O‘go_(s) ds—i—/d oi(s)ds.

Hence the left hand side of this equality does not depend on (a,b). Let us denote
this value by C. It follows from the above expression that

C 1 a [e's)
cmb—b_a—b_a(/o p-(s)ds+ | ms)ds),

so that M, ; can be written as follows

] C
Ma,b:/0 (s)dB, +/ ¢+ (s)dB, + +— (B, — B.)

_BZ_(LB“ (/Oagp_(s)ds+/l)oo<,0+(s)ds> :
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2. First write

E <exp (/Ooo ©(s) st> \-ﬂ,b) = (6.28.a)

o ([ wtsram.+ [~ otan.) £ (e ([ ot d8.) 170)

and define ¢ by
b B.— B. b
/ w(s)dB; = Z a/ o(s)ds+ .
a —a a

Then since ® is a Gaussian variable that is independent from F,;, we obtain

E <exp (/b o(5) st> ]}"mb) — exp (BZ - f“ /ab o(w) du) exp (;E [@QD .

But from the definition of ®, we have

B[07) = [ s)ds - (/@bws)ds)Q ,

so that with (6.28.a), we obtain

E (eXp (/OOO ©(s) st) ’fa,b>

—exp (/0 o(s) dB, + /boo o(s)dB, + CF,(By — B,) + Djj’b) ,

where

1

b
Coy = b—a/a o(s)ds and

Dy, = ; (/absog(é’)ds— bia (/abw(S)ab)Z) :

3. Let ¢ < a <b<dand define _ and ¢, by

a B _B(- a

/ o-(s)dB, = —— / o_(s)ds + B_ (6.28.h)
d B, — B, [d

/b v_(s)dBs = ;_ . : /b wi(s)ds+ P, . (6.28.c)

Note that, from this definition, ®_ and ®, are Gaussian variables, independent from

F..a (and so, from B; — B.). On the other hand, from the Harness property of B,
b—a
d—c

B, — B, = (Bd — BC) + U, (628(31)
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where V¥ is independent from F, ;. Then let us write,

E(£as | Fodl = E [exo ([0 (5)dB. + [ 01 (5)dB, + €3, (By — Ba) + D3, ) 1P
— I xII, (6.28.¢)

where
I:exp( b—i—/gp dB+/ o (s dB)

and

a d .
II=F [exp (/ ©_(s)dBs +/b w1 (s)dBs + Cyy(By — Ba)> |f07d] )

Now using (6.28.b), (6.28.c) and (6.28.d), we obtain:
IT=11Ix1V,

where

III:eXp[B;_BC </a d3+/ (s ds—l—C‘pb(b—a))],

— C

and ]
IV = exp <2E (@ + @, + \11)2]) .

It now remains to compute £ {(d)_ + &, + \11)2] To this aim, let us set:

B,— B
X = / s)dB,, Y = / $)dB,, Z =By~ B,, T—=-%""¢
d—rc
:c—/ ds, /<p+()d,z:b—a.
b

Then from (6.28.b), (6.28.c) and (6.28.d), we may state:

X=aT+d_
Y:yT+(I)+ )
Z=zI+V

where X, Y, and Z are independent. These equalities correspond to the orthogonal
decomposition of X, Y and Z with respect to T', so that we may write:

E[(@-+®, +V)?|=E[X*+Y?+ 2’| — (v +y + 2)°E[T"].

Thus, we have obtained:

E {((IL + o —1—\11)2} = /ca o_(s)? ds+/bdgo+(s)2 ds+ (b—a)* —

dic (Aago(s)ds—l—/bdg@(s)ds—l—b—a)

2
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Plugging these expressions in (6.28.e), yields:
B[y | Fod) = I x ITT x IV

:eXp[ b—|—2/ ds+2/g0+ Vds + = (b—a)

—mlc)(/c gas+ [ orls dm_a)Q

+/g0 dB+/<,0+ ) dB;

+ d_f (/Cago_(s)ds—l—/b g0+(s)ds+C,fb(b—a)>]7

so that

. 1 [ o
Of,d:d (/C ds+/ (s ds—i—C"pb(b—a))
Dﬁd: b—|—2/ s+ = /<p+ ds+2(b—a)

_2(d_0)</j ds—i—/ o (s ds—l—b—a>2.

In conclusion, by taking a = b, we find:

G = g ([ 4 oo as)

Dii=; [ [omr s ot = o ([0 4 oo as) ] ,

and this choice of C"pb and Da , ensures that (&,,) is a F, j-martingale .

Solution to Exercise 6.29

1. We deduce from (6.29.1) that, for any simple function ¢ : R, — R, one has:

From Cramer’s theorem about additive decompositions of a Gaussian variable,
/@(u)def), i=1,2,...,k

are independent Gaussian variables. Hence, for ¢ = 1,2,...,k (Mt(i), t>0)is a
Gaussian process. Furthermore, there is the inequality: E {(Mt(l) - M 5("))2} <t-s.

From the Gaussian character of M), this reinforces as:

E[(M" = MO)P"] < gyt —s)™
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with g, = E[G*"]. Hence, M) admits a continuous version (from Kolmogorov’s
theorem); in fact M (") is “as continuous as Brownian motion”.

Considering now the increasing processes of the M()’s, we obtain, again as a conse-
quence of (6.29.1):

t= i(M@'))t. (6.29.a)

Now, since M) is a Gaussian process, (M), is a deterministic function, in fact,
from (6.29.a), there exists a deterministic function (m{?, s > 0) such that:

. t .
(M), = [ds (m{)?,
0

and from (6.29.a), we deduce: 1 = X% (m{))?, ds-a.e.

2. (a) It is well known that if W) and W) are two independent Brownian motions,
then so are (W + W®)/y/2 and (WD — W) /y/2. Hence, (6.29.1) is satisfied
with MM = (WO 4+ w2y /2 M@ = (W® — w2 BO = (W 4+ W) /y/2,
B® = (WM —W®)/\/2 and mY = m® = 1/y/2. In particular, (6.29.2) is not
satisfied.

2. (b) For i # j, since (M® MU)) = (NO B) =0, a.s., we obtain (M® MU)), =
Jo D uD ds + (N NG, =0, so that

(NO, N, = — / ! 1) ds
0

3. From an application of It6 formula to log(L;), we derive that each strictly pos-
itive martingale L) may be written as L") = exp (M(i) — %(M(i)», where th =

o
/ dLL(%)). Moreover from (i), (i) and (i), the martingales MM M@ . M®*) are
0

independent and satisfy Mél) == ék) =0 and Mt(l) + Mt(z) +...+ Mt(k) = B,
so the martingales M (and hence L)) may be characterized through question 1.

(a).

4. We shall solve this question under the following restrictive assumptions: assume
that (M;) and (V;) are independent martingales with respect to the natural filtration
of B and that M;N; = B,. Then there exist a real ¢ (possibly, a priori, equal to 0)
and two predictable processes (my) and (ns) such that:

t t
Mt:c+/ m, dB., Nt:/ 1y dB,. (6.29.1)
0 0

Furthermore, we deduce from our assumptions that:

E[M}?] < oo and E[N}] < oo, for all t > 0.



6. Random processes — solutions
Consequently, (my) and (n,) satisfy:
E [/Ot dsmg] <oo and FE [/Ot dsni] < 00, (6.29.c)
for all ¢ > 0.
Since (M;) and (1V;) are independent, they are, a fortiori, orthogonal, hence:
msns =0, dsdPa.e. (6.29.d)

Furthermore, the increasing processes ((M);) and ((IN);) are also independent and
so are (m?) and (n?). Consequently, we deduce from (6.29.d) that:

S

E[m?|E[n?] =0, dsa.e. (6.29.¢)

S S

Now, introduce the deterministic sets:
P Y {s: Plmy, #0) >0} ={s: E(m?) >0} and O,, & {s: P(m, = 0) = 1},

as well as P, and O,,. It follows from (6.29.e) that if s € P, then s € O,, i.e.
P, C O,, and by symmetry, P, C O,,.

Developing M;N; with Itd’s formula and using (6.29.b), we obtain:
Mg+ Nym, =1, ds dP a.e. (6.29.f)

We now take s € P, and later s € P,. If s € P, then s € O, and (6.29.f)
becomes:
Nym, =1, hence N’m?=1, dP as. (6.29.g)

But since N? and m? are independent, (6.29.¢) can only hold if N? and m? are
constant, i.e.: N> = C; and m? = 1/C,. Likewise, if s € P,, then M? = D, and
n? = 1/D,.

Consequently, the integral representations (6.29.b) for (M;) and (N;) take the form:

t Ugsep, ) t Misep, )
M:c+/ bePu} 4B, N, = "}y dB,,
! 0 K ! 0o VD,
with (u5) and (v) two predictable processes valued in {—1,+1}. In particular, (M;)
and (N;) are two (independent) Gaussian martingales.

It now follows from the equality: B; = M;N;, by a simple Fourier-Laplace compu-
tation that: M2E(N?) = t, hence M; must be a constant, this constant is equal to
¢ (as in (6.29.b)) which must be different from 0. Finally it turns out that almost
surely, P,, is empty; P, = IR, ;v, = 1; D, = ¢. The proof is ended.

Nonetheless, we do not see how to study the more general equation with: B, (law)
M;N;, and M and N two independent martingales.
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Where is the notion N discussed ?

In this book

In the literature

Monotone Class Theorem

Meyer ([60], T19, T20; pp. 27, 28);

Chapter 1 Dacunha-Castelle and Duflo ([21], chapter 3)
Uniform integrability Meyer ([60], pp. 35-40); Durrett ([26], section 4.5);
Ex. 1.3, Ex. 1.4 Grimmett and Stirzaker ([38], pp. 353)
Convergence of 1.v.s Fristedt and Gray ([33], chapter 12);
Chapter 5 Billingsley [6]; Chung [17]
Independence Dacunha-Castelle and Duflo ([21], chapter 5);
Chapter 2 Kac [45]
Conditioning Meyer ([60], chapter 2, section 4); Williams [98];
Chapter 2 Fristedt and Gray ([33], chapter 21, chapter 23)
Gaussian space Neveu [64]; Janson [41]; Lifschits [54]
Chapter 3
Laws of large numbers Williams ([97], p. 103); Durrett ([26], chapter 1);
Chapter 5 Feller ([28], chapter VII)
Central Limit Theorems Williams ([97], p. 156); Durrett ([26], chapter 2);
Ex. 5.9 Feller ([28], chapter VIII)
Large deviations Toulouse ([93], chapter 3); Azencott (see ex. 3.11);
Ex. 5.6 Durrett ([26], 1.9)

Characteristic functions
Chapter 4, Chapter 5

Lukacs [55]; Williams ([97], p. 166);
Fristedt and Gray ([33], chapter 13)

Laplace transform
Chapter 4

Feller ([28], chapter VII, 6)
Chung ([17], 66); Meyer [60]

Mellin transform
Ex. 1.14, Ex. 4.23

Zolotarev [103]; Widder [96]; Patterson [66]

Infinitely divisible laws
Ex. 1.13, Ex. 5.12

Fristedt and Gray ([33], chapter 16);
Feller ([28], chapter 6); Durrett ([26], 2.8)

Stable laws
Ex. 4.19 to 4.21, Ex. 5.12

Zolotarev [103]; Feller [28]
Fristedt and Gray ([33], chapter 17);

Domains of attraction

Feller ([28], chapter IX); Petrov [68]

Ex. 5.17
Ergodic Theorems Durrett ([26], chapter 6); Billingsley (see ex. 1.9)
Ex. 1.9
Martingales Baldi, Mazliak and Priouret [2];

Ex. 1.6, Chapter 6

Neveu ([62], section B); Williams [98];
Grimmett and Stirzaker ([38], section 7.7, 7.8,
chapter 12)
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Final suggestions: how to go further ?

The reader who has had the patience and/or interest to remain with us until now
may want to (and will certainly) draw some conclusions from this enterprise. ... If
you are really “hooked” (in French slang, “accro”!) on exercises, counterexamples,
etc., you may get into [2], [19], [22], [25], [30], [37], [52], [78],[86], [90].

We would like to suggest two complementary directions.

(i) When, in the middle of a somewhat complex research program, involving a
highly sophisticated probability model, it is often comforting to check one’s asser-
tions by “coming down” to some consequences involving only one — (or finite) —
dimensional random variables. As explained in the foreword of this book, most of
our exercises have been constructed in this way, mainly by “stripping” the Brownian
set-up.

(ii) The converse attitude may also be quite fruitful; namely to view a one-
dimensional model as embedded in an infinitely-dimensional one. An excellent ex-
ample of the gains one might draw in “looking at the big picture” is Ito’s theory
of (Brownian) excursions: jointly (as a process of excursions), they constitute a big
Poisson process; this theory allowed us to recover most of Lévy’s results for the
individual excursion, and indeed many more. . ..

To illustrate, here is a discussion relative to the arc-sine law of P. Lévy: in his fa-
mous 1939 paper, P. Lévy noticed that the law of % fg ds Iy, -0y, for fixed ¢, is also
the same as that of % o' ds g oy, where, for fixed h, 7, = inf{t : I, > h},
h > 0, is the inverse of the local time process [. This striking remark moti-
vated Pitman and Yor to establish the following infinite-dimensional reinforcement
of Lévy’s remark: for fixed ¢ and h, both sequences: 1(M;(t),..., M,(t),...) and
Tih(Ml (1), .., My (m),...) have the same distribution, where M;(t) > My(t) > ...

is the decreasing sequence of lengths of Brownian excursions over the interval (0, ).

We could not find any better way to conclude on this topic, and with this book,
than by simply reproducing one sentence in Professor It6’s Foreword to his Selected
Papers (Springer, 1987):

“After several years, it became my habit to observe even finite-dimensional facts
from the infinite-dimensional viewpoint.”

So, let us try to imitate Professor It6 !!
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The abbreviations: ex., sol., and chap.
refer respectively to the corresponding
exercise, solution, and short presenta-
tion of a chapter.

absolute continuity ex. 2.3, ex. 6.13
affine process ex. 6.24

Bessel process ex. 6.8, sol. 6.20

Brownian motion chap. 6
geometric  ex. 6.20
hyperbolic  ex. 6.20

Brownian bridge ex. 6.11

Carleman criterion ex. 1.11
Central Limit Theorem chap. 5,
ex. 5.9, ex. 5.10
change of probability
characteristic function
concentration inequality
conditional
expectation ex. 1.5
independence ex. 2.14
law  ex. 2.4, ex. 4.10
conditioning
ex. 2.19
continued fractions
ex. 3.5
convergence
almost sure ex. 1.6, ex. 3.5
in law  ex. 1.4, ex. 4.6, ex. 5.5,
ex. 5.9, ex. 5.3
in LP  ex. 5.2
weak ex. 1.4, ex. 5.12,
ex. 5.13

ex. 2.16
ex. 1.13
ex. 3.11

ex. 1.11,

chap. 2, ex. 2.16, ex. 2.18,
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density
Radon-Nikodym ex. 2.17
of a subspace ex. 1.10
digamma function ex. 6.6
Dirichlet process ex. 4.4

Ergodic transformation ex. 1.8,
ex. 1.9, ex. 1.10
exchangeable
sequences of r.v.s ex. 2.6
processes ex. 6.11, ex. 6.24
extremes

asymptotic laws for sol. 5.5

ex. 4.5, ex. 4.18
ex. 4.4

gamma function
gamma process

Gauss multiplication formula ex. 4.5
duplication formula ex. 6.14
triplication formula ex. 4.5

Harness ex. 6.24

hitting time
distribution ex. 6.12

infinitely divisible r.v. ex. 1.13

infinitesimal generator ex. 6.20
extended sol. 6.22

independence chap. 2, ex. 2.3, 2.8
asymptotic ex. 2.5

invariance property ex. 6.17
[to’s formula  ex. 6.1, sol. 6.29, ex. 6.8

Kolmogorov’s 0-1 law  sol. 5.9
large deviations ex. 5.6
law of large numbers chap. 5
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local time (of a semimartingale)
ex. 6.12

Lévy’s arcsine law  ex. 6.11, ex. 6.21

Lévy’s characterization of Brownian
motion sol. 6.14

Lévy’s identity ex. 6.12

Lévy processes ex. 5.15 , sol. 5.17,
ex. 6.6, ex. 6.11, ex. 6.24

martingale ex. 1.6, ex. 6.15,
ex. 6.22
complex valued sol. 6.9
Markov property ex. 6.18
strong sol. 6.12, sol. 6.17
Markov process ex. 6.22
Mittag—Leffler distributions
ex. 4.21
moments
method ex. 5.3
problem ex. 1.10
of a random variable ex. 3.4,
ex. b.3
Monotone Class Theorem ex. 1.5

polynomials
Hermite ex. 6.22
orthogonal ex. 6.22
Tchebytcheff ex. 3.6
process
empirical ex. 5.13
Gaussian  chap. 3, chap. 6
Lévy ex. 5.15 , sol. 5.17, ex. 6.6,
ex. 6.11, ex. 6.24
Poisson ex. 5.15
semi-stable sol. 5.17

quadratic variation ex. 6.19,
ex. 6.20

range process (of Brownian motion)
ex. 6.5
reflection principle sol. 6.15
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semimartingale ex. 6.22
scaling property sol. 6.7
random scaling ex. 6.17
Selberg’s formula ex. 4.22
self-similar process ex. 6.13, ex. 6.21
skew-product representation sol. 6.9
space
Gaussian chap. 3, ex. 3.1, ex. 3.2
Hilbert chap. 3
stopping time ex. 2.13, ex. 6.13
non- ex. 6.23
sigma-field ex. 2.5

tail o-field ex. 1.8, sol. 5.2
Tanaka’s formula  sol. 6.14
time-change ex. 6.15
time-inversion ex. 6.13
transform  chap. 4

Fourier ex. 2.14, sol. 5.8

Gauss ex. 4.18

Laplace ex. 2.15, ex. 2.19,

sol. 5.3, sol. 5.12
Mellin  ex. 4.23
Stieltjes ex. 4.23

uniform integrability ex. 1.3, ex. 1.4

variable

beta ex. 4.2, ex. 4.6, ex. 4.7

Cauchy ex.4.12,ex.4.17,ex.6.14

exponential ex. 4.8, ex. 4.9,
ex. 4.11, ex. 4.19

gamma ex. 2.19, ex. 3.4, ex. 4.2,
ex. 4.5, ex. 6.14 ex. 4.6, ex. 4.7

Gaussian chap. 3, ex. 3.1, ex. 3.8,
ex. 4.1, ex. 4.11

simplifiable ex. 1.13, ex. 4.2

stable ex. 4.19, ex. 4.20, ex. 4.21,
ex. 4.23, ex. 5.17

stable(1/2) ex. 4.17, ex. 5.12

uniform ex. 4.2, ex. 4.6, ex. 4.13,
ex. 6.11
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